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WHREE GG, HIEETAREEMEEREX, FUY, HRARA TR EATE
BT, FUEMAME MR BCR S ZB M, SR, SRS TEROEFES. RE
A AR Bk py R T, (BB F T IEvT T — MR ik 7 R A R i 58
2 HENEEHE
AT RANTE LTS E SR, SR
i(t) + 2ka(t) + (a2 + %)u(t) - %u(t - 2—”) (2.1)
A wi(t) = u(t), z2(t) = u(t), 7 = 4, i

z(t) = (21(t), 22(1)",

Ao 0 1 B_ 0 0 -
__(a2+%)—2k’ _%o’ 22

B i 77 g (2.1) TR —Bridor TR A
4 1 (t) _ 0 . 1 z1(t) n IS 0 z1(t —7)
At \ 2y(t) —(a?+ =) =2k | \ 2a(1) =0 ) \aalt—7) ’

BRGEHVIEN

B

M, 77 (2.1) 577 (2.3) S
ﬁ&ﬁ y(t,S) = .I(t + 5)75 € [_Ta O]a E’JI_IL y(oa S) = {E(S) = <P(5)7 y(tv _T) = I(t - T) E—ﬁ
et = P TRITR (2.3) ATE

#(t) = Az(t) + By(t, —7),

BeEEE N
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HERyHBRE XA
0
[Xv Y]H = (:an)(C2 +/_ (f(s),g(s))@ds, X = (Ia f(s))Tv Y = (yvg(s))T € H. (25)

AR H J& Hilbert 23],
TEH HEXHT A,

Heft o7y = y(—7), HT A B SN
D(A) = {(z,y(s))" € H |y € L*([~7,0],C?),y(0) = z}. (2.7)
4 X (1) = (@), y(t.5)", Xo = (w0, 0(s))", H& (2.4) RAFH H iy &R

dX(@) _
{ dt = AX(®), (2.8)

X(0) = Xo.

WIS, T4 SR

T 2.1 R (23) F1(2.8) BEMAY, B (2.3) AIRM RE KRR (2.8) W
fi#.

HERIETH, #57 A BA THMER.

T 2.2 iy (2.6) 1 (2.7) REXWHT A REM H FRAREEHET.

TR 2.3 FEH EFEE-AE [ D SR, i8R [, EEXES M >0, F
(2.6) 1 (2.7) REXWFTF AR, T, WE

RIAX, X, < M[X,X];, VX € D(A).

I A — MI NFERE T
I FREEN MR

0
[X,Y]; = (01, 72)cs + / 9(5) (1 (5), va(s)) cadls,

He X = (21, 5:(5)7, Y = (w2, y2(5))7, T q(s) /&7 HIIEFR R
BATRFEWITFEADS M > 0, 281 X = (2,y(s)T € D(A) ZH 2
RIAX, X], < M[X,X];, VX € D(A).
Rk X = (x,y(s)" € D(A) ZLH, 4

0
LAX, Xy = (Az + By, a)ce + / 2(5)(y/ (5), () cads

= Az, 2)er + (By(—7), 2)es + 5a(8)(y(s),y(s))ea

1

0
5 [ O s)eads
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< [Alllel® + Sl + 1By + Sa0) )2
0
—gl =Dl =5 [ d@ls)as
= (41 + 5Bl + Sa@)ll#l + 5(1B] ~ a(-r) s~

+]/€.(;Z$S))QS)MASMPds

HH q(s) BIEFERE, BrUARLGE o(s) > ||B|l, FERBER q(s) € CH-7,0], 15 |¢'(s)] <
M1|2Q(8)|7 Ml > 0. é\

My = [14]+ 5 1IB] + 540,
M = ma{ My, Mo}, MIZEFHO AT,

0
X, Xy < M (ol + [ ao)lats)Pds) = MLX, X
B A — MI HRERUGE T |
EH 2.4 BT A M (26) A (27) RPEX, WEMM A e C, 4
AN =X, — A—e VB, (2.9)

Her I & C* FRYRAAERE. WY det AN A0 B, H X ep(A), H AWTiIREER, I
B4
M —A)7Y =X = (z1,11(8)), VY = (22,52(5)) € H,

x1 = AN (m + /O e”“*g)yz(ﬁ)d&), (2.10)

—T

y1(s) = z1e™ — /S A=y, (€)de.
0

R, ®O1E
o(A) = op(A) = {A € C|det A(N) =0}. (2.11)

SEBRHIENT R — P EERIES TR, X EA MR 40
EIE 2.5 FT AEM—A Co E45FERF.
LM 45 Lumer-Phillips AT EHESER (WICHK [14]).

3 EF AMEoth
AFRNEEEMMTHET A Mg 7EEH 24 hRINELRY
AN) =Ao—A—e VB, o(A) ={AeC|det A(\) =0}.

R A F1 B iy BARIE XU E]

A -1
a4+ 22— e N4 9%k 7
m
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k k
— )2 2 s\ s AT
det A(N) = A + 2kX + (a + ) e . (3.1)

m

HIRH, 4 |\ — oo, H IRX < p,Vp >0, det A(N) 4 0, AT AT TR T EZEZEE
PR A WATEE. THHEY R\ — —oco Bf, det A(\) FE ST/, det AN) =0
Fih T
ATA2 {1 FokAT 4+ A*Q(cf n k—)] ks,
m m

HS T A BRI PAREE T Ak E

()\e%A + \/%) (/\e%A — %) =0.
it i, BAIGE—IHARKR f(2) BE RN,
f(z) = ze"* —b, (3.2)

o h>0,be R H R HEEHE.

THERFEE R R RIE .

SI¥E 3.1 f(2) B (3.2) R, M b=—fe B, fl2) EHE—MELRR 2= -1 4
b< —fe B, f(z) BALEM; Y —fe !l <b<0, f(z) BABWNELEZE, HENEER
B 4o>0m, f(2) HFEMNE-TIEMEER.

FE 1 i (o) WA, MATEHRAEA N A= (A5} UQ 5 Q & f(2)
ATREM LR KRS (BB b BUERI AR T A ), WA T i R I =0

Mo = (0[] = Inw,) +i(w, - ln“’”) + O(l), heon = (2n - %sign(b))w. (3.3)

1
h h2w, n

E BOVAZBAY b Ao FIZLEEE, IR () =0, U f(N) =0. TR f &R
TOHFR. T f(2) BF RHSRE FTLAT

A={(A.A) | An = 2n +iyn, yn > 0,n e N} Q, (3.4)

Ht Q 1 f(2) MEFRIES.
L A=z+iye A Hy>0 WHITE N =b, BITH

eh®(xzcoshy — ysinhy) = b, " (zsinhy 4 ycos hy) = 0.
P h bsinh
oo _Ycos y7 Gho _ _bsin y, (3.5)
sin hy Y
AR 2 —
i ycoshy
In(—bsinhy) —Iny + snhy 0. (3.6)

FBRiZ b >0, XBTWAE y € (2",;17r, QT”W) n>1. %

hy cos b n—1_ 2
g(y) =Inb + In(—sinhy) — Iny + oY ye(” _2n

)

sin hy
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HAE, BADRIESIXMPTAR n > 1, g(y) = 0 TEEDIXE (25~
LN R S ORI K g g g (G

2hy sin hy cos hy — sin® hy — h%y?

br, o) WA EAUE—1

J'(y) =

3

Y sin® hy

BRI TFRIRRELEL T y = 22 r G, HAEH —(2n—1)*% < 0. FEHAM B ysin® by > 0,
BrA

2n—-1 2
g <0, we(T—mTr), nz1, (3.8)
h h
HA
) mo1 o hyeoshy] _
y_)lgillﬂg( y)=Inb—In T+ y_}%g}lﬂ {ln(— sin hy) + Sy ] = 4o0. (3.9)

MYy — 22=2r B, In(—sinhy) W ReoRd g 105 R BEAR, BTLA (3.9) itk
Bifse 4 ety Emg
lim g¢(y) = —o0. (3.10)

y_,mﬂ-

L4 (3.8)(3.10) =, WLIHEER: MBS 0> 1, g(y) = 0 FEX M (22=Lr, 200) NIELE
ME—[I % yn. HLFTS A WE LT 24 M.
Ay € (250, 32m) 3 Ay = i, HF 2, = In(- P 1

Y n — coff, =z, — —00, Y, — +00. (3.11)

M (3.5) XFH, e"nx, = beoshy,. BEFR (3.11) A4, 4 n — oo Bf, coshy, — 0.
I, ¥ n—ooht,

om— 1

- 2. (3.12)

Yo = 2n7r—}§lﬂ'+6n, n (3.12) XFEKW €, € (—%, ) H¥n—ocobf, € —0. M

Yn —

&

hyn, cos hyp,
0=g(yn) =Inb+ In(—sinhy,) — Iny, + 2 CO8 W
sin hyy,

h n i n
zlnb—i—lncosen—lnyn—w (3.13)

COS €,

’Tgfﬁu sine, = (71nyn+lnb+lncosen)cosen. B?u, é[l N — 00 ETJ‘, ﬁ.

hyn

. In _ In 2
sine, = — Yn 1) =——h

T +O (n

HETT

2n—3

In
(2n— 3)m

it

om—1 Iz
ToEa . R T L omY). (3.14)

= h(2n - D
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Iny,], 1%

) _
_ 1 2
A % [lnb—ln th 27r+(’)(h;2n)] .
FEERI TR TR b < 0 BB, BARNGE

(3.15)

Inw,,

B hzwn> +O(l

1
An = E(ln |b] — Inwy,) + i(wn

1
n)’ hw, = (Qn - §sign(b))7r. |
THEFHET A BB # &, BR3¢ = /b WBE, 6. HR it = -\ /b

E:ﬂ‘?v é\ )\j,n = gj,n + Nin € U(A)a .7 =12 1_%)\ (31) iﬁﬁ%@]
Mim  Mom 2k 2%kmim 1 /o ks o
1 —— — —_ — ) = UFRD ,
temrgt et () =
HLTTR 0y, = O ). WTTBATA TR,
%

EE 3.2 BREHET Al (2.6) M (2.7) XBrEs, W A §ERHNAERES S, B

o(A) = {/\j,n,m | Ajm = Ejn + 0(%), neN, j=1, 2} . (3.16)
I 3.3 BT AWmbEEX, WEMEY AR BEARIEE. MMEBEH X\ € o(A) MY AR
(N3G k=)

D) = (z, e’\sx)T,

He o BHE ANz =0 — P EERM, FHEARERX 2= 1,0
E EREFY N eo(A) B

det A(X) = A% + 2kA + (a2 + %) - %e—“ —0,
[det AN’ = 22 + 2k + o=
HIRH, det A(N) 5 [det AN ARFEIEF AR, FFLL A B8 AR A /50

BA€a(A), X = (2,y(s))" € D(A) AT A B —PAIERE, B AX =)X,

Az + Béry(s) = Az,

y'(s) = Ay(s),

s € [—T,0].
y(0) = .
i LR iR, BE

y(s) = ez, s€[-7,0].
KHAFATTRPEE—DERX, B (M- A—Be )z =0. R AN =M — A—Be 7, i
YA

A A - 0

(o = a2+%—%e7M A+ 2k S

BT A& AWAIEE, FrUF det AN =0, i LT RAIESR. Kig LamR, 715 o
RN » = (1,\N)7.



850 B % Y M % W Vol.29A

4 FEEEHIELHER
KPR A AME IR, WL HE, EemEnT A W T
K. VX = (21,51(5)7 € DAY = (22, ya(s))” € D(AY), Hrlt D(A*) 75,
0
[AX, Y]y, = (Az) + Bbyy(s),22) + / (¥,(5), ya(s))ds

0
= (0, A%22) + (2 (=7), B*22) + (2(5), 92()) |2, — / (v1(s), #4(s))ds

0
= (21, A%22 + 92(0)) + (g (=), B* 22 — ya(—7)) + / (v1(s), —9(s))ds
— [X, AY .

R AR
D(A") = {(z,y(s)) € H [ y(-=7) = B*w,y/(s) € L*([-7,0],C*)}, (4.1)

PO I R N (4.2)
v ) o -2 )\ ) |

o doy(s) = y(0), A* O A WILPEREEHNIFE, B* N B wyILHefe BRI,
RUTHT AWER, BITATHER.
EIE 41 WA WMEREX, MMEE# A eC, %

AN =X — A* —e VT B*, (4.3)

H L & C? LRy 24 det A" #0 B}, H )€ p(A¥), H A T EERN,
FH o TG
N -A"1X =2, X=(z,y(s) €H, YZ=(zh(s))€DA).

2= @) o+ [ yteac), "
h(s) = e B*z + /T My (€)de.

R, ®OTE
o(A*) =0,(A*) ={X €C|det A(\)* =0} . (4.5)

EE 4.2 H (41) (4 2) 2B X HET A" IR o(A°). MMEER X € o(A%), #
FEHIEERIEE R Uy = (y,e XTI BT Hdt y B ANy = 0 EZM®, HHEEE
Ky=0—-2k,1)7, HE A*\I/A =\T,.

T UE B ASAE 1] 12 51 A RE ) PR 285 2 ) g .

EIHE 4.3 & Aeco(A), E(\A) AN Riesz #EBLS. NMIXMEER X e H, ®ITF

EAA)X = [X, Ux]n Py, (4.6)

He
oy = (z(A),e*z(\)",  ANz(N) =0, (4.7)
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Uy = (y(N), e BT, AN YY) =0, (4.8)
HiE R &M (@, Valn = 1. T

IE; A = [l 2A]l- (4.9)

#H—2, Y RA — —oo B, Riesz IEHFE E(\; A) BA R

. _ |>\|e|9%>\\7-

BrAAAE RIS { AN € o(A)} AREF AR H B —413E.

W B TFIMEERN N Ceo(A), N# (¢ oA BET AMNT N WAMERE, v 27T
A* FARLF ¢ BIATE IR, (@, U)o = 0.

B Aeo(A), ERAT AWRIEAIEE, E\A) MNP Riesz B, W E(\ A)H
R H B —4ET 20, JEl o) KA. H W BET AT AR, f15 [0, Uiy =1,
MXHER R X € H, H B\ A)X = [X, U ndy B, [EOA) = ([l

RYEEH 3.3 Mg 4.2 Af A1, &, M U\ RAW R

Oy = (zr,M20) . =k (N, ANz(N) =0,

(4.10)

Uy = (g5, e CTIBY)T gy = ke(Ny(X),  AN)TY(R) = 0.
HHENHE R LR [Dn, Unlye = 1 &5 F1 U, RATHFREI G B [ o0 A vy B
zy =k ANLNT, yx = k(W) -2k, 17,
Hef, ki(V), k() € C HFREREL HAH

0 _
1= [®x, Ua]x = (zx, yx)c2 +/ (e zy, e N By ads

0
= (zx,y5)c2 +/ e (B zy, y5)c2ds
—T

= (zx, y5)cz + 7¢ T (Bza, yyx)ce.
FEEE .
(Bxx,yx)c2 = kl(/\)kz(/\)i, (mx, yx)ce = k1 (A)ka(N)(2X — 2k),
HH

_ ks
ke (N2 () (2/\ — 2k + Te—ME) —1.

. ks |
it n(\) =2\ — 2k + Tef)‘TE, FHE

k1(A) = VIRMNM,  ka(N) = ma

MB2H [Py, Urlp =1, H

@13, = ll(@x, X232 = llalZe + lle** ]z,
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0
= W)L )T 2 + / 1Ak () (1, ) 22ds

0 _
= [ki(N) ] [1+ |A]%] +/ e M| EZ(N)|(1 4 [N*)ds

—T

0
— |§R>\|e2§R)\T [1 + |/\|2] + |%/\|62%)\T [1 + |>\|2] / eQﬁ%Ast
1— e—2§R>\‘r

_ 2RAT 2
= [RAJZ 1+ |A]2] (Himx )

[1 + |>\|2] (e2§R>\~r _ 1) _ |)\|2

1@Al13, = [RA[*AT[L + [A?] + =5 N (4.11)

TR Uy BT

10512 = (v w5)es + /

—T

0
— (e + (B Byes [ e s

—T

ks —
Boys = ka() (0 E) (A_%) N (f)
0 O 1 E

HIE, %4 R\ — —co i, FH
k2 1— e—2§R>\‘r
R et

Al = 20 [? = 4030+ 482 4 1] + IO | 22 2=

0

(67X(S+T)B*yx, eix(SjLT)B*yx) . ds

il

0729€>\771

k2
B |)\|2+4k|§]%)\|+4k2+1+m—°2'w
[RA|e2RAT|2) — 2k + The =272
—2RAT _

AP 4 ARRA] K% 41+ Ly Sl Qi
IRAJ|(2X — 2k)erT + 722 |RA|2
gig B3R (3.1) X, ATLA%IE, 4 RN — —co B, H

|)\|em>\|-r
[29RA]

[E; A = [1@all#)[@all# ~ — o0 I

5 BHHAREMERIT

TEX 7R, BN DTSRG RIT. G — B A LS R, BRI A T3
ik [13).

B {T(8)}i>0 /& Banach Z5] X LRy Co %8, T AR T() BERT. BERT A
KRR BEHKEY, B o(A) = 0, (A) = {Auin € ZL XA Ay € 0(A), TL EQws A) 2 X L
By Riesz $#3%. & N2 X B T(t) - ANEF23[H

Jj=1

Sp(A) == span{ZE()\;A)gd reX;Vme N},
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UK X B 73— T(t) - AT
My ={z€X|ENAz=0YAecoc(A)}.
XA A € o(A), BATH ma Tw A BARBER, FE AT
Dy = (A= N)EM; A) K Dy = E(; A,
XA n e N, D, A FLRER T, HEAUTHER
=(A-\)FEN;A) H DM =o.

TESCHK [13] H, |ATEIE T T AL R,
EIE 5.1 & T(t) /& Banach =[8] X Ly Co B8, BT ARHAEMIT. Kk AL
(c1) FEFER L My, p1 K ps H15

> LD —p1RA, pat
ZT SMle P1ItAn gP3 ,VTLEN, tZO, (51)
k=0 '

(€2) Tt 0 > 0. (EARFAI 3 o™ st
AR AR LA & PR F
Ti(t): X = Sp(A) K Tu(t): X — Mc,
ENSEAEXIE 10+ p1,00) FEUE, HiER
1) Ta(t) REFT, Ti(t) M Ta(t) ERIELER;
2) T;()T(s) =T(s)T;(t) =T;(t+s), ¥ t>79+p1, s>0,5=1,2 L,

3) T(t) B Tor
T(f) = Tl(t) + Tz(f), t> 710+ p1-

FAb, IR A WS R R A A0
(c3) FFAEHEL Mo > 0 K po > 0, f#i75

|c\~y)\n| < ]\426—p29%/\n7

NIXHEEA © e X, Tu(t) FEXE (10 + p1 + p2, 00) LZFTTHAT.
Fit 5.1 FEEF 5.1 A, R N, BHTF A WEREARMEE, WA (c1) B TERX

B A)|| < Mye=P 7, (5.2)

MCHR [13] BIERIL AR T A, 28 5.1 AFIERT Th(t) BLE

t)r = T(t)E(Ap; A)x 3 An; AT (H)z, VaelX. (5.3)
S UTEIMS o

LERXRGF R T T A RIS RIF, T To(t)r = T(t)e—T1(t)x EREH /M.
EM 5.2 & T(t) & Banach A X L —4 Co #Ei A RHARTT, RiKEH 5.1
A (c1)-(e3) L. F4b, MR THIRMZ —m AL
1) HF AR AR ERAESE X F1584;
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2) HT ARPUIRRTE Moo LRIRRFIZFEZ W X FHRERARRIEE 1 ZIE#E R L
W T(t) Xt > 7 EFHCERE, HAF

Tl = max{To+p1+p2,To+p1+h}. (54)

AT 5.2 AREH 5.2 RRYRMWRE, WEH 5.2 KW, Yt > B, BITE

i E(\n; Az i E(\; AT zeX. (5.5)

X IR THT A MR ERIT.

THERIEEH 5.1 fMEH 5.2 PRy &k,

Wl 5.1 WHF AHRB_AEN, XX eo(A), N & ABTREARMEE, HNK
Riesz #5% E(\ A) AT

1B A)|| < Myem# ™,

He, Mi> 0 RHME, o= B, 51 PR (1) M A BOL.
i RSN TR O A) S A I F ot

|>\|e|9%>\\7-

IEN A =~ W

EREEY RN — —oco BF, A WREBLBLHE A = & 4 o(1), BT [RA| FE4F KA,
AP < 28 OHAN (|E A)|| BfTTX75

A —RAT .
[Ale < Mye 5™ (5.6)

1B A) |~ g <

T& = |
W 5 2 WHT AWEEX, WX > 7, G 5.1 FEREM (c2) Mo, #F—HHh,
FAERE Mo > 0 J po = T, f#i75

[SA < Mye™2 T,

Rl EH 5.1 Ry (c3) AL,
W FERTHEBEN R RATEBE] (N2 < 2807V BrRAXTFE/ KT (RN,

IS < [\ < Mae™ %A

REAEE R 5.1 SR (c2), BATRFIEIIXE— 7 > 0,

oo
DM <00, j=1,2

n=1

h

b
, h=

Wn

e%)\ro _ e%[ln|b\—ln|wn|]7'o —

T
27
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B> %, WA

27

Ze%/\m — (%) ’ ngl ( 1 3y < oo

2n — 1sign(b)) 7
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Spectral Analysis and Expansion of Solution to a Class of
Delay Differential Equations

Wang lei Xu Gengi
(Department of Mathematics, Tianjin University, Tianjin 300072)

Abstract: In this paper, the authors investigate the spectrum and expansion of solutions for
a class of delay differential equations. The model under consideration comes from a practical
problem, which describes machine tool vibration in cutting process. They tranform the model
into a first order differential equation in a Hilbert state space. And then using the theory of
Cy semigroup, they obtain the well-posed-ness of the sytem. By a detailed spectrum analysis,
they give an explicit asymptotic expression of all eigenvalues. In addtion, they show that the
eigenfunctions of the system do not form a basis for the state space; however, they get the
exspansion of solution of the system according to the eigenfunctions.

Key words: Delay differential equation; Spectrum; Solution expanssion.
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