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1 mh~1Æ6Y4j%1��P;!��;UmB=�96x#"�-���(X%�Bqz��-3X���IP1-=��Fqz [1–5]. B:�yRNa3-55R�K℄u'P1-�}�k?���/}}e3"T>-+P��:�/XZT>-+7Pnb(L�S-�}�":8�B�P1=�-����1-�"m,WRj���5VQ"qz [6] 3�����B�P1- Liénard =�-96x-#"��,:8��B�P1-Hu3��=�-��^[K�}?_"qz [7] 3�� k - e�_������Hu3�� Duffing �P1=�96x-#"���&"qz [8] 3�����B�P1-Hu3�� Liénard =�96x-#"s�qrb"Fx3�� Rayleigh =�96x-#"�
(x(t) − cx(t − τ))(n) + f (x′(t)) + g

(∫ 0

−r

x(t + s)dα(s)

)

= p(t). (1.1)93 |c| 6= 1, τ ∈ R, r > 0 �p�[� f, g �p R J-��U[� p p R J-�� T - 96U[� α p�z��U[�
2 vjmZp=�℄q-���u' 1� α -?�� 0

∨

−r
α = 1,

∫ T

0 p(t)dt = 0. X := {x ∈ C(R, R)

|x(t + T ) ≡ x(t)}, 9*p |x|0 = max
t∈[0,T ]

|x(t)|; Y := {x ∈ C1(R, R)|x(t + T ) ≡ x(t)}, 9*p
‖x‖ = max{|x|0, |x

′|0}. �+ X W Y �p Banach n�1�Fx^=
A : X → X, [Ax](t) = x(t) − cx(t − τ), L : D(L) ⊂ Y → X, Lx = (Ax)(n).YJE7�2007-09-06; �2E7�2009-01-12
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No.3 l���Hu3��;UmB=�96x-#"� 79593 D(L) = {x ∈ Cn(R, R)|x(t + T ) = x(t)}.

N : Y → X, Nx = −f (x′(t)) − g

(∫ 0

−r

x(t + s)dα(s)

)

+ p(t). (2.1)�+ KerL = R, ImL = {x ∈ X |
∫ T

0
x(s)ds = 0}, $ L X-�p - Fredholm ^=�1�^=� P : Y → KerL, Px = [Ax](0); Q : X → X/ImL, Qy = 1

T

∫ T

0
y(s)ds. ": ImP = KerL,

KerQ = ImL, Lp := L|D(L)∩KerP #"0 L−1
P : ImL → D(L).

[L−1
p y](t) = A−1

( n−1
∑

i=1

1

i!
(Ax)(i)(0)ti +

1

(n − 1)!

∫ t

0

(t − s)n−1y(s)ds

)

. (2.2)'� (Ax)(i)(0), (i = 1, 2, · · · , n − 1) �=� DZ = B oA1�93
Z =

(

(Ax)(n−1)(0), · · · , (Ax)′′(0), (Ax)′(0)
)T

, D =

















1 0 0 · · · 0 0

c1 1 0 · · · 0 0
...

...
...

...
...

cn−2 cn−3 cn−4 · · · c1 1

















,

B = (b1, b2, · · · , bn−1)
T

, bi = −
1

i!T

∫ T

0

(T − s)iy(s)ds, cj =
T j

(j + 1)!
, j = 1, 2, · · · , n − 2.� (2.1) W (2.2) U+ L X Ω J- L - |^=�93 Ω ⊂ Y XD��z�e�lY 1[3] FS |c| 6= 1, .&^= A #"o�z��0�;$?x�ep

(1)
∫ T

0
|[A−1f ](t)|dt 6 1

|1−|c‖

∫ T

0
|f(t)|dt, ∀ f ∈ X ;

(2) Ax′′ = [Ax]′′, ∀x ∈ C2
T := {x ∈ C2(R, R)|x(t + T ) ≡ x(t)}.w ��� 1 �+� (2.1) U1�-^= A #"0;o��;

Ax(n) = [Ax](n), ∀x ∈ Cn
T := {x ∈ Cn(R, R)|x(t + T ) ≡ x(t)}.lY 2[9] M X, Y �p Banach n� L : D(L) ⊂ X → Y X-�p - Fredholm ^=� Ω ⊂ X X�z�e� N : Ω → Y X Ω J- L - |^=�;x�ep��

(1) Lx 6= λNx, ∀x ∈ ∂Ω ∩ D(L), λ ∈ (0, 1);

(2) Nx /∈ ImL, ∀x ∈ ∂Ω ∩ KerL;

(3) deg{QN, Ω ∩ KerL, 0} 6= 0.$=� Lx = Nx " Ω ∩ D(L) J.K#"Lx�
3 vjTOHY 1 G#"�[ r1 > 0, r2 > 0, K > 0W E > 0 $?ep

[H1] |f(x)| 6 r1|x| + K, ∀x ∈ R;

[H2] xg(x) > 0(b xg(x) < 0), ;) |x| > E P, |g(x)| > K + r1|x|;

[H3] lim
x→+∞

| g(x)
x | 6 r2(b lim

x→−∞
| g(x)

x | 6 r2);

[H4] T n−1[r1 + r2(T + 2)] < 2n−1|1 − |c‖..&=� (1.1) .K#"L T - 96x�



796 [ � w � � � Vol.29Aq ��lM xg(x) > 0, lim
x→+∞

| g(x)
x | 6 r2, = Ω1 = {x|x ∈ X ∩ D(L), Lx = λNx, λ ∈

(0, 1)}, $ ∀x ∈ Ω1, x $?x�=�
(x(t) − cx(t − τ))(n) + λf (x′(t)) + λg

(∫ 0

−r

x(t + s)dα(s)

)

= λp(t), λ ∈ (0, 1). (3.1)rJ(-=��6hP" [0, T ] JdB+
∫ T

0

[

f (x′(t)) + g

(∫ 0

−r

x(t + s)dα(s)

)]

dt = 0. (3.2)�dB3,1�+ ∃ ξ ∈ (0, T ), T+
f (x′(ξ)) = −g

(∫ 0

−r

x(ξ + s)dα(s)

)

. (3.3)$�#" ∃ t0 ∈ [0, T ], T+ |x(t0)| < |x′|0 + E.WRJ�) r1 = 0P�� |
∫ 0

−r x(ξ+s)dα(s)| 6 E,D$G |
∫ 0

−r x(ξ+s)dα(s)| > E,$�ep+ K < |g(
∫ 0

−r
x(ξ+s)dα(s))| = |f (x′(ξ)) | 6 K %9�) r1 > 0P�FS |

∫ 0

−r
x(ξ+s)dα(s)| >

E, $�ep [H1] � [H2] W (3.3) U+
K + r1

∣

∣

∣

∫ 0

−r

x(ξ + s)dα(s)
∣

∣

∣ <
∣

∣

∣g
(

∫ 0

−r

x(ξ + s)dα(s)
)∣

∣

∣ = |f (x′(ξ)) | 6 r1|x
′|0 + K,g |

∫ 0

−r
x(ξ + s)dα(s)| 6 |x′|0. N) r1 > 0 P�\�

∣

∣

∣

∣

∫ 0

−r

x(ξ + s)dα(s)

∣

∣

∣

∣

6 |x′|0 + E. (3.4)� Riemann-Stieltjes dB3,1�+�#" ζ ∈ (−r, 0), T+ |x(ξ + ζ)| 6 |x′|0 + E. ��
ξ + ζ ∈ R, ":#"([ n W t0 ∈ [0, T ], T+ ξ + ζ = nT + t0. � (3.4) U+

|x(t0)| = |x(ξ + ζ)| 6 |x′|0 + E. (3.5)� (3.5) U+
|x|0 6 |x(t0)| +

1

2

∫ T

0

|x′(s)|ds 6
T + 2

2
|x′|0 + E. (3.6)�ep [H4] +#"�[ ε > 0, T+ T n−1[r1 +2(r2 + ε)(T +1)] < 2n−1|1− |c‖. ��ep [H3]f�z��U[-�0+�#"� λ W x vO-�[ β > E, T+

∣

∣

∣

∣

g
(

∫ 0

−r

x(t + s)dα(s)
)

∣

∣

∣

∣

6 (r2 + ε)

∣

∣

∣

∣

∫ 0

−r

x(t + s)dα(s)

∣

∣

∣

∣

6 (r2 + ε)|x|0, ∀ t ∈ R,

∫ 0

−r

x(t + s)dα(s) > β. (3.7)i X(t) =
∫ 0

−r
x(t + s)dα(s), D1 = {t ∈ [0, T ]|X(t) < −β}, D2 = {t ∈ [0, T ]| |X(t)| 6 β},

D3 = {t ∈ [0, T ]|X(t) > β}, � (3.2) U+
(∫

D1

+

∫

D2

+

∫

D3

)

g(X(t))dt +

∫ T

0

f (x′(t)) dt = 0. (3.8)
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∫

D1

|g(X(t))|dt = −

∫

D1

g(X(t))dt 6

∫

D2

|g(X(t))| dt +

∫

D3

|g(X(t))| dt +

∫ T

0

|f (x′(t)) |dt.

(3.9)� (3.6), (3.8) W (3.9) U+
∫ T

0

∣

∣

∣[Ax](n)(t)
∣

∣

∣ dt 6

∫ T

0

|f (x′(t)) |dt +

∫ T

0

|g(X(t))|dt +

∫ T

0

|p(t)|dt

6

∫ T

0

|f (x′(t)) |dt +

(∫

D1

+

∫

D2

+

∫

D3

)

|g(X(t))|dt +

∫ T

0

|p(t)|dt

6 T (r1|x
′|0 + K + 2(r2 + ε)|x|0 + 2gβ + |p|0)

6 d1|x
′|0 + d2, (3.10)93 d1 = T [r1 + (r2 + ε)(T + 2)], d2 = T [K + 2(r2 + ε)E + 2gβ + |p|0], gβ = max

t∈D2

|g(X(t))|.�� x′′(0) = x′′(T ), · · · x(n)(0) = x(n)(T ), ":#" ξi ∈ (0, T ), i = 1, 2, · · ·n − 1, T+
x′(ξ1) = x′′(ξ2) = · · · = x(n−1)(ξn−1) = 0. M p, q pAE([; p < q, $

|x(p)|0 6
1

2

∫ T

0

|x(p+1)(t)|dt 6 · · · 6
T q−p−1

2q−p

∫ T

0

|x(q)(t)|dt. (3.11)���� 1 f (3.7), (3.10) W (3.11) U�+
∫ T

0

∣

∣

∣Ax(n)(t)
∣

∣

∣ dt =

∫ T

0

∣

∣

∣[Ax](n)(t)
∣

∣

∣ dt 6 d1|x
′|0 + d2 6

d1T
n−2

2n−1

∫ T

0

∣

∣

∣x(n)(t)
∣

∣

∣ dt + d2

6
d1T

n−2

2n−1

∫ T

0

∣

∣

∣A−1Ax(n)(t)
∣

∣

∣ dt + d2 6
d1T

n−2

2n−1|1 − |c‖

∫ T

0

∣

∣

∣Ax(n)(t)
∣

∣

∣ dt + d2,g
∫ T

0

∣

∣

∣Ax(n)(t)
∣

∣

∣ dt 6
2n−1|1 − |c‖d2

2n−1|1 − |c‖ − d1T n−2
.":

|x′|0 6
T n−2

2n−1

∫ T

0

∣

∣

∣
x(n)(t)

∣

∣

∣
dt 6

T n−2

2n−1|1 − |c‖

∫ T

0

∣

∣

∣
Ax(n)(t)

∣

∣

∣
dt 6

d2T
n−2

2n−1|1 − |c‖ − d1T n−2
.

(3.12)� (3.6) W (3.12) U+�#"� λ W x vO-�[ M0 W M1, T+ |x|0 < M0, |x′| < M1.= M = max{M0, M1}, Ω = {x : ‖x‖ < M} W Ω2 = {x|x ∈ ∂Ω ∩ KerL}, $
QNx = −

1

T

∫ T

0

[

f (x′(t)) + g
(

∫ 0

−r

x(t + s)dα(s)
)

]

dt.

∀ x ∈ Ω2, .& QNx 6= 0, ":�� 2 -ep (1) W (2) $?�x*ep (3) $?�1��L
J : ImQ → KerL, Jx = x f H(x, µ) = µ x − T (1 − µ)JQNx, ∀ (x, µ) ∈ Ω × [0, 1], ":
H(x, µ) = µx+ (1−µ)

∫ T

0

[

f (x′(t)) + g
(

∫ 0

−r

x(t + s)dα(s)
)

]

dt, ∀(x, µ) ∈ (∂Ω∩KerL)× [0, 1].



798 [ � w � � � Vol.29A�+ H(x, µ) > 0, N
deg{JQN, Ω ∩ KerL, 0} = deg{H(x, 0), Ω ∩ KerL, 0} = deg{H(x, 1), Ω ∩ KerL, 0} 6= 0.`��� 2 -ep (3) �$?�":M��� 2 +^==� Lx = Nx " Ω ∩ Dom(L) 3.K#"Lx�g=� (1.1) .K#"L T - 96x�HY 2 G n p3[� |c| < 1, ;#"�[ r1 > 0, r2 > 0, K > 0f E > 0 $?

[H′
1] |f(x)| 6 r1|x| + K, ∀x ∈ R;

[H′
2] xg(x) > 0(b xg(x) < 0), ;) |x| > E P, |g(x)| > K + r1|x|;

[H′
3] lim

x→+∞
| g(x)

x | 6 r2(b lim
x→−∞

| g(x)
x | 6 r2);

[H′
4] r2T

n(T + 2) < 2n−1(1 − |c|).$=� (1.1) .K#"L T - 96x�w �� n p3[; |c| < 1, !Pep [H′
4] Æ1� 1 3- [H4] �H�a�Z r1 -{/�q ��M xg(x) > 0, lim

x→+∞
| g(x)

x | 6 r2, n = 2k, k p)([�r=� (3.1) �6h��
x′′(t) �" [0, T ] JdB+

(−1)k−1

∫ T

0

∣

∣

∣x(k+1)(t)
∣

∣

∣

2

dt = (−1)k−1c

∫ T

0

x(k+1)(t)x(k+1)(t − τ)dt

−λ

∫ T

0

x′′(t)g

(∫ 0

−r

x(t + s)dα(s)

)

dt +

∫ T

0

x′′(t)p(t)dt.�� Hölder �/U+
∫ T

0

∣

∣

∣x(k+1)(t)
∣

∣

∣

2

dt 6 |c|

(∫ T

0

∣

∣

∣x(k+1)(t)
∣

∣

∣

2

dt

)1/2(∫ T

0

∣

∣

∣x(k+1)(t − τ)
∣

∣

∣

2

dt

)1/2

+

∫ T

0

∣

∣

∣

∣

x′′(t)g

(∫ 0

−r

x(t + s)dα(s)

)∣

∣

∣

∣

dt +

∫ T

0

|x′′(t)p(t)| dt

6 |c|

(∫ T

0

∣

∣

∣x(k+1)(t)
∣

∣

∣

2

dt

)1/2(∫ T−τ

−τ

∣

∣

∣x(k+1)(t)
∣

∣

∣

2

dt

)1/2

+

∫ T

0

∣

∣

∣

∣

x′′(t)g

(∫ 0

−r

x(t + s)dα(s)

)∣

∣

∣

∣

dt +

∫ T

0

|x′′(t)p(t)|dt.":
∫ T

0

∣

∣

∣x(k+1)(t)
∣

∣

∣

2

dt 6
1

1 − |c|
|x′′|0

(∫ T

0

∣

∣

∣

∣

g

(∫ 0

−r

x(t + s)dα(s)

)∣

∣

∣

∣

dt +

∫ T

0

|p(t)|dt

)

6
2T

1 − |c|
|x′′|0

(

(r2 + ε)|x|0 + gρ +
1

2
|p |0

)

. (3.13)� (3.5) U�+
|x|0 6

T + 2

2
|x′|0 + E 6

T + 2

4

∫ T

0

|x′′(t)|dt + E 6
T (T + 2)

4
|x′′|0 + E. (3.14)":� (3.13) W (3.14) U+

∫ T

0

∣

∣

∣x(k+1)(t)
∣

∣

∣

2

dt 6
(r2 + ε)T 2(T + 2)

2(1 − |c|)
|x′′|20 +

2T

1 − |c|

(

(r2 + ε)E + gρ +
1

2
|p |0

)

|x′′|0. (3.15)



No.3 l���Hu3��;UmB=�96x-#"� 799� (3.11) W (3.15) U+
∫ T

0

|x(k+1)(t)|2dt 6
(r2 + ε)T 2k(T + 2)

22k−1(1 − |c|)

(

∫ T

0

|x(k+1)(t)|dt
)2

+ d3

∫ T

0

|x(k+1)(t)|dt

6
(r2 + ε)T n(T + 2)

2n−1(1 − |c|)

∫ T

0

|x(k+1)(t)|2dt + d3

∫ T

0

|x(k+1)(t)|dt, (3.16)93 d3 = T k

2k−1(1−|c|)((r2 +ε)E +gρ + 1
2 |p |0).�� [H4] +#"�[ ε > 0, T+ (r2 +ε)T n(T +

2) < 2n−1(1−|c|). ":� (3.16)U+#"� λ W xvO-�[ M2, T+ ∫ T

0

∣

∣x(k+1)(t)
∣

∣

2
dt 6

M2, wY (3.6) W (3.11) U+#"� λ W x�vO-�[ M0 W M1, T+ |x|0 < M0, |x′|0 <

M1. txÆ-*)�1� 1 |�\��p���u'	!Fx�=
(x(t) + 3x(t − τ))5 +

(

1 +
1

3π6
x′(t)e−(x′(t))2

)

+ g

(∫ 0

−r

x(t + s)dα(s)

)

= sin t.= g(x) = 1
3π5 x, ": r1 = 1

3π6 , r2 = 1
3π5 , c = −3, T = 2π, n = 5, T n−1[r1+r2(T+2)]

2n−1|1−|c‖ =

4π2+2π+1
6π2 < 1. �X�1� 1 �+=F�#" 2π - 96x�C V b d
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Abstract: By employing the coincidence degree theory, the author studies a kind of higher

order neutral functinal differential equation with distributed delay. Some simple conditions

which guarantee the existence of periodic solutions to the equation are obtained.
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