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1 ��Æ��1*��t 



−d2△u + a(x)u = up, in B,

u > 0, in B,

∂u

∂γ
= 0, on ∂B.

(1)FP B f RN P6N�N ≥ 4, df(G�i�γ f ∂Ω6/�{J��p = N+2
N−2 , △ =

N∑
i=1

∂2

∂x2
i~ D kmW��>!��F�C!�*1 a(x) = 1 `��t (1) �6M��?�	 [1] P W.M.Ni m

I.Takagi ℄#*�6)[�O�?�	 [2] P Grossi H8*1 1 < p < N+2
N−2 `�6|(��?�	 [3] P Gui m Lin ℄#*�6(�i6_~�?�	 [4] P Grossim Chang-Shou Lin,

S.Prashanth H8*1 p = N+2
N−2 `�6|(��Æ�q31 a(x) ∈ C0(Ω) L a(x) ≥ ν > 0,

a(0)=1, p = N+2
N−2 `�M! (1) �6|(��1 p f'-
L�� B f RN P6N`�M! (1) 6|(�H8p�/�1 p = N+2

N−2~-
L�`�|(�6H8&^;�.~M!�℄n�vspD06��uM!
g([
N + 1 �l����;?7Wo?$lrEhi6���Q61
�Æ��&2 Pohozaevq8
m(�i6_~!��Zh�t�"l7�	 [1], �421 d "Q�`�Lh Qd(u) =

R
Ω
|∇u|2+ 1

d2

R
Ω

a(x)u2

(
R
Ω
|u|p+1)

2
p+1

6z�=

wd ∈ H1(Ω) *2�L wd 4Y�,�O

(i) wd �5([Z+K= pd ∈ Ω L pd ∈ ∂Ω;

(ii) 1 d→ 0 `� wd(x)→ 0, x 6= p0, FP p0 = lim
d→0

pd L1 d→ 0 `� wd(pd)→ +∞.gYVE�2007-12-11; ��VE�2009-04-13
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No.3 AX�(",-
L�6 Neumann �t�6|(� 811Wd1 p = N+2
N−2 , wd f (1) 
6��L1 d "Q�`�4Y

Qd(wd) =

∫
Ω |∇wd|

2 + 1
d2

∫
Ω a(x)w2

d

(
∫
Ω
|wd|p+1)

2
p+1

=
S

2
2
N

(1 + ◦(1)). (2)FP S fo�,S�i�A� wd f (1) 
6(/H���+$H/H��'4Y (i), (ii).Æ�pq36|(�fL/H��6|(��R&	3�b	7?$ 1.1.ft 1.1 \ Ω = B f RN P6(N� a(x) ∈ C0(Ω) L a(x) ≥ ν > 0, a(0)=1, N ≥ 4,

p = N+2
N−2 , A)?( d0 > 0, b4DU, d < d0, M! (1) 6/H��f|(6�

2 
\�{�6��19 (1) 
x�6�M!




−d2∆w = αNwp − a(x)w, in Ω,

w > 0, in Ω,

∂w

∂γ
= 0, on ∂Ω.

(3)FP p = N+2
N−2 , αN = N(N − 2), Ω f(5
O:� a(x) ∈ C0(Ω) L a(x) ≥ ν > 0, a(0) = 1, \

wd f (3) 
6(/H���Md = wd(pd), |S
N−1| f RN ��P N − 1 �N767y��65�7	3�ft 2.1 \ N ≥ 4,wd f (3) 
6/H���A1 N ≥ 5 `�5

lim
n→∞

dnM
2

N−2
n =

|SN−1|(N − 1)Γ(N
2 )Γ(N−4

2 )

|SN−2|(N − 2)Γ(N+1
2 )Γ(N−3

2 )H(p0)
.1 N = 4 `�5

lim
n→∞

dnMn(log Mn)−1 =
|S3|

|S2|

4

π

1

H(p0)
.FP Γ f�U6 Γ hi� H(p) f�
 ∂Ω 6C�P2�r�: Ω fN`� H(p) = 1.?$ 2.1 6H8?�B6Zs��t 2.2[5] (Pohozaev identity) \ Ω f RN P(at5
O:� u ∈ C2(Ω)

⋂
C1(Ω)fM! −∆u = f(u), in Ω 6(��A5

∫

Ω

(NF (u)−
N − 2

2
uf(u))dx =

∫

∂Ω

[
(x · ∇u)

∂u

∂γ
− (x · γ)

|∇u|2

2
+ (x · γ)F (u) +

N − 2

2
u

∂u

∂γ

]
ds,FP F (s) =

∫ s

0
f(t)dt.\ Ωd = Ω−pd

d
, ud = wd(dx + pd), wd f (3) 
6��A ud f�M!6��






−∆u = αNup − a(dx + pd)u, in Ωd,

u > 0, in Ωd,

∂u

∂γ
= 0, on ∂Ωd.

(4)



812 i � � $ � � Vol.29A�t 2.3[3] \ wd f (3)
6(/G���|x| ≤ 1,A1 d"Q�`�)?(�i c > 0,5
ud(x) ≤ cUǫd

(x),

|∇ud(x)| ≤
c

|x|
Uǫd

(x),FP |x| = r, 0 < r < 1, ǫd = M
− 2

N−2

d , Uλ = ( λ
λ2+|x|2 )

N−2
2 .\ D1,2(RN ) = {u ∈ L

2N
N−2 (RN ) :

∫
RN |∇u|2dx < +∞}, �65*�	3��t 2.4[6] \ u ∈ D1,2(RN ) f −∆u = N(N+2)

(1+|x|2)2 u 6��A
u(x) =

N∑

i=1

aixi

(1 + |x|2)
N
2

+ b
|x|2 − 1

(1 + |x|2)
N
2

,FP ai, b ∈ R.?&2 Pohozaev q8
H8|(�	d`��&22*�)[Q&6/$�D)[/$6H8�O?�B6Zs�/$P6Tk�hW��\1 d "Q�`��\M! (3) N[5)[/H���p*)?(�, dn ց 0 mM! (3) 6� w1,dn
, w2,dn

L� w1,n = w1,dn
, w2,n = w2,dn

47 w1,n, w2,n ? Ω 6�
ZQZ+�p*wf�T�N\ w1,n, w2,n 5x%6Z+K= p0. �_(	����\ p0 = 0 m
Ω = {x ∈ RN : |x|2 < 2xN} ⊆ RN

+ .% max
x∈Ω

wi,n(x) = wi,n(0), i = 1, 2.?- Ωn =: Ωdn
= Ω

dn
, ui,n = wi,n(dnx), x ∈ Ωn, A ui,n fM! (4) 6��\

Mn = max{u1,n(0), u2,n(0)}, zn =
u1,n − u2,n

‖u1,n − u2,n‖H1(Ωn)
, zn : Ωn → R.>\ Ω̃n = M

2
N−2
n Ωn, 5

zn(x) = M−1
n zn(

x

M
2

N−2
n

), zn : Ω̃n → R.�t 2.5 1 |x| < 1 `�)?(�i c, 5
|zn(x)| + |x||∇zn(x)| ≤ cM−1

n |x|
2−N .�t 2.6 1 x ∈ Ω̃n

⋂
{y : |y| ≤ δM

2
N−2
n } `�DU, ǫ > 0, )? δ(ǫ) > 0, 5

|zn(x)− z(x)| ≤ ǫ(1 + |x|)−N+2,

|∇zn(x)−∇z(x)| ≤ ǫ(1 + |y|)−N+1.

3 �	gue�yft 1.1 
�x ?D%�6�2KHJ!H8|(�	d�\ Ω f(N�Tk zn, zn9;H�Q;�IaP6?-�x�+$H zn 4Y



−∆zn + a(dnx)zn = cn(x)zn, in Ωn,

∂zn

∂γ
= 0, on ∂Ωn.

(5)



No.3 AX�(",-
L�6 Neumann �t�6|(� 813FP cn(x) = pαN

∫ 1

0 (tu1,n(x) + (1 − t)u2,n(x))p−1dt, zn 4Y




−∆zn + a(dnM
− 2

N−2
n x) ·M

− 4
N−2

n zn = cn(x)zn, in Ω̃n,

∂zn

∂γ
= 0, on ∂Ω̃n.

(6)FP cn(x) = M
− 4

N−2
n cn(M

− 2
N−2

n x). 4 Mn

ui,n(0) → 1 {/$ 2.3 5
ũi,n(x) = M−1

n ui,n(M
− 2

N−2
n x)→ U(x) =

1

(1 + |x|2)
N−2

2

, in C2
loc(R

N
+ ),

cn(x) = M
− 4

N−2
n cn(M

− 2
N−2

n x)→ N(N + 2)U(x)
4

N−2 =
N(N + 2)

(1 + |x|2)2
, in C2

loc(R
N
+ ).� 1 >4 Sobolev KT?$ S‖Φ‖2

L
2N

N−2
≤ ‖Φ‖2

H1(Ω), Φ ∈ H1(Ω).

Φ̃(x) = M−1
n Φ(dnM

− 2
N−2

n x), x ∈ Ω̃n,+H
S

( ∫eΩn

|Φ̃|
2N

N−2

) N−2
N

≤

∫eΩn

|∇Φ̃|2 + d2
nM

− 4
N−2

n

∫eΩn

(Φ̃)2. (7)4 (7) 
5�1 dn ≤ 1 `�5
S

(∫eΩn

|zn|
2N

N−2

) N−2
N

≤

∫eΩn

|∇zn|
2 + d2

nM
− 4

N−2
n

∫eΩn

z2
n

≤

∫eΩn

|∇zn|
2 + M

− 4
N−2

n

∫eΩn

z2
n

=

∫

Ωn

|∇zn|
2 +

∫

Ωn

z2
n = 1,+4 ∫eΩn

|∇zn|
2 ≤ 1.4z=_~�4

zn → z, in C2
loc(R

N
+ ).D (6) 
Qz
��4 z 4Y






−∆z =
N(N + 2)

(1 + |x|2)2
z, in RN

+ ,

∂z

∂xN

= 0, on xN = 0.

(8)\ z(x′, xN ) = z(x′,−xN ), xN < 0, A z 4Y
−∆z =

N(N + 2)

(1 + |x|2)2
z, in RN .4/$ 2.4 �4

z(x) =

N∑

i=1

aixi

(1 + |x|2)
N
2

+ b
|x|2 − 1

(1 + |x|2)
N
2

.
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x∈Ω

wi,n(x) = wi,n(0), i = 1, 2 m ∂wi,n

∂γ
= 0 �4 ∇wi,n(0) = 0, i = 1, 2.(G ∇zn(0) = 0, Qz
�4� ∇z(0) = 0. p*� ai = 0, i = 1, · · ·, N . |

zn → z(x) = b
|x|2 − 1

(1 + |x|2)
N
2

. (9)�H b 6= 0.�\ b = 0, 4 (9) 
4
zn → 0, in C2

loc(R
N
+ ).

(6) 
 * zn �Q�yQ�4
∫eΩn

|∇zn|
2 + M

− 4
N−2

n

∫eΩn

a(dnM
− 2

N−2
n x)z2

n =

∫eΩn

cn(x)z2
n.4 ∫eΩn

|zn|
2N

N−2 ≤ c, �4
zn ⇀ 0, in L

2N
N−2 (RN

+ ).4 ũi,n → U(x) = (1 + |x|2)
2−N

2 �4
cn(x)→ N(N + 2)U(x)

4
N−2 , in L

N
2 (RN

+ ).p* ∫eΩn

cn(x)z2
n ≤

(∫eΩn

cn(x)
N
2

) 2
N

·
(∫eΩn

(z2
n)

N
N−2

) N−2
N

→ 0,|4
0 ←

∫eΩn

cn(x)z2
n =

∫eΩn

|∇zn|
2 + M

− 4
N−2

n

∫eΩn

a(dnM
− 2

N−2
n x)z2

n

≥ min{ν, 1}
(∫eΩn

|∇zn|
2 + M

− 4
N−2

n

∫eΩn

z2
n

)
= min{ν, 1},5E�p* b 6= 0 .;H� H8 b 6= 0 ��=I^�Y b 6= 0, �4(5E�| w1,n ≡ w2,n, |(�4H�\ u1,n, u2,n f (4) 
6��D u1,n, u2,n 02 Pohozaev q8
��4

−

∫

B1∩Ωn

a(pn + dnx)u2
i,n

=

∫

B1∩∂Ωn

[
− (x, γ)

|∇ui,n|
2

2
+ (x, γ)(

αN

p + 1
u

p+1
i,n −

a(pn + dnx)

2
u2

i,n)
]
dσ

+

∫

∂B1∩Ωn

[
(x · ∇ui,n)

∂ui,n

∂γ
−
|∇ui,n|

2

2
+

αN

p + 1
u

p+1
i,n −

a(pn + dnx)

2
u2

i,n

+
N − 2

2
ui,n

∂ui,n

∂γ

]
dσ. (10)FP B1 ∩∂Ωn 6�
��e(y {(x′, Φd(x

′))|x′ ∈ Rn−1, Φd(x
′) = dn

2 |x
′|2 +◦(|dn|

2|x′|3)}, .%
(x, γ)dσ =

[dn

2
|x′|2 + ◦(|dn|

2|x′|3)
]
dx′. (11)
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L�6 Neumann �t�6|(� 815� zn = u1,n − u2,n, 4 (10)–(11) 
�4
−

∫

B1∩Ωn

a(pn + dnx)zn(u1,n + u2,n)dx

=
dn

2

∫

|x′|≤1

|x′|2
[
αNcn(x)zn −

a(pn + dnx)

2
zn(u1,n + u2,n)−

∇zn

2
(∇u1,n +∇u2,n)

]
dx′

+

∫

∂B1∩Ωn

[
x(∇u1,n −∇u2,n)

∂u1,n

∂γ
+ x · ∇u2,n(

∂u1,n

∂γ
−

∂u2,n

∂γ
) +
∇zn

2
(∇u1,n −∇u2,n)

+αN

zncn

p + 1
+

zn(u1,n + u2,n)

2
+

N − 2

2
((u1,n − u2,n)

∂u1,n

∂γ
+ u2,n(

∂u1,n

∂γ
−

∂u2,n

∂γ
))

]
dσ.

(12)4/$ 2.3 m/$ 2.5 �4�1 |x| = 1 `�5
un(x) + |∇un(x)|+ |zn(x)|+ |∇zn(x)| = O(M−1

n ),p*? (12) 
P
| ? ∂B1 ∩ Ωn Z6yQ |

≤

∫

∂B1∩Ωn

[
|x||∇u1,n −∇u2,n|

∣∣∣
∂u1,n

∂γ

∣∣∣ + |x||∇u2,n|
∣∣∣
∂u1,n

∂γ
−

∂u2,n

∂γ

∣∣∣ +
∣∣∣
∇zn

2

∣∣∣|∇u1,n −∇u2,n|

+αN

|zn||cn|

p + 1
+
|zn||u1,n + u2,n|

2
+

N − 2

2

(
|u1,n − u2,n|

∣∣∣
∂u1,n

∂γ

∣∣∣ + |u2,n|
∣∣∣
∂u1,n

∂γ
−

∂u2,n

∂γ

∣∣∣
)]

dσ

= O(M−2
n ). (13)0{1 N ≥ 5 `�5
−

∫

B1∩Ωn

a(pn + dnx)zn(u1,n + u2,n)dx

= −

∫
a(pn + dnM

− 2
N−2

n x)zn(M
− 2

N−2
n x)[u1,n(M

− 2
N−2

n x) + u2,n(M
− 2

N−2
n x)] ·M

− 2N
N−2

n dx

= −

∫
a(pn + dnM

− 2
N−2

n x)zn(x)[ũ1,n(x) + ũ2,n(x)]M
− 4

N−2
n dx

= −bM
− 4

N−2
n

(
2

∫

RN
+

|x|2 − 1

(1 + |x|2)N−1
dx + o(1)

)
. (14)1 N = 4 `�5

−

∫

B1∩Ωn

a(pn + dnx)zn(u1,n + u2,n)dx = −bM−2
n (log Mn)|S3|(1 + o(1)). (15)4/$ 2.6 �4? B1 ∩ ∂Ωn Z6yQ~

∫

|x′|≤1

|x′|2a(pn + dnx′) · zn(u1,n + u2,n)dx′

=

∫

|x|≤M
2

N−2
n

|x|2

M
4

N−2
n

a(pn + dnM
− 2

N−2
n x) · zn

( x

M
2

N−2
n

)

×
(
u1,n

( x

M
2

N−2
n

)
+ u2,n

( x

M
2

N−2
n

))
·M

−2(N−1)
N−2

n dx
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=

∫

|x|≤M
2

N−2
n

M
−6

N−2
n |x|2a(pn + dnM

− 2
N−2

n x) · zn(x)(ũ1,n(x) + ũ2,n(x))dx

=

∫

RN−1

M
−6

N−2
n

[
2b

(|x|2 − 1)

(1 + |x|2)
N
2

·
|x|2

(1 + |x|2)
N−2

2

+ o(1)
]
dx = O(M

−6
N−2

n ), (16)

∫

|x′|≤1

|x′|2cn · zndx′ = bM
− 2

N−2
n

(∫

RN−1

|x|(|x|2 − 1)

(1 + |x|2)N+1
+ o(1)

)
, (17)

∫

|x′|≤1

|x′|2∇zn(∇u1,n +∇u2,n)dx′

= bM
− 2

N−2
n

[
2(N − 2)

∫

RN−1

(N − 2)|x|2 − (N + 2)

(1 + |x|2)N+1
|x|4dx

]
+ o(1). (18)� (13)–(14), (16)–(18) 
.T (12) 
�4�1 N ≥ 5 `�5

−2

∫

RN
+

|x|2 − 1

(1 + |x|2)N−1
=

dnM
2

N−2
n

2

(∫

RN−1

N(N − 2)
|x|2(1− |x|2)

(1 + |x|2)N+1

−(2−N)

∫

RN−1

(N − 2)|x|2 − (N + 2)

(1 + |x|2)N+1
|x|4

)
+ o(1),(G5

lim
n→∞

dnM
2

N−2
n =

2|SN−1|(N − 1)Γ(N
2 )Γ(N−4

2 )

|SN−2|(N − 2)Γ(N+1
2 )Γ(N−3

2 )
,D9?$ 2.1 5E�1 N = 4 `�F8\
���>4 (15) m (12) 
�4

bM−2
n (log Mn)|S3|(1 + o(1)) =

bM−1
n dn

2

[
8

∫

R3

|x|2(1− |x|2)

(1 + |x|2)5
dx + 4

∫

R3

(|x|2 − 3)|x|4

(1 + |x|2)5

]

=
bM−1

n dn

2
·
8|S2|Γ(5

2 )Γ(1
2 )

Γ(5)
=

bM−1
n dn|S

2|π

8
,(G5

lim
n→∞

dnMn(log Mn)−1 =
8|S3|

|S2|π
.D9?$ 2.1 5E�p* N ≥ 4, |(�4H�

4 zn eimlgu 2.1 e�y�B6Zs��6℄#/$ 2.5,/$ 2.6m?$ 2.16H8�D%�#2;H�6�\�
zn → z(x) = b

|x|2−1

(1+|x|2)
N
2

, in C2
loc(R

N
+ ), ?D%�N�\ b = 1.�� 4.1 1 n "Q+� 2M
− 2

N−2
n ≤ |x| ≤ 1 `�)?�i c > 0, 5
zn(x) ≤ cMnz(M

2
N−2
n ).

|∇zn(x)| ≤
c

|x|
|zn(x)|.



No.3 AX�(",-
L�6 Neumann �t�6|(� 817�O 4.1. 6H8�&}[/$��7�H8D}[/$��t 4.2 )? n0 > 0, 1 n > n0, x ∈ Ωn L |x| ≥ 2M
− 2

N−2
n `�5

zn(x) > 0.� �1℄n�vs426hi
zn(x) = M−1

n zn(
x

M
2

N−2
n

), x ∈ Ω̃n,4 zn → z(x) = |x|2−1

(1+|x|2)
N
2
4�D ∀R̃ > 2, 1 n "Q+� 2 ≤ |x| ≤ R̃ `�5

zn > 0.�H1 x ∈ D eR,n
= Ω̃n\B eR, 5 zn > 0. � z−n ~ zn ? D eR,n

P6V��
(6) 
)Cx z−n �Q�yQ5

∫

D eR,n

|∇z−n |
2 + M

− 4
N−2

n

∫

D eR,n

a(dnM
− 2

N−2
n x)|z−n |

2

=

∫

D eR,n

cn(x)|z−n |
2 ≤

(∫

D eR,n

c
N
2

n

) 2
N

·
(∫

D eR,n

|z−n |
2N

N−2

) N−2
N

,G limeR→∞

∫
D eR,n

c
N
2

n dx = 0, p*1 R̃ "Q+`�5
∫

D eR,n

|∇z−n |
2 + M

− 4
N−2

n

∫

D eR,n

a(dnM
− 2

N−2
n x)|z−n |

2 ≤
Sγ

2

( ∫

D eR,n

|z−n |
2N

N−2

)N−2
N

.6. a(x) ≥ γ > 0, p*��/6���4
∫

D eR,n

|∇z−n |
2 + M

− 4
N−2

n

∫

D eR,n

|z−n |
2 ≤

S

2

( ∫

D eR,n

|z−n |
2N

N−2

)N−2
N

.0(M74 (7) 
�4
S

(∫

D eR,n

|z−n |
2N

N−2

) N−2
N

≤

∫

D eR,n

|∇z−n |
2 + d2

nM
− 4

N−2
n

∫

D eR,n

|z−n |
2.Wd dn ≤ 1, $P z−n ≡ 0, RAw�^5E�(G1 x ∈ D eR,n

`�5 zn > 0.p*>wf℄n�v�4�1 x ∈ Ωn L |x| > 2M
− 2

N−2
n `� zn(x) > 0.~*42 zn ^i6_~��1 J Ω 6�
�? 0 =6/: U(0) <��
 ∂Ω �4( C2 hi xN = Φ(x′) = 1

2 |x
′|2 + O(|x′|3) �e�/X(xB�v Φ : Ω

⋂
U(0)→ RN

+ , b4
Φ(∂Ω

⋂
U(0)) = {yN = 0}

⋂
{|y| < r0}, FP r0 > 0.\ Φ = (Φ1, · · ·ΦN ), 5





Φj(x) = xj , 1 ≤ j ≤ N − 1,

ΦN(x) = xN − Φ(x′).
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⋂

U(0)) = B
+

r0
= {y : |y| ≤ r0, yN ≥ 0}. \ Un(0) = U(0)

dn
, Φn(x) = d−1

n Φ(dnx), A
Φn : Ωn

⋂
Un → B

+
r0
dn

4Y 



Φj
n(y) = yj, 1 ≤ j ≤ N − 1,

|ΦN
n (y)− yN | ≤ cdn|y|

2.TkxJ ui,n(x) = wi,n(dnx), x ∈ Ωn. \
vi,n(y) = ui,n(Φ−1

n (y)), y ∈ B
+
r0
dn

,J�~m�4
L(vn) := △un(Φ−1

n )

= △vn(y) + dn

[
2yN

N−1∑

j=1

∂2vn

∂y2
j

−
∂vn

∂yN

]
+ d2

n

[ N∑

i,j=1

cij(y)
∂2vn

∂yi∂yj

+
N∑

j=1

cj(y)
∂vn

∂yj

]
. (19)\ z̃n(y) = zn(Φ−1

n (y)), |y| ≤ r0

dn
, A z̃n 4Y





−Lz̃n + a(dnΦ−1
n (y))z̃n = c̃n(y)z̃n, |y| ≤

r0

dn

, yN > 0,

∂z̃n

∂yN

(y′, 0) = 0, y′ ∈ RN−1, |y′| ≤
r0

dn

.

(20)FP c̃n(y) = cn(Φ−1
n (y)).� mn = inf

|y|=1
z̃n(y), A5�/$�(��t 4.3 1 1 ≤ |y| ≤ r0

dn
`�)?�i µ > 0, c > 0, 5

z̃n(y) ≤ cmne−µ|y|.� 4�	 [1, ?$ 2.3] I�1 x ∈ Ωn

⋂
{|x| ≥ 1} `�5 un(x) ⇉ 0, .G1 n "Q+`� a(dnx)− cn > 0, |x| ≥ 1. 0{1 |x| ≥ 1 `� zn(x) > 0, DM! (5) 02Z+K<$�4

sup
Ωn

T
{|x|≥1}

zn(x) = sup
Ωn

T
{|x|=1}

zn(x).4�U6��M! (20) 6j�_~�4/$ 4.3 �(��t 4.4 D"Q+6 R, 1 y ∈ {RM
− 2

N−2
n ≤ |y| ≤ r0}

⋂
{yN > 0} `�)?�i

c > 0, r0 > 0, 5
z̃n(y) ≥ cM−1

n |y|
2−N .� α ∈ (0, 1), \

ϕn(y) = M−1
n (|y|2−N −A|y|2−N+α),FP A = (2r0)

−α. +$H1 |y| ≤ r0 `� ϕn(y) ≥ 0. 4/$ 4.2 I�D"Q+6 n, 1
|y| ≥ 2M

− 2
N−2

n `� z̃n(y) > 0. D ϕn ���/6~m�4�D"Q+6 n m�6 r0 5
Lϕn − a(dnΦ−1

n (y))ϕn + c̃n(y)ϕn ≥ Lϕn − ϕn ≥ 0.L1 |y| = 2r0 `�5
0 = ϕn(y) ≤ z̃n(y),



No.3 AX�(",-
L�6 Neumann �t�6|(� 8191 |y| = 2M
− 2

N−2
n `�5

0 < cϕn(y) ≤ z̃n(y),p*? y ∈ {M
− 2

N−2
n ≤ |y| ≤ 2r0}

⋂
{yN > 0} `�02Z+K<$�4

z̃n(y) ≥ cϕn(y), 2M
− 2

N−2
n ≤ |y| ≤ r0.|�/$ 4.4 �(�� 2 x�	 [4]P6	d�z̃n(te)t

N−2
2 /��? t = Rn Q;([��z� , vi,n(te)t

N−2
2? t = Ri,n Q;([��z� i = 1, 2. Q rn = min{RnM

− 2
N−2

n , R1,nM
− 2

N−2
n , R2,nM

− 2
N−2

n , 1},5 z̃n(te)t
N−2

2 , vi,n(te)t
N−2

2 ? t(N)M
− 2

N−2
n ≤ t ≤ rn DUo e ∈ SN−1

+ ,  Z<���t 4.5 1 RM
− 2

N−2
n ≤ |y| ≤ rn `�)?�i c > 0, D"Q+6 R m n, 5

z̃n(y) ≤ cM−1
n |y|

2−N .� �� R "Q+�b41 |y| ≥ RM
− 2

N−2
n `�5 z̃n(y) > 0. \ ρn = RM

− 2
N−2

n , 1
ρn ≤ |y| = ρ ≤ rn `�?-

ϕn(y) = M−1
n |y|

2−N+τρ−τ
n + mn(ρ)|y|−τρτ ,FP mn(ρ) = sup

|y|=ρ

z̃n(ρ), τ ∈ (0, N−2
2 ) . �� R "Q+b4

max
i=1,2

max
|y|=ρn

vi,n(y)|y|
N−2

2 → U(R)R
N−2

2 < c0.FP c0 ≤ [ τ(N−2−τ)
αN 2p−2 ]

4
N−2 . p*1 ρn ≤ |y| ≤ rn `�4 vi,nt

N−2
2 /��5

c̃n(y) ≤ αN2p−2 max
i=1,2

max
|y|=ρn

v
4

N−2

i,n |y|
2 < τ(N − 2− τ)..G1 ρn ≤ |y| ≤ rn `�5

Lϕn − a(dnΦ−1
n (y))ϕn + c̃n(y)ϕn

≤ Lϕn + c̃n(y)ϕn

= [−τ(N − 2− τ) + αN2p−2c
4

N−2

0 − τ(N − 2− τ) + ◦(1)dn|y|+ ◦(1)d2
n]|y|−2ϕn(y)

≤ 0.p* ϕn f4Y Neumann �
v�6Z��L1 |y| = ρn `�5
ϕn(y) ≥M−1

n ρ2−N
n = MnR2−N .G

z̃n(ρn)

Mn

→
R2 − 1

(R2 + 1)
N
2

.p*1 n, R "Q+� |y| = ρn `�5
z̃n(y) ≤ 2ϕn(y).



820 i � � $ � � Vol.29A471 |y| = ρ `� z̃n(y) ≤ mn(ρ) ≤ ϕn(y). >4Z+K?$�4�1 ρn ≤ |y| ≤ ρ `�5
z̃n(y) ≤ 2ϕn(y).4 z̃n(y)|y|

N−2
2 />�I�D |y| = ρ, 0 < θ < 1 5

z̃n(y)|y|
N−2

2 ≤ z̃n(θy)|θρ|
N−2

2 ≤ 2ϕn(θρ)|θρ|
N−2

2

= 2M−1
n θ−

N−2
2 +τρ−

N−2
2 +τρ−τ

n + 2mnθ
N−2

2 −τρ
N−2

2 .�� θ b4 θ
N−2

2 −τ = 1
4c

, FP c 4 Harnack �8
 max
|y|=ρ

z̃n(y) ≤ c min
|y|=ρ

z̃n(y) R?�p*
z̃n(y) ≤

mn(ρ)

2c
+ 8cM−1

n ρ−τ
n |y|

2−N+τ ≤
min z̃n

2
+ 8cM−1

n ρ−τ
n |y|

2−N+τ .|�1 ρn ≤ ρ ≤ rn `�5
z̃n(y) ≤ cM−1

n ρ−τ
n |y|

2−N+τ ,Y rn

ρn
≤ 2, A9t�(�Y rn

ρn
≥ 2, A�)? ρ2,n ≤ rn, 5 ρ2,n

ρn
= 2, p*1 ρn ≤ |y| ≤ ρ2,n `�5

z̃n(y) ≤ 2cM−1
n |y|

2−N .QUZh6q3�D℄?6 n, �5
'Zs�4/$ 4.5 �(��t 4.6[4] rn WJp?-�LDU,6 ǫ > 0, )? δ = δ(ǫ) > 0 m R = R(ǫ) > 0, b4D r̂n ≤ δ(ǫ)rn, R(ǫ)M
− 2

N−2
n ≤ |y| ≤ r̂n, 5 z̃n(y) ≤ cM−1

n |y|
2−N , A1 R(ǫ)M

− 2
N−2

n ≤ |y| ≤ r̂n`�5
z̃n(y) ≤ (1 + ǫ)M−1

n |y|
2−N .�� 4.1 
�x 4/$ 4.5, 1 RM

− 2
N−2

n ≤ |y| ≤ rn `�5
z̃n(y) ≤ cM−1

n |y|
2−N ,p*

zn(x) = zn(Φ−1
n (y)) = z̃n(y) ≤ cM−1

n |y|
2−N ≤ cM−1

n |x|
2−N .G1 n "Q+� 2M

− 2
N−2

n ≤ |x| ≤ 1 `�5
Mnz(M

2
N−2
n x) = Mn

|M
2

N−2
n x|2 − 1

(1 + |M
2

N−2
n x|2)

N
2

∼M−1
n |x|

2−N .|1 n "Q+� 2M
− 2

N−2
n ≤ |x| ≤ 1 `�)?�i c > 0, 5

zn(x) ≤ cMnz(M
2

N−2
n x).>4�U6sB_~�1 2M

− 2
N−2

n ≤ |x| ≤ 1 `�5
|∇zn(x)| ≤

c

|x|
|zn(x)|.|��O 4.1 4H�



No.3 AX�(",-
L�6 Neumann �t�6|(� 821�t 2.5 
�x 4�O 4.1 �4/$ 2.5 �(��t 2.6 
�x 4/$ 4.6 �4�1 R(ǫ)M
− 2

N−2
n ≤ |y| ≤ r̂n `�5

z̃n(y) ≤ (1 + ǫ)M−1
n |y|

2−N .>4�O 4.1, 1 2M
− 2

N−2
n ≤ |x| ≤ 1 `�5

zn(x) ≤ (1 + ǫ)Mnz(M
2

N−2
n x).p*

Mnzn(M
2

N−2
n x) ≤ (1 + ǫ)Mnz(M

2
N−2
n x).|�1 y ∈ Ω̃n

⋂
{y : |y| ≤ δM

2
N−2
n } `�5

zn(y) ≤ (1 + ǫ)z(y)./$ 2.6 6	3�(�ft 2.1 
�x \ Ωd = Ω−pd

d
, ud = wd(dx + pd), wd f (3) 
6��A ud fM! (4)6��D ud 02 Pohozaev q8
5

−

∫

B1∩Ωd

a(pn + dnx)u2
d

=

∫

B1∩∂Ωd

[
− (x, γ)

|∇ud|
2

2
+ (x, γ)(

αN

p + 1
u

p+1
d −

a(pn + dnx)

2
u2

d)
]
dσ

+

∫

∂B1∩Ωd

[
(x · ∇ud)

∂ud

∂γ
−
|∇ud|

2

2
+

αN

p + 1
u

p+1
d −

a(pn + dnx)

2
u2

d +
N − 2

2
ud

∂ud

∂γ

]
dσ.

(21)471 |x| = 1 `� ud(x) = O(M−1
n ). p*� | ?�
 ∂B1 ∩ Ωd 6yQ | = O(M−2

n ) .

1) 1 N ≥ 5 `�4℄n�v ũd(x) = M−1
n ud(M

− 2
N−2

n x) �4
∫

B1∩Ωd

a(pn + dnx)u2
ddx = M

− 4
N−2

n

∫

RN
+

U2(x)dx(1 + ◦(1)) =
|SN−1|Γ(N

2 )Γ(N−4
2 )

4Γ(N − 2)
. (22)?-

(x, γ)dσ =
[dn

2
|x′|2 + ◦(|dn|

2|x′|3)
]
dx′,A

∫

B1∩∂Ωd

(x, γ)
|∇ud|

2

2
dσ = dnM

− 2
N−2

n H(pn)
|SN−2|(N − 2)2Γ(N+3

2 )Γ(N−3
2 )

4Γ(N)
(1 + ◦(1)). (23)

∫

B1∩∂Ωd

a(pn + dnx)

2
u2

d(x, γ)dσ = dnM
− 2

N−2
n ◦ (1). (24)

∫

B1∩∂Ωd

αN

p + 1
u

p+1
d (x, γ)dσ = dnM

− 2
N−2

n H(pn)
|SN−2|Γ(N+1

2 )Γ(N−1
2 )

4Γ(N)
(1 + ◦(1)). (25)� (22)–(25) 
.X (21) 
�F$�4�1 N ≥ 5 `�5

lim
n→∞

dnM
2

N−2
n =

|SN−1|(N − 1)Γ(N
2 )Γ(N−4

2 )

|SN−2|(N − 2)Γ(N+1
2 )Γ(N−3

2 )H(p0)
.
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2) 1 N = 4 `�5
∫

B1∩Ωd

a(pn + dnx)u2
ddx =

1

2
|S3|M−2

n log Mn. (26)�1 N = 4 `6 (23)–(25) m (26) 
.X (21) 
�F$�4�1 N = 4 `�5
lim

n→∞
dnMn(log Mn)−1 =

|S3|

|S2|

4

π

1

H(p0)|�?$ 2.1 4H� ` q � �
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Uniqueness of the One-bubbling Solution for a Neumann Problem

Involving the Critical Sobolev Exponent

Du Gang
(Department of Mathematics, Huazhong Normal University, Wuhan 430079;

Department of Mathematics, Kashi Teachers College, Xinjiang Kashi 844007)

Abstract: In this paper, we consider a class of Neumann problem involving critical Sobolev

exponents. The uniqueness is established by using Pohozaev identity and some estimates.
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