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HABRSHAREDN L(T) PEI—ITTRBIREE
TE Ly(T) PHYAEXTTERE ~

L2 L AT
(P RFIFEAFREREEE, AFEGERALBKTHELALBE  JFK 100875
ZhFIhAFEEER g 100144)

HE: EXPIRTHMIERE K. (Ws(T), MWJ(T), L(T)), T = [0,2x], & T %X
Kn(WZa(T) MW (T),Lo(T)) = dn(WS(T), L2(T)) WAL RN M (8, 152 T HIxE 588
K (Ws(T), W5 (T), Lo(T)) ¥R, Hd a > 8> 0, 1 < ¢ < oo, Ka(:,-, Lg(T)) Al
dn(-, Lqg(T)) 43 31527R Kolmogorov T Lo(T) RETHMXEEMFEER, MW, (T),
1 <p < oo, RARFWMTNERRERXN 2 FPIREEE, f(t) =c+ (Baxg)(t),cER, Baxg
FR Ba M1 g BB, g€ Ly(T) WE [ g(r)dr =0 M ||gll, < M, Ba € Li(T) HWF
Fourier EFf: Ba(t) = % > '(ik:)faeikﬂ S FRER k=0 B,
kEZ

KEE: AR n— K SEBL M BIKSAL
MR(2000) FE53: 41A46; 41A65; 46E35  hEHFES: 0174  LEREFIRED: A
X E LS 1003-3998(2009)04-833-10

1 5lEF04%
WX R—RMERIEENR, V& X T, i
E(z,Y,X)=E(x,Y)x = inf ||z —y|x
yey

RY Xt o @R, B
E(W,M,X)=E(W,M)x = sup E(z, M)x = sup mf |z —yllx
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WA THARGE X Hf n- 4720 L, neZy:={1,2,---}. 4V =X i, FHX%E
= W TE X 8 n 4k Kolmogorov & & (fijich n-K ), 1I84E d. (W, X).
HEXH, MWMEEFHEV CX, BRE

Ko (W,V,X) > d,(W, X). (1.1)

AL K, (W, V, X) # d,(W, X) 23 A RCVE K (W, V) x #l dn (W) x.
W T =[0,27]. C(T) = 2n FAMEZREE. Ly(T), 1 < p < oo, Fin 21 JAM
Lebesque 7] o8 (45 Hi#% &

1/p
7z, i= [ @pde) " <o 1<p<cs
T
||f||Loo(T) ‘= ess Sug|f(33)| <00, p=o0.
TE

BATWIE || - |, ) BICHE | - [l
#FkeZ 1<p<oo, feL,(T)H kB Fourier R Z

1 —iku
:%/Tf(u)e kudu.

iL feLi(T) 5 ge Ly(T) WBBA

(f * 9)a /f:c—u

YA [2-4], FA124 B R 2 ST
BRELf e Lp(T) B o >0 iR h e R (F7) B ESCH

o0

(o5 1w = 317 (%) e = ),

=0 J

H

(a)_a(a—l)---(a—j—i-l) 019
i)~ J! ST
%= B, XS AEEES ) f@)(re Zy) —B GER, %> 10, () =0)
EXT f € Ly(T), #1E g € Ly(T), 1 < p < oo, #1173
hli%lJrHA;‘f
N g FEM f 7€ L, BT o B Liouville-Grinwald $4(, H g = f@) FoR
# R gJwT o) A

- ||p_0

N S .

M g whmf £ 7E—BTEEE TR o B Liouville-Griinwald §:3, fl g = f(@ F%.
Wa>0,M>0, BAH MWT), 1 <p < oo BARnHFWM TR 2r FHES KL f
KIS,
f(t) =c+ (Ba *g)(t), (1.2)
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Her, geLy(T), llgll, < M, [, g(x)dz =0, H But € Li(T) H4IT Fourier B

Ba(t) = 5= 3 () e,
kEZ

YRREE =0T Y M =18, H W(T) Fm MWT). RAEEHR: WREE 1,9
WE (1.2) 3, MM 1<p<ocohf, g fTE L, BEXTH o Liouville-Grinwald 3%§; 4
p = oo B}, HERE g WL g € C(T), W g & f FE—FHE L TH a B Liouville-Griinwald
T

Mo=r,relZ, B, KEK WHT) &R T8 ETH Sobolev 26 W) (T). HI, #
AL f FR1ER 9 89 o B BIRR E R

V. N. Konovalov 7E3CHk [1] FFIERT T

Kn(W4,Wi)ee =02, >3

an X by FARXTIEES {an} F1 {b} FFIEPIDIEHE c1 F1 co, HXTIER n € Zy W2
cran < by < coa,. (HTESCHR [5-6] # V. M. Tikhomirov 15 %]

d2n71(Wgo)oo - d?n(Wgo)oo = Icrnirv

Hep K, &AW Favard FEL XU r > 3 BF, MXTHE S % ERIET AR, X
S T B LAEE X 7S AH X 98 B i8R,

AEXT 5 BE B AR N A B REI T A T — = K, (W) (T), MW (T), Ly(T)) #
WLl FRAEMR M =18 M =14+¢ EB; ZBHRHESEX K, (W, (T), MW, (T),
Ly(T)) = dn(Wy(T), Ly(T)) BSLEIER/N M {H.

KTHE—DHEEMT -G R, V. M. Tikhomirov 7E3CHK [7] FHHE3CHK [1] HHA745 R
HEBI B FEL. V. F. Babenko TESCHR [8] FRAFSR T IR & 1 S EUIT# & 10 2 ST A AT
ERECERTE p = ¢ = VR THIX EEREEN. S, V. N. Konovalov 7E3CHk [9] H
FRT p=2,1<q < oo 5B T —JC/HH Sobolev 2y FHXS B BT HERY, 7ESCHK [10] HHHF
R p=oo,1<qg<oofllp=1,(rq) # (1,00) 8B T —ICE# Sobolev ZEHAHXT 5 B # ¥
B, XK PRI 4046 SCHR [11] HRRF5E T B2 Laplace 3B a8 09 2 oo R B PT SR 5026
TE p=2,1<q < oo tHIBTRYARYE BRI RY, FESCHER [12] HrHEsCHk [10] i 45 2%
#e) B T A EOR FE

FXTFTE AMBH N T —LgER. 7E3CHE [13] A Y. N. Subbotin F1 S. A. Telyakovskii
BB TR

Kom—1(W3(T), MW3(T), La(T)) = Koy (W3 (T), MW3(T), Lo(T)) =m™"

BOLH /N M AER 1 —m™", Hodt m f1or BIEBEE H 4B X KCFFE SRR [14] HF5E
T4 E Laplace S MRS 53007 2 1Y 2 70 JR B AT 1R 35026 B @ CAESRTH L &
Laplace-Beltrami 5. Fr i i # 2 ST P TR BOERTE Lo(T) RE T RN 58 B R {E, 7E3C
Bk [15] FBFFE T & XAE R? R Riesz A3 Bessel fi#7E Lo (RY) BT B9AHR 724 98 BE
W], 3 T JE A T T A AR X B BE G SR 43I T R &[] 22

A, BAH FES RS TR e 2.

T 1.1 EneZ,,a>p>0 NFEFER

Kn(W5H(T), MW (T)) y(1y = din (W5 (T)) 1oy = "% m =208 2n — 1 (1.3)
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WL /N MBS Mo:=1—-n"* H
Kon 1 (WH(T), MW (T)) 7y = Kon(W5(T), MWL (T)) L7
_J1-M, 0 < M < My,
] e, M > M.
T 1.2 #neZ,,a>0 H1<g¢g<oo N
K (W8 (T), W§'(T), Lg(T)) = n~ mintert/201/aed,
2 FH 1.1 19
i& COS
X
fo(z) = N
G fo(x) € W(T). BHAHXT LB/ E CAJ A1, SHEMT M >0 F
Ko (W3 (1), MW(T), Lo(T)) > inf,[[fo— gllacr). (2.1
!]EMW2 (T)
HO<M<1, N
(2.2)

inf fo=9glloa) =1- M.
gEMWL (T)

fsz b, XHMEM g € MW (T),

l|.fo — 9”%2(T) > (I foll zacry = 119l Lacr))?-

i Cauchy-Schwars R, RAVHEYEY g = Cfo, C € R B LAFERREE. lT
9 N pairy < M NS pary = 1, 7178 0 < O < M. T [ follaer) = 1 BBBIRHE

(2.2) L. (2.1) M (2.2) Xfe
Kon(Ws(T), MW(T),Lo(T)) > 1~ M, 0<M <1
Hi, B (1.3) XML wHF 1-M <n~*, §f
M>1-n"%= M,
TE
Kon 1 (WSH(T), MWE(T), Ly(T)) <1—M, 0< M < M.
b, XHMET f e We(T), iLH Fourier &=

# + i_o:(ak(f) coskx + b (f) sinkx),

k=1

He an(f) = L [, f(@)coskada, k=0,1,---, be(f) = L [ f(z)sinkade, k =1,2,---.

[ W Fourier B A F i FREER

Z C’U(f)eivma

vEZ

(2.3)

PR
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HoY o RIESEE, o (f) = av(f);ibv(f)7 c_o(f) = av(f)'f‘ibu(f), colf) = aoéf)_ AT 40

£ Eacry = 27 3 eal el —wzvm D +6() < 1. (2.6)

veEZ
1

Ton1(f, ) cos kx + by (f) sin kx).

S50 Ton_1(f,2) € MWP(T). %4 0 < M < My B,
(1—M)n®>1. (2.7)
H (2.6) f1 (2.7) AT
1£C) = Ton-a(f, M2y < (1= M)
HIEAEE] (2.5) K.y (2.3) f1 (2.5) KPAK
Kot (W5'(T), MWY(T), Lo(T)) = Kon(W5'(T), MW (T), La(T)), (2.8)
G 0 < M < M B, B
Koy (W (T), MW (T)) ) = Kon(W5'(T), MWY (T)) oy = 1 = M. (2.9)

£ Mo RN (29) K, B (24) RFFEFRX (1.3) BoLM i/ M ER Mo. B8R, M{EBK,
Ko (Wg(T), MW (T), Lo(T)) 3t/. B, %4 M > M, Bt

Kon 1 (Ws'(T), MWE(T)) 1, (1) < Kon -1 (W5 (T), MoW§ (T)) o1y = 0~ (2.10)
F Sk [16] & (2.6) A
d2n—1 (W3 (T), Lo(T)) = don(W5'(T), L2(T)) = n™". (2.11)
H(1.1) A1 (2.11) KXH1, XAEfT M >0F
Ko (W5'(T), MW3(T), La(T)) > dan (W3 (T), Lo(T)) = n=°. (2.12)
B, 1 (2.8), (2.10) & (2.12) &, 4 M > Mo B, &
Kz (W5'(T), MWE(T)) (1) = Kon—1(Ws'(T), MWy (T)) 1y (1) = 0" (2.13)
EFE 1.1 jEEE. |

3 EIE 1.2 HYiLEA

MR EHE 1.2, BATJesy Han T ILA5 .
G138 A (PhkA 1) % X h—mRERE=E, X* o8 X EEE, Y o8 X &
—IM T MRHMEM 2 € X TR%ML,

E(z,Y)x = inf |lz —y|x = sup ((z", ) — sup(z™,y)),
yey zreX*,||lz* | x <1 yeY
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Hrp (2%, 0) BARERIEZ K «* 7E v € X LHIE.
IR G| P R PR S N e P
5|38 B (Pinkus!'™®) & y € Lo(T) HUIF Fourier B,

y(t) = i(ak(y) cos kt + by (y) sin kt),
k=1
Chy (4) = ery (y) > - AIFH {en(y)} BIAEREEHE, H cr(y) == (R (y) +03(y) /2 k= 1,2, -
i

K(y) = {valya() == y(- + ), € [0, 27]}.
i

oo

oK) L) = (3 & w)

m=n+1

ERFHIE Tsmagilov & B HER.

HOCHk [12]) e R 4 fvE, PR T 51 HE.

513 C (XAT, Wik 12) % fe WH(T)(1 < p<oo), MUEH a R 0<a<r
i, f # Liouville-Griinwald S4{ [ F27E HJR T Ly(T), BTSN F A%

o -2 () 2
1 nry < CIAL G IFONE o, (3.1)

Hep C UK T o F1 7.
E53CHk 9] FREGUEBAZERL, FIHEAS AN T 5 ] 2.
G131 KneZy,a>0,1<qg<o0,1/g+1/¢d =1,y € Ly(T) WRE |lylly #0,
Jry(t)dt =0, 1
K (K (Baa *y), WS(T))LQ(T)
> || Ba # yll2llyll ;" (1 Ba * yll2 = (1B * yl3 = (dn (K (Ba * ) Lacr))*)?).
BN c REARE n TERATFEE. 53CHK (18] FRYIEBIZRM, FHESRM T 5] 2.
51 3.2 #neZi,1<qg<oco M d,(Ws(T),Ly(T)) > enc.
n—1
FIE 1.2 §93EB8 EERNEELR. B 72 FARBW Tu(x) = a0 + 3 (ak cos kx +
k=1

by sin ka) ) = A 2 T =20 i 25 1)
XAEf] f e W(T), i%H: Fourier X R

@ + Z(ak(f) cos kx + by (f) sin kzx),

k=1
HXH Fourier F4r#14
),
Sn(f,x) = a02 + kz::l(ak(f) cos kx + bi(f) sin kx).
EBUNE R o A R |

LF5 =D wk* (@i (f) + b ().
k=1
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BT (IS (F )2 < IF@l2 < 1, 8 Sa(f,2) € T2EAWE(T) H(I£() = Salf, )2 <0
R, WL R A%

E(W3 (T), T F N WE(T)) Ly <
1< g <28, EHEEARERX (Sl < @m)V V2 f ] HiLTE
Kn(W5'(T), W3 (T)) L,y < en” %, 1<g<2. (3:2)

Mo2<g< oo, WEMEeEZ,, H

oo

f(@) = Som(f,2) = > (Sawsr (f,2) = Sau(f, ),
A it .
1£C) = Sam (£, )lg < D 182ue1 () = S (£, )l (3.3)
H 3Tk [19] 7T 41
19201 (f,+) = San(f,)lg < B3 = D)V Spuia (f,) = San(f, )2, p=m
BR

[[Sou+1(f, ) = Sau(f,)|l2 < 27+,
E, 4 p>m b, ®ATE

|Saut1(f,-) = Son(f,)|lqg < 320 = 1)V/2Vagg—ra < cg=(a=1/241/an
fr (3.3) AT

1 £() = Sam (f,)lg < c Z o~ (a=1/2+1/9u < co—(a—1/2+1/q)m

p=m

B, MAEMT m e Z, FATH

m+1

E(Ws(T),T*" N WD),y < c2” (@72 am 9 < g < 0.

BI, XHEAT n e Zy, HATH
Ko (WS (T), W (T))p,(ry < en™@7H/2HHD 9 < g < o0, (3.4)

B (3.2) & 3.4) KX, BITABA T EH 1.2 e X LR
TEBAIAH TRGIER. §TF KW (T), Ws(T)) 1) = dn(Ws(T), Lo(T)), HIF
FIB| P 3.2 A1
K, (W3(T), W3 (T))p,ry = en™®, 1<¢g<2 (3.5)

Y 2<qg<oolf, &
D (z) == Z e meZy.

vEZ,|v|<m
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N
Yn(z) := Dyp(z) — Dp(x), n € Zy.

BRE
K(I|Ba * yully " (B2a % yn)) € Ws'(T).

Bk, BATATLARE]

Eon(Ws'(T), W5 (T)) (1) 2 Kon(K(|Ba *ynlly" (B2a * yn)), W5 (T)) 1, (r)
= || Ba * ynllz Kon (K (Baa * yn), W5 (T)) 1, (1)- (3.6)

FATIEE 3.1, %0

Kon (K (Baa * yn), Ws'(T)) L, (1)
> || Ba * ynll2llynll g (1Ba # ynll2 = (I Bac* yal3 — (don (K (Ba % yn), L2(T)))*)M?).

B yn BESCFTH ynllg < [ Danlle + [1Dnllg - MAAER
a(a — (a® —b*)Y?) > %bQ, a>b>0, (3.7)
AT AR
Kon (K (Baa * yn), W3' (T')) L, (1) 2 %(IIDMIqu +1Dnllg) ™ (d2n (K (Ba * yn), L2(T)))*.  (3.8)

i (3.6) 1 (3.8) A

Kon(W3(T), WS(T))LL;(T) > || Ba * yn”;l%(”Dﬁlan’ + ||Dn||q’)_1(d2n(K(Ba *Un), L2(T)))2-
(3.9)
M yn B9 CHATHIE o
(Ba * yn)(x) = Z (?v)o"
|[v|=n
A I
4An—1
| B % ynll3 = 27 O < 12rn 20+, (3.10)
|v]=n
FAGIH# B, 7[5
don (K (By * yn), Lo(T)) > en=o+1/2, (3.11)
H13CHR (20] H0
| Dplly < emt?, meZ,. (3.12)
H (3.9) & (3.12) AR
Kon(Ws(T), Ws(T)) 1,y = en T2 2 < g < o0, (3.13)

Mg =o0 B, &

[v]

Vin(x) := Dy(z) + o Z (1—E)ei”, m,n €Zy, n<m.
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é\
yn(fp) = %n,n(fb) - Vsn,n(l“),
Bp
3n—1 5n—1
1 |U| ive 5 |’U| ive
w@ =7 > (G- -1 2 (1-5)
|[v]=n+1 |[v]=3n
ny
3n—1 vz

(Barp)) =7 (%—1)(‘§;)a—1 > (“%)éma-

|[v|=n+1 |[v]=3n
FA5IHE B 715
don (K (Bg % yn), La(T)) > en™o+1/2, (3.14)
BGEPUN 0 = eI K
| Ba # ynll2 < en=o 2, (3.15)
SCHT3CHR [21] WA
maX{”%n,n”lu ||‘/E%n,n||1} S C, nec Z+- (316)

HI T K (|| Ba yn||51(B2a *yn)) C W (T), B

Kon (W3 (T), W5 (T)) by 2 K2a(K([|Ba * ynll3' (Bza * yn)), W5 (T) 1. (1)
= || Ba* ynlly " Kon (K (Baa * yn), W (T)) oo () (3.17)

R 2 3.1 f1 (3.7) AT 4%
Kon (K (Baa * yn), W5'(T)) Lo (1) = %Hyanl(dzn(K(Ba *yn), La(T)))*.

(don (K (Ba * yn), L2(T)))?

Kon(K(Baa * yYn), W3 (T)) Lo (1) = Vol & Vannll) (3.18)

H (3.14) & (3.18) &, A
Kon(Ws(T), Ws(T)) 1 (1) = en~ /2, (3.19)
B (3.5), (3.13) & (3.19) &, RAVEHI T € 1.2 9 FFRAET. T8 1.2 IEE. |
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Relative Widths of Function Classes of Ly (T) Determined by
Fractional Order Derivatives in L, (T')

L2Xiao Weiwei !Liu Yongping
(1 School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and Complex
Systems, Ministry of Education, Beijing 100875;
2 College of Sciences, North China University of Technology, Beijing 100144)

Abstract: The relative widths K,,(Wg(T), MWE(T), Ly(T)), T = [0,2x], is studied and the
smallest number M which makes the equality K, (W(T), MWE(T), Ly(T)) = dn(WE(T),
Lo (T)) valid is obtained, and the asymptotic order of relative widths K,,(Ws*(T'), Ws(T'), Ly(T))
is obtained, where o > 8 > 0, 1 < ¢ < 00, Kp(, -, Lg(T)) and dn(-, Lq(T)) denote respec-
tively the relative widths and the widths in the sense of Kolmogorov in Ly(T"), and MW*(T'),
1 < p < 00, denotes the collection of 27-periodic and continuous functions f representable as
a convolution f(t) = ¢+ (B * g)(t), where B, * g denotes the convolution of B, and g, for

g € L,(T) satlsfymg fo 7)dr = 0 and ||g||, < M. Here B, is in L1(T") with the Fourier

expansion By (t) = 2 (1k) @eikt where Y’ means that the term is omitted when k = 0.
kEZ

Key words: Relative widths; n — K widths; Derivatives of fractional order.
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