
2009,29A(4):843–857 http://actams.wipm.ac.cn
KRn;47PfEhG ∗{w }ux
(zvt~y~| zv 300072)gb�}�F℄OxY�s-LQnh�w�F℄Q�4t'
\4�Z�6��-�
_Y;H0Q+9t℄�w�b<�4�Q�
p�y�sk�C00+2,hns-�b�~�YQn%�6�E��Q,y��OL�w�Q�W�A_�|Y{�&YQ�w*�#'
+ sn;(�H�6s-LQnh_��D6�Y�s-� C0 �B�,y��Lnh�

MR(2000) qX>J�39B99; 47D99; 93D20 pY>JA�O175.7 [^2TN�A[j1A�1003-3998(2009)04-843-15

1 eaj[3
,PB�o	dlqÆ�X��+b�o>jP�abX�r,�R^�
Aq �5E\� ^=
��5Æ��K
 [1–2]. K"2H^=

 jE\X�r,��rX��}Po	dKPh�1m� "`^�PE\*�5��K
 [3–7] //#P'i
 ����UK�"2E\�L.Æj�}P�X8 KP>j8P��K�-KP>j8 [8−10], eaKPJ�u�br,KPmg8
E\DQ�eKPX�x�S/KPmg�j[3ÆvP1mr�a1"�LP.\�W;aKU7X�x��E\KPmg8
b^�LPUV��
�LE\X�r,KPmgÆv�E\P�3sib[3Æv�qb�Y�5��,Æb^X:G/P*8s\Æv [11]. Æv�UbN�v#8Æv�j
IP#8$#��}P7�℄K�r,�g
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WPrj��5m$�v�P?V��^
VjI�E\�}m$uv)�P8
� z��v)��"&�*�rm:P'
V�I��5�}r,KPmg6^�X��
P
.babxPr,U7�Gp\rjk\bN
X�r,KPmgE\�
2 <58U:`�I��A~r,P
X8J���%�r,

ü(t) + 2ku̇(t) +
(

α2 +
ks

m

)

u(t) =
ks

m
u
(

t −
2π

N

)

. (2.1)� x1(t) = u(t), x2(t) = u̇(t), τ = 2π
N

, 2
x(t) = (x1(t), x2(t))

T ,

A =





0 1

−(α2 +
ks

m
) −2k



 , B =





0 0
ks

m
0



 , (2.2)BfG�xr, (2.1) /*NG�xr,,
d

dt





x1(t)

x2(t)



 =





0 1

−(α2 +
ks

m
) −2k









x1(t)

x2(t)



 +





0 0
ks

m
0









x1(t − τ)

x2(t − τ)



 ,0
dx(t)

dt
= Ax(t) + Bx(t − τ).S�}P4��

x(0) = x0, x(s) = ϕ(s), s ∈ [−τ, 0),l�} (2.1) k/*�!PX��xr,














ẋ(t) = Ax(t) + Bx(t − τ),

x(0) = x0,

x(s) = ϕ(s), s ∈ [−τ, 0).

(2.3)��U�r, (2.1) dr, (2.3) S9�S�h y(t, s) = x(t + s), s ∈ [−τ, 0], T= y(0, s) = x(s) = ϕ(s), y(t,−τ) = x(t − τ) 7^
∂y(t,s)

∂t
= ∂y(t,s)

∂s
. bbr, (2.3) k/*































ẋ(t) = Ax(t) + By(t,−τ),

∂y(t, s)

∂t
=

∂y(t, s)

∂s
,

x(0) = x0,

y(0, s) = ϕ(s), s ∈ [−τ, 0).

(2.4)Sm:�
H = C

2 × L2([−τ, 0], C2),
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[X, Y ]H = (x, y)C2 +

∫ 0

−τ

(f(s), g(s))C2ds, X = (x, f(s))T , Y = (y, g(s))T ∈ H. (2.5)�C H b Hilbert m:�j H ÆXVm$ A,

A





x

y(s)



 =





A Bδτ

0
d

ds









x

y(s)



 , (2.6)/Æ δτy = y(−τ), m$ A PXVf�
D(A) = {(x, y(s))T ∈ H

∣

∣ y′ ∈ L2([−τ, 0], C2), y(0) = x}. (2.7)� X(t) = (x(t), y(t, s))T , X0 = (x0, ϕ(s))T , $� (2.4) ^k/* H ÆPgmr,






dX(t)

dt
= AX(t),

X(0) = X0.
(2.8)��U���J�*~�9L 2.1 r, (2.3)  (2.8) bS9P�0r, (2.3) kKP1Ly>br, (2.8) kK��FJzk}�m$ A b^��8
�9L 2.2 ℄ (2.6)  (2.7) ^XVPm$ A bm: H ÆP�3Xm$�9L 2.3 m: H P>jN�d [· , ·]H S9P%,�2� [· , ·]1, ℄Na � M > 0, ℄

(2.6)  (2.7) ^XVPm$ A j%, [· , ·]1 ���*
ℜ[AX, X ]1 ≤ M [X, X ]1, ∀X ∈ D(A).W; A− MI ��Om$�l i
S9%,

[X, Y ]1 = (x1, x2)C2 +

∫ 0

−τ

q(s)(y1(s), y2(s))C2ds,/Æ X = (x1, y1(s))
T , Y = (x2, y2(s))

T , e q(s) bEXPy���h����;z�a � M > 0, G�P X = (x, y(s))T ∈ D(A) ^�*
ℜ[AX, X ]1 ≤ M [X, X ]1, ∀X ∈ D(A)."uS X = (x, y(s))T ∈ D(A) b[P�$�

[AX, X ]1 = (Ax + Bδτy, x)C2 +

∫ 0

−τ

q(s)(y′(s), y(s))C2ds

= (Ax, x)C2 + (By(−τ), x)C2 +
1

2
q(s)(y(s), y(s))C2 |0−τ

−
1

2

∫ 0

−τ

q′(s)(y(s), y(s))C2ds
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≤ ‖A‖‖x‖2 +
1

2
‖B‖‖x‖2 +

1

2
‖B‖‖y(−τ)‖2 +

1

2
q(0)‖x‖2

−
1

2
q(−τ)‖y(−τ)‖2 −

1

2

∫ 0

−τ

q′(s)‖y(s)‖2ds

= (‖A‖ +
1

2
‖B‖ +

1

2
q(0))‖x‖2 +

1

2
(‖B‖ − q(−τ))‖y(−τ)‖2

+

∫ 0

−τ

(−q′(s)

2q(s)

)

q(s)‖y(s)‖2ds.W� q(s) by���h�pS"uS q(s) > ||B||, {X�= q(s) ∈ C1[−τ, 0], ℄N |q′(s)| <

M1|2q(s)|, M1 > 0. �
M2 = ‖A‖ +

1

2
‖B‖ +

1

2
q(0),

M = max{M1, M2}, lj1P%,��^
[AX, X ]1 ≤ M

(

‖x‖2 +

∫ 0

−τ

q(s)‖y(s)‖2ds
)

= M [X, X ]1,W; A− MI ��Om$�9L 2.4 Sm$ A K (2.6)  (2.7) ^pXV�aGUP λ ∈ C, �
∆(λ) = λI2 − A − e−λτB, (2.9)/Æ I2 b C2 PPF	`u�lI det∆(λ) 6= 0 X�^ λ ∈ ρ(A), 7 A PgK^bSP� ℄�^�5



























(λI −A)−1Y = X = (x1, y1(s)), ∀ Y = (x2, y2(s)) ∈ H,

x1 = ∆(λ)−1
(

x2 +

∫ 0

−τ

e−λ(τ+ξ)y2(ξ)dξ
)

,

y1(s) = x1e
λs −

∫ s

0

eλ(s−ξ)y2(ξ)dξ.

(2.10)u�U���^
σ(A) = σp(A) =

{

λ ∈ C
∣

∣ det∆(λ) = 0
}

. (2.11)XzPz�bN��FJz�,�r|WÆz��I�9L 2.5 m$ A V*N� C0 Co�A�P�PJ�b Lumer-Phillips XzP�FJ� (=
 [14]).

3 Vs A 8Q?\�I��B"�x�m$ A P+�jXz 2.4 Æ��R[��
∆(λ) = λI2 − A − e−λτB, σ(A) = {λ ∈ C

∣

∣ det∆(λ) = 0}.B`u A  B Pbx6^DLNK
∆(λ) =





λ −1

α2 +
ks

m
−

ks

m
e−λτ λ + 2k



 ,
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det∆(λ) = λ2 + 2kλ +

(

α2 +
ks

m

)

−
ks

m
e−λτ . (3.1)��U�I |λ| → ∞, ^ |ℜλ| ≤ p, ∀p > 0, det∆(λ) 6→ 0, pSj*7b<�PCf�
^^!� A P�v����i
I ℜλ → −∞ X� det∆(λ) P
WP?Vx$� det∆(λ) = 0S9b

eλτλ2

[

1 + 2kλ−1 + λ−2
(

α2 +
ks

m

)

]

−
ks

m
= 0.W;m$ A P+PVk��^^�^eX

(

λe
τ
2

λ +

√

ks

m

)(

λe
τ
2

λ −

√

ks

m

)

= 0.�<F1=���}N��: f(z) P
WÆv�
f(z) = zehz − b, (3.2)/Æ h > 0, b ∈ R 7��X(h���B�5 f 
WP?V��^�dL 3.1 f(z) ℄ (3.2) ^�5�I b = − 1

h
e−1 X� f(z) ^�NP[
W x = − 1

h
; I

b < − 1
h
e−1 X� f(z) �^[
W
I − 1

h
e−1 < b < 0, f(z) b^��[
W�7q�^b|h
I b > 0 X� f(z) ^7T^N�yP[
W�9L 3.1 S f(z)K2XV�lk2/
W."� Λ =

{

λn, λn

}

n∈N

⋃

Q,/Æ Qb f(z)k&P[
WP." (q&W b =�P"{e"{), l^��?Vmg^*~
λn =

1

h
(ln |b| − lnωn) + i

(

ωn −
lnωn

h2ωn

)

+ O
( 1

n

)

, hωn =
(

2n −
1

2
sign(b)

)

π. (3.3)l ��JTN}I h  b ^b[hX�K� f(λ) = 0, l f(λ) = 0. pS f P
W�b[�a)�=e f(z) P
WP."kS/*
Λ =

{

(λn, λn) | λn = xn + iyn, yn > 0, n ∈ N
}

⋃

Q, (3.4)/Æ Q b f(z) P[
WP."�� λ = x + iy ∈ Λ, 7 y > 0, l℄r, λehλ = b, ��^
ehx(x cos hy − y sin hy) = b, ehx(x sin hy + y coshy) = 0.=e

x = −
y coshy

sin hy
, ehx = −

b sinhy

y
, (3.5)W;NK

ln(−b sinhy) − ln y +
hy coshy

sinhy
= 0. (3.6)�8S b > 0, rX�^ y ∈

(

2n−1
h

π, 2n
h

π
)

, n ≥ 1. S
g(y) = ln b + ln(− sinhy) − ln y +

hy coshy

sinhy
, y ∈

(2n − 1

h
π,

2n

h
π
)

, n ≥ 1. (3.7)



848 h A � z A � Vol.29Af����sz�ap^P n ≥ 1, g(y) = 0 j��<: (

2n−1
h

π, 2n
h

π
) %^7T^N�K�a[P�z�<F1m��NK

g′(y) =
2hy sin hy coshy − sin2 hy − h2y2

y sin2 hy
,qPx$P-B�j�N y = 2n−1

h
π7=N�/�� −(2n−1)2π2 < 0.{Xx! y sin2 hy > 0,pS

g′(y) < 0, ∀y ∈
(2n − 1

h
π,

2n

h
π
)

, n ≥ 1, (3.8)7^
lim

y→ 2n−1

h
π
g(y) = ln b − ln

2n− 1

h
π + lim

y→ 2n−1

h
π

[

ln(− sin hy) +
hy coshy

sin hy

]

= +∞. (3.9)℄bI y → 2n−1
h

π X� ln(− sin hy) � h cos hy
sin hy

;)b�9Pl_��pS (3.9) ^P-!��>℄ hy cos hy
sin hy

eX�{zN
lim

y→ 2n
h

π
g(y) = −∞. (3.10))" (3.8)–(3.10) N^�kSN5J��a�� n ≥ 1, g(y) = 0 j<: (

2n−1
h

π, 2n
h

π
) %>j�NPK yn. ℄;kN Λ %^�9
�W�a yn ∈

(

2n−1
h

π, 2n
h

π
)

, 2 λn = xn + iyn, ℄b xn = 1
h

ln(− b sin hyn

yn
), ��^I n → ∞X� xn → −∞, yn → +∞. (3.11)e (3.5) ^��� ehxnxn = b coshyn. �� (3.11) ^k}�I n → ∞ X� coshyn → 0. W;�I n → ∞ X�^

yn →
2n− 1

2

h
π. (3.12)� yn =

2nπ− 1

2
π+ǫn

h
, l (3.12) ^�� ǫn ∈ (−π

2 , π
2 ), 7I n → ∞ X� ǫn → 0. ℄

0 = g(yn) = ln b + ln(− sinhyn) − ln yn +
hyn coshyn

sinhyn

= ln b + ln cos ǫn − ln yn −
hyn sin ǫn

cos ǫn

(3.13)NK sin ǫn = (− ln yn+ln b+ln cos ǫn) cos ǫn

hyn
. pS�I n → ∞ X�^

sin ǫn = −
ln yn

hyn

+ O
(

n−1
)

= −
ln

2n− 1

2

h
π

(2n − 1
2 )π

+ O
(

n−1
)

,Ue
ǫn = −

ln
2n− 1

2

h
π

(2n − 1
2 )π

+ O
(

n−1
)

,W;
yn =

2n − 1
2

h
π −

ln
2n− 1

2

h
π

h(2n− 1
2 )π

+ O
(

n−1
)

. (3.14)
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h

[ln b + ln(− sin(hyn)) − ln yn] , N
xn =

1

h

[

ln b − ln
2n− 1

2

h
π + O

( ln2 n

n2

)

]

. (3.15){KPrji
 b < 0 P8p�-���NK
λn =

1

h
(ln |b| − lnωn) + i

(

ωn −
lnωn

h2ωn

)

+ O
( 1

n

)

, hωn =
(

2n −
1

2
sign(b)

)

π.��%Km$ A +Æv�S ξ1,n �^ ξe
τ
2

ξ =
√

ks

m
P
W� ξ2,n �^ ξe

τ
2

ξ = −
√

ks

m
P
W�� λj,n = ξj,n + ηj,n ∈ σ(A), j = 1, 2. DL (3.1) ^NK

1 +
2ηj,n

ξj,n

+
η2

j,n

ξ2
j,n

+
2k

ξj,n

+
2kηj,n

ξ2
j,n

+
1

ξ2
j,n

(

α2 +
ks

m

)

= e−ηj,nτ ,℄;kN ηj,n = O(ξ−1
j,n). =e��^��J��9L 3.2 8Sm$ A K (2.6)  (2.7) ^pXV�l A P+�^j�?Vx|�7℄�^�5

σ(A) =

{

λj,n, λj,n

∣

∣ λj,n = ξj,n + O
( 1

n

)

, n ∈ N, j = 1, 2

}

. (3.16)9L 3.3 m$ A KPXV�lqP+f�<F�v��aGUP λ ∈ σ(A) %XPuv)��
Φλ = (x, eλsx)T ,/Æ x br, ∆(λ)x = 0 PN�v
K� 7b^6^ x = (1, λ)T .l �UKI λ ∈ σ(A) X

det∆(λ) = λ2 + 2kλ +
(

α2 +
ks

m

)

−
ks

m
e−λτ = 0,

[det∆(λ)]′ = 2λ + 2k +
ksτ

m
e−λτ .��U� det∆(λ) d [det∆(λ)]′ "{X�
�pS A P���v�^b<FP�S λ ∈ σ(A), X = (x, y(s))T ∈ D(A) b%Xb λ PN��v)��0 AX = λX ,















Ax + Bδτy(s) = λx,

y′(s) = λy(s), s ∈ [−τ, 0].

y(0) = x.KP^ÆP�xr,�NK
y(s) = eλsx, s ∈ [−τ, 0].B/CLr,ÆPVN�S^�N (λI −A−Be−λτ )x = 0. W� ∆(λ) = λI −A−Be−λτ , pS^

∆(λ)x =





λ −1

α2 +
ks

m
−

ks

m
e−λτ λ + 2k



x = 0,℄b λ b A P�v��pS^ det∆(λ) = 0, �Pgr,^v
K�:KPgr,�kN xP6^� x = (1, λ)T .
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4 0k_M8=B`m�IE\m$ A P�v)�Pv'8
��;"P�f�?Xm$ A P�/m$P6^� ∀ X = (x1, y1(s))
T ∈ D(A), Y = (x2, y2(s))

T ∈ D(A∗), /Æ D(A∗) EX�
[AX, Y ]H = (Ax1 + Bδy1(s), x2) +

∫ 0

−τ

(y′
1(s), y2(s))ds

= (x1, A
∗x2) + (y1(−τ), B∗x2) + (y1(s), y2(s))|

0
−τ −

∫ 0

−τ

(y1(s), y
′
2(s))ds

= (x1, A
∗x2 + y2(0)) + (y1(−τ), B∗x2 − y2(−τ)) +

∫ 0

−τ

(y1(s),−y′
2(s))ds

= [X,A∗Y ]H.℄;kN
D(A∗) =

{

(x, y(s)) ∈ H
∣

∣ y(−τ) = B∗x, y′(s) ∈ L2([−τ, 0], C2)
}

, (4.1)

A∗





x

y(s)



 =





A∗ δ0

0 −
d

ds









x

y(s)



 , (4.2)/Æ δ0y(s) = y(0), A∗ � A P�/��`u� B∗ � B P�/��`u�wkbm$ A P86���^��J��9L 4.1 S A∗ KPXV�aGUP λ ∈ C, �
∆(λ)∗ = λI2 − A∗ − e−λτB∗, (4.3)/Æ I2 b C2 PPF	`u�I det∆(λ)∗ 6= 0 X�^ λ ∈ ρ(A∗), 7 A∗ PgK^bSP� ℄�^�5



























(λI −A∗)−1X = Z, X = (x, y(s)) ∈ H, ∀ Z = (z, h(s)) ∈ D(A∗).

z = (∆(λ)∗)−1
(

x +

∫ 0

−τ

eλξy(ξ)dξ
)

,

h(s) = e−λτB∗z +

∫ s

−τ

eλξy(ξ)dξ.

(4.4)u�U���^
σ(A∗) = σp(A

∗) =
{

λ ∈ C
∣

∣ det∆(λ)∗ = 0
}

. (4.5)9L 4.2 ℄ (4.1)  (4.2) ^XVPm$ A∗ P+� σ(A∗). laGUP λ ∈ σ(A∗), %XPuv)�� Ψλ = (y, e−λ(τ+s)B∗y)T , /Æ y br, ∆(λ)∗y = 0 Pv
K� 7b^6^ y = (λ − 2k, 1)T , 7^ A∗Ψλ = λΨλ.��z��v)��"&�*�rm:P'�9L 4.3 S λ ∈ σ(A), E(λ;A) �%XP Riesz +[R�laGUP X ∈ H, ��^
E(λ;A)X = [X, Ψλ]HΦλ, (4.6)/Æ

Φλ =
(

x(λ), eλsx(λ)
)T

, ∆(λ)x(λ) = 0, (4.7)
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Ψλ = (y(λ), e−λ(s+τ)B∗y(λ))T , ∆(λ)∗y(λ) = 0, (4.8)7�*y> [Φλ, Ψλ]H = 1. =e
‖E(λ;A)‖ = ‖Ψλ‖‖Φλ‖. (4.9)UN%�I ℜλ → −∞ X� Riesz +�Z E(λ;A) b^mh�1
‖E(λ;A)‖ ≈

|λ|e|ℜλ|τ

|ℜλ|
. (4.10)pS�v)�>� {Φλ|λ ∈ σ(A)} "&�*m: H PN,'�l ℄baGUP λ, ζ ∈ σ(A), λ 6= ζ, Φλ bm$ A %Xb λ P�v)�� Ψζ bm$

A∗ %Xb ζ P�v)�� [Φλ, Ψζ ]H = 0.S λ ∈ σ(A), qbm$ A P<F�v��E(λ;A) �%XP Riesz +[R�l E(λ;A)Hbm: H PN�$m:� ℄ Φλ o*�M Ψλ bm$ A∗ P�v)��℄N [Φλ, Ψλ]H = 1,laGU)� X ∈ H, ^ E(λ;A)X = [X, Ψλ]HΦλ. W;� ‖E(λ;A)‖ = ‖Ψλ‖‖Φλ‖.�aXz 3.3  Xz 4.2 k}� Φλ  Ψλ b^K�6^
Φλ =

(

xλ, eλsxλ

)T
, xλ = k1(λ)x(λ), ∆(λ)x(λ) = 0,

Ψλ = (yλ, e−λ(s+τ)B∗yλ)T , yλ = k2(λ)y(λ), ∆(λ)∗y(λ) = 0.�pK�*S^ [Φλ, Ψλ]H = 1 P Φλ  Ψλ, ���;pK"
P)� xλ  yλ. �S
xλ = k1(λ)(1, λ)T , yλ = k2(λ)(λ − 2k, 1)T ,/Æ� k1(λ), k2(λ) ∈ C �EX�h�;X^

1 = [Φλ, Ψλ]H = (xλ, yλ)C2 +

∫ 0

−τ

(eλsxλ, e−λ(s+τ)B∗yλ)C2ds

= (xλ, yλ)C2 +

∫ 0

−τ

e−λτ (B∗xλ, yλ)C2ds

= (xλ, yλ)C2 + τe−λτ (Bxλ, yλ)C2 .�UK
(Bxλ, yλ)C2 = k1(λ)k2(λ)

ks

m
, (xλ, yλ)C2 = k1(λ)k2(λ)(2λ − 2k),W;^

k1(λ)k2(λ)
(

2λ − 2k + τe−λτ ks

m

)

= 1.2 η(λ) = 2λ − 2k + τe−λτ ks

m
,  =

k1(λ) =
√

|ℜλ|eλτ , k2(λ) =
1

√

|ℜλ|eλτη(λ)
,$��^ [Φλ, Ψλ]H = 1, 7

‖Φλ‖
2
H = ‖(xλ, eλsxλ)‖2

H2 = ‖xλ‖
2
C2 + ‖eλsxλ‖

2
L2
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= ‖k1(λ)(1, λ)T ‖2
C2 +

∫ 0

−τ

‖eλsk1(λ)(1, λ)T ‖2
C2ds

= |k1(λ)|2
[

1 + |λ|2
]

+

∫ 0

−τ

eλseλs|k2
1(λ)|(1 + |λ|2)ds

= |ℜλ|e2ℜλτ
[

1 + |λ|2
]

+ |ℜλ|e2ℜλτ
[

1 + |λ|2
]

∫ 0

−τ

e2ℜλsds

= |ℜλ|e2ℜλτ
[

1 + |λ|2
]

(

1 +
1 − e−2ℜλτ

2ℜλ

)

.I ℜλ → −∞ X�^
‖Φλ‖

2
H = |ℜλ|e2ℜλτ [1 + |λ|2] +

[1 + |λ|2]
(

e2ℜλτ − 1
)

−2
≈

|λ|2

2
. (4.11)���1)� Ψλ Pmh�

‖Ψλ‖
2
H = (yλ, yλ)C2 +

∫ 0

−τ

(

e−λ(s+τ)B∗yλ, e−λ(s+τ)B∗yλ

)

C2

ds

= (yλ, yλ)C2 + (B∗yλ, B∗yλ)C2

∫ 0

−τ

e−2ℜλ(s+τ)ds.℄b
B∗yλ = k2(λ)





0
ks

m

0 0









λ − 2k

1



 = k2(λ)





0
ks

m



 ,W;�I ℜλ → −∞ X�^
‖Ψλ‖

2
H = |k2(λ)|2

[

|λ|2 − 4kℜλ + 4k2 + 1
]

+ |k2(λ)|2
[

k2
s

m2
·
1 − e−2ℜλτ

2ℜλ

]

=
|λ|2 + 4k|ℜλ| + 4k2 + 1 +

k2

s

m2 · e−2ℜλτ−1
2|ℜλ|

|ℜλ|e2ℜλτ |2λ − 2k + τ ks

m
e−λτ |2

=
|λ|2 + 4k|ℜλ| + 4k2 + 1 +

k2

s

m2 · e−2ℜλτ−1
2|ℜλ|

|ℜλ||(2λ − 2k)eλτ + τ ks

m
|2

≈
e2|ℜλ|τ

|ℜλ|2
.J"P^ (3.1) ^�kS}M�I ℜλ → −∞ X�^

‖E(λ;A)‖ = ‖Φλ‖H‖Ψλ‖H ≈
|λ|e|ℜλ|τ

|2ℜλ|
→ +∞.

5 So<5F8iHjrNIÆ���BE\�}KPmg�f�%�N.%�P'�J��q�5&b
 [13].S {T (t)}t≥0 b Banach m: X PP C0 �A�m$ A b T (t) PV*h�8Xm$ AP+byOP�0 σ(A) = σp(A) = {λn; n ∈ Z}. a�� λn ∈ σ(A), 2 E(λn;A) bm: X PP Riesz �Z�XVm: X P T (t) - "�+$m:
Sp(A) := span







m
∑

j=1

E(λ;A)x| x ∈ X ; ∀ m ∈ N







,
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M∞ :=

{

x ∈ X
∣

∣ E(λ;A)x = 0, ∀ λ ∈ σ(A)
}

.a�� λn ∈ σ(A), ��\ mn �` λn PDh�h� XVm$
Dn := (A− λn)E(λn;A) / D0

n = E(λn;A),la�� n ∈ N, Dn b^N#8m$�7b^S�8

Dk

n = (A− λn)kE(λn;A) 7 Dmn

n = 0.j
 [13] Æ���Rz����PJ��9L 5.1 S T (t) b Banach m: X PP C0 �A�m$ A b/V*h�8S A �*
(c1) >j(h M1, ρ1 / ρ3 ℄N

mn
∑

k=0

tk‖Dk
n‖

k!
≤ M1e

−ρ1ℜλneρ3t, ∀ n ∈ N, t ≥ 0; (5.1)

(c2) >jN� τ0 > 0, ℄N>� ∞
∑

n=1
eℜλnτ0 d��$���kSXV�+m$

T1(t) : X → Sp(A) / T2(t) : X → M∞,q�P'hj<: [τ0 + ρ1,∞) Æ=��7�*
1) T1(t) bSm$� T1(t)  T2(t) b3�?P

2) Tj(t)T (s) = T (s)Tj(t) = Tj(t + s), a t ≥ τ0 + ρ1, s ≥ 0, j = 1, 2 *~

3) T (t) ^K�xK

T (t) = T1(t) + T2(t), t ≥ τ0 + ρ1.���K� A P+�*��Py>
(c3) >j(h M2 > 0 / ρ2 > 0, ℄N

|ℑλn| ≤ M2e
−ρ2ℜλn ,la�� x ∈ X, T1(t) j<: (τ0 + ρ1 + ρ2,∞) Pbk�P�rC 5.1 jXz 5.1 Æ�K� λn bm$ A P<F�v��ly> (c1) �*K�6^

‖E(λn;A)‖ ≤ M1e
−ρ1ℜλn . (5.2)=
 [13] Pz��,k}�Xz 5.1 ÆPm$ T1(t) ^b

T1(t)x :=

∞
∑

n=1

T (t)E(λn;A)x =

∞
∑

n=1

E(λn;A)T (t)x, ∀ x ∈ X. (5.3)P^��bK�bm$ AP�)�P&xmg�e T2(t)x := T (t)x−T1(t)x b�}P-K�9L 5.2 S T (t) b Banach m: X PPN� C0 �A� A b/V*h�8SXz 5.1ÆPy> (c1)–(c3) *~����K���y>~N*~
1) m$ A P�V�v)�jm: X Æ�>
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2) m$ A PgK^jM∞ PP!	bjm: X Æ=�P^!�h h 3Px�h�l T (t) a t > τ1 bk��A�/Æ
τ1 := max{τ0 + ρ1 + ρ2, τ0 + ρ1 + h}. (5.4)rC 5.2 K�Xz 5.2 ÆPy>�*�lXz 5.2 ���I t > τ1 X���^

T (t)x =

∞
∑

n=1

T (t)E(λn;A)x =

∞
∑

n=1

E(λn;A)T (t)x, x ∈ X. (5.5)rbK�bm$ A P�)�P�>mg���sJzXz 5.1  Xz 5.2 ÆPy>�OW 5.1 Sm$ A ℄VfIpXV�la λ ∈ σ(A), λ b A P<F�v��%XP
Riesz �Z E(λ;A) b^�1^

‖E(λ;A)‖ ≤ M1e
−ρ1ℜλ,/Æ� M1 > 0 b(h� ρ1 = 3τ

2 . W;�Xz 5.1 ÆPy> (c1) a A *~�l �aVjIÆPt�k} E(λ;A) Pmhb^K��1^
‖E(λ;A)‖ ≈

|λ|e|ℜλ|τ

|2ℜλ|
.�UKI ℜλ → −∞ X� λ �*?Vr, λ2eλτ = ks

m
+ o(1), pSI |ℜλ| 1xBX�

|λ|2 ≤ 2ks

m
e−ℜλτ . B/DF ‖E(λ;A)‖ P�1^ÆN

‖E(λ;A)‖ ≈
|λ|e−ℜλτ

|2ℜλ|
≤ M1e

− 3τ
2
ℜλ, (5.6)bb ρ1 = 3τ

2 .OW 5.2 Sm$ A K2XV�la τ0 > τ
2 , Xz 5.1 ÆPy> (c2) *~�UN%U�>j(h M2 > 0 / ρ2 = τ

2 , ℄N
|ℑλ| ≤ M2e

−ρ2ℜλ,M0Xz 5.1 ÆPy> (c3) M*~�l j2�Pz�Æ��RNK |λ|2 ≤ 2ks

m
e−ℜλτ , pSa1xBP |ℜλ|,

|ℑλ| ≤ |λ| ≤ M2e
− τ

2
ℜλ.�JzXz 5.1 ÆPy> (c2), ���;z�a N τ0 > 0,

∞
∑

n=1

eℜλj,nτ0 < ∞, j = 1, 2*~�℄b
eℜλτ0 = e

1

h
[ln |b|−ln |ωn|]τ0 =

∣

∣

∣

∣

b

ωn

∣

∣

∣

∣

τ0

h

, h =
τ

2
,
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2 , l^

∞
∑

n=1

eℜλτ0 =

(

bτ

2π

)

2τ0

τ
∞
∑

n=1

1
(

2n − 1
2 sign(b)

)

2τ0

τ

< +∞.$�Xz 5.1 ÆPy> (c2) *~�)Ppg��vNz�OW 5.3 Sm$ AK2XV�l/gK^b{*� CPb^^!�h3PD:�h�7�h-B� 2τ . W;�Xz 5.1 ÆPy> 2) *~�l �aXz 2.4, m$ A PgK^P��^�
R(λ,A)





y

g



 =







x

eλsx −

∫ s

0

eλ(s−t)g(t)dt






=





x

f



 , (5.7)/Æ
x = ∆(λ)−1

[

y +

∫ 0

−τ

e−λ(τ+s)g(s)ds

]

. (5.8)W;���^
∥

∥

∥eλsx −

∫ s

0

eλ(s−t)g(t)dt
∥

∥

∥

C2

≤ eℜλs‖x‖C2 +
[

∫ 0

s

|eλ(s−t)|2dt
]

1

2

[

∫ 0

s

‖g(t)‖2dt
]

1

2

≤ eℜλs‖x‖C2 + ‖g‖L2

√

1 − e2ℜλs

2ℜλ
.W;�I ℜλ → −∞ X�^

∥

∥

∥eλsx −

∫ s

0

eλ(s−t)g(t)dt
∥

∥

∥

2

L2

≤ M1e
2|ℜλ|τ

(

‖x‖2
C2 + ‖g‖2

L2

)

,/Æ M1 > 0 �N(h�a x ^
‖x‖C2 ≤ ‖∆−1(λ)‖2

∥

∥

∥y +

∫ 0

−τ

e−λ(τ+s)g(s)ds
∥

∥

∥

C2

≤ M2e
|ℜλ|τ‖∆−1(λ)‖2 (‖y‖C2 + ‖g‖L2) ,/Æ M2 > 0 bN(h�pS

‖x‖2
C2 ≤ M3e

2|ℜλ|τ‖∆−1(λ)‖2
2

(

‖y‖2
C2 + ‖g‖2

L2

)

,/Æ M3 = 2M2
2 .�a
 [15], K�m$ T bk(`u�l>jd T ����Qubm: C

n ÆmhP(h γ > 0, ℄N
‖T−1‖ ≤ γ

‖T ‖n−1

| det(T )|
.a�
lE\ ∆(λ) = λI2 − A − e−λτB bk(`u�$�

‖∆−1(λ)‖ ≤ γ
‖∆(λ)‖F

| det(∆(λ))|
.



856 h A � z A � Vol.29A�UK ‖T ‖ ≤ ‖T ‖F , /Æ� ‖ · ‖F b`uP Frobenious mh���1m ‖∆(λ)‖F .W�
∆(λ) =





λ −1

α2 +
ks

m
−

ks

m
e−λτ λ + 2k



 ,�a`uP Frobenious mhXVN
‖∆(λ)‖2

F ≤ (5 + 3|λ|2 + 2e−2ℜλτ )
(

‖A‖2
F + ‖B‖2

F

)

.a ∆(λ), I ℜλ > 0 X���^
det∆(λ) = det

(

λI2 − A − e−τλB
)

= λ2 + O(1).W;
‖∆−1(λ)‖2 ≤ γ2 ‖∆(λ)‖2

F

| det∆(λ)|2
≤ γ2

[

‖A‖2
F + ‖B‖2

F

] 3|λ|2 + 2e−2ℜλτ + 5

| det (λI2 − A) + o(1)|2
≤ M4,/Æ� M4 > 0 b(h�a ℜλ < 0, I |λ| *ÆBX��^*~

det∆(λ) = e−λτ [eλτλ2 −
ks

m
+ o(1)] = e−λτ

(

2
∏

j=1

(λe
τ
2

λ − bj) + o(1)
)

,/Æ b1 =
√

ks

m
, b2 = −

√

ks

m
. W;�a |λe

λτ
2 − bj | > 0, ��^

‖∆−1(λ)‖2 ≤ γ2 ‖∆(λ)‖2
F

| det∆(λ)|2
≤ γ2

[

‖A‖2
F + ‖B‖2

F

] 3|λ|2 + 2e−2ℜλτ + 5

e−2ℜλτ

∣

∣

∣

2
∏

j=1

(

λe
τ
2

λ − bj + o(1)
)

∣

∣

∣

2

= γ2
[

‖A‖2
F + ‖B‖2

] 3|λ|2e2ℜλτ + 5e2ℜλτ + 2
∣

∣

∣

2
∏

j=1

(

λe
τ
2

λ − bj + o(1)
)

∣

∣

∣

2
≤ M5.=e

‖R(λ,A)Y ‖2
H = ‖X‖2

H = ‖x‖2
C2 + ‖f‖2

L2 ≤ M2e4|ℜλ|τ
(

‖y‖2
C2 + ‖g‖2

L2

)

,/Æ M > 0 �N(h�pS^�^*~
‖R(λ,A)‖H ≤ Me2τ |ℜλ|.K�j�����R[Jz�Xz 5.1 ÆP>&y>�7^ ρ1 = 3τ

2 , ρ2 = τ
2 , τ0 > τ

2 , S/gK^P3 2τ . �aXz 5.1 /Xz 5.2 PJ����NK�K�J��9L 5.3 Sm$ A K2XV�lI t > 4τ X��}PKkSmg*K�6^
X(t) = T (t)X0 =

∑

µj∈Q

[

etµj (X0, Ψ(µj))HΦ(µj)
]

+

∞
∑

n=1

(

etλn(X0, Ψ(λn))HΦ(λn) + etλn(X0, Ψ(λn))HΦ(λn)
)

,/Æ� Q �k&P[
WP."� Ψ(λ), Φ(λ) x�jXz 3.2 / 4.3 Æ�5�
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Spectral Analysis and Expansion of Solution to a Class of

Delay Differential Equations

Wang lei Xu Genqi
(Department of Mathematics, Tianjin University, Tianjin 300072)

Abstract: In this paper, the authors investigate the spectrum and expansion of solutions for

a class of delay differential equations. The model under consideration comes from a practical

problem, which describes machine tool vibration in cutting process. They tranform the model

into a first order differential equation in a Hilbert state space. And then using the theory of

C0 semigroup, they obtain the well-posed-ness of the sytem. By a detailed spectrum analysis,

they give an explicit asymptotic expression of all eigenvalues. In addtion, they show that the

eigenfunctions of the system do not form a basis for the state space; however, they get the

exspansion of solution of the system according to the eigenfunctions.

Key words: Delay differential equation; Spectrum; Solution expanssion.
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