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(1 .7<20D?D8DDJ�?DH4KB�6I/L1=E> .7 100875;
2 .35F0D9DJ .7 100144)&��pP0�/�O�L Kn(W α

2 (T ), MW β
2

(T ), L2(T )), T = [0, 2π], SI/hDj
Kn(W α

2 (T ), MW β
2
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2π

0
g(τ ) dτ = 0 m ‖g‖p ≤ M , Bα ∈ L1(T ) CZ�

Fourier N�� Bα(t) = 1

2π
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‖x − y‖X� Y N x �l��Æ�-

E(W, M, X) = E(W, M)X := sup
x∈W

E(x, M)X = sup
x∈W

inf
y∈M
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N� X \� n - �g�� ln, n ∈ Z+ : = {1, 2, · · ·}. 8 V = X e��N�K�o W J X \� n � Kolmogorov �K (�~� n-K �K), ~o dn(W, X).AH:V�NV8gy V ⊆ X, �TB
Kn(W, V, X) ≥ dn(W, X). (1.1)Æ83� Kn(W, V, X) l dn(W, X) Y��~o Kn(W, V )X l dn(W )X .a T = [0, 2π]. C(T ) �k 2π _E++hty� Lp(T ), 1 ≤ p ≤ ∞, �k 2π _E

Lebesque �!htyK6i
‖f‖Lp(T ) :=

(

∫

T

|f(x)|pdx
)1/p

< ∞, 1 ≤ p < ∞,

‖f‖L∞(T ) := ess sup
x∈T

|f(x)| < ∞, p = ∞.Æ83� ‖ · ‖Lp(T ) �~o ‖ · ‖p.\ k ∈ Z, 1 ≤ p ≤ ∞, f ∈ Lp(T ) � k � Fourier �to
f̂(k) =

1

2π

∫

T

f(u)e−ikudu.~ f ∈ L1(T ) G g ∈ Lp(T ) ��w�
(f ∗ g)(x) =

∫

T

f(x − u)g(u)du.Y�� [2–4], Æ8_+Yt/9t�H:Y��ht f ∈ Lp(T ) � α > 0 ��$� h ∈ R � (D) "YH:�
(△α

h f)(x) :=

∞
∑

j=0

(−1)j

(

α

j

)

f(x − hj),H\
(

α

j

)

=
α(α − 1) · · · (α − j + 1)

j!
, j = 0, 1, 2, · · · .8 α = r e�RG�#�St"Y △

r
h f(x)(r ∈ Z+) 4[ (d8�8 j ≥ r + 1 e� (

r
j

)

= 0).\NF f ∈ Lp(T ), 1J g ∈ Lp(T ), 1 ≤ p < ∞, g>
lim

h→0+
‖△

α
h f

hα
− g‖p = 0,K g ��n f J Lp 8:�� α � Liouville-Grünwald 9t�� g = f (α) �k�\ f l g rF C(T ) K

lim
h→0+

∥

∥

∥

△
α
h f

hα
− g

∥

∥

∥

C(T )
= 0,K g ��n f J4[Tt8:�� α � Liouville-Grünwald 9t�� g = f (α) �k�a α > 0, M > 0, Æ8� MWα

p (T ), 1 ≤ p ≤ ∞ �kBY�'i� 2π _E++ht f�yp�
f(t) = c + (Bα ∗ g)(t), (1.2)



No.4 !��C�AYt/9t|RH� L2(T )\�4H_Eht$J Lq(T )\��N 835H\� g ∈ Lp(T ), ‖g‖p ≤ M ,
∫

T
g(x)dx = 0, K Bαt ∈ L1(T ) BY� Fourier Mi
Bα(t) =

1

2π

∑

k∈Z

′
(ik)−αeikt,

∑′ �kPF k = 0 ���8 M = 1 e�� Wα
p (T ) �k MWα

p (T ). �=U:�Yfht f, g6i (1.2) i�K8 1 ≤ p < ∞ e� g o f J Lp 8:�� α � Liouville-Grünwald 9t
8
p = ∞e�\ht g s6i g ∈ C(T ),K g o f J4[Tt8:�� α � Liouville-Grünwald9t�8 α = r, r ∈ Z+ e�ht$ Wα

p (T ) C�F�#8:�� Sobolev $ W r
p (T ). <.�Æ83� f %oo g � α �Yt/�HwY�

V. N. Konovalov J�� [1] \U:.
Kn(W r

∞, W r
∞)∞ ≍ n−2, r ≥ 3.

an ≍ bn �kNFTt0 {an} l {bn} 1J,^T#t c1 l c2, gN|B� n ∈ Z+ 6i
c1an ≤ bn ≤ c2an. 7J�� [5–6] \ V. M. Tikhomirov >;

d2n−1(W
r
∞)∞ = d2n(W r

∞)∞ = Krn
−r,H\ Kr ob;� Favard #t�Rw:8 r ≥ 3 e��N�KG�KoX#����R3�=J.t,`oON/��N�K�&O��N�K�/�>Xa2Æ!Y�,^W9�4oa} Kn(W r

p (T ), MW r
p (T ), Lq(T )) ��Æ��}�o/� M = 1 u M = 1 + ε �L'
So/�gCi Kn(W r
p (T ), MW r

p (T ),

Lq(T )) = dn(W r
p (T ), Lq(T )) &)�l� M X�FE4^�BY�4#	f� V. M. Tikhomirov J�� [7] \��� [1] \�	f�d;Yt/9t� V. F. Babenko J�� [8] \/�.AtpB9t|RH�QH_E��ht$J p = q = 1 L'��N�K����J.Wr� V. N. KonovalovJ�� [9] \/�. p = 2, 1 ≤ q ≤ ∞ L'�4H_E Sobolev $��N�K����J�� [10] \/�. p = ∞, 1 ≤ q ≤ ∞ l p = 1, (r, q) 6= (1,∞) L'�4H_E Sobolev $��N�K��Æ��2>Cl1+qJ�� [11]\/�.A^ Laplace yg|RH�QH_E��ht$J p = 2, 1 ≤ q ≤ ∞ L'���N�K��Æ��J�� [12] \��� [10] \��Y	f�d;.Yt/9t�FES^�BY�4#	f�J�� [13] \ Y. N. Subbotin l S. A. Telyakovskii>;.gCi

K2m−1(W
r
2 (T ), MW r

2 (T ), L2(T )) = K2m(W r
2 (T ), MW r

2 (T ), L2(T )) = m−r&)�l� M X� 1 − m−r, H\ m l r oTSt�!��l2>CJ�� [14] \/�.Y�A^ Laplace ygltpB9t|RH�QH_E��ht$zH:JM9^A^
Laplace-Beltrami yg|RH�QH��ht$J L2(T ) (K���N�K��RX�J�� [15] \/�.H:J Rd ^� Riesz �nl Bessel �nJ L2(R

d) (K���NC��K��R�_EL'���N�K	f�d;. Rd ��\P���\�Æ8�a2	foY�,^H'�{ 1.1 a n ∈ Z+, α ≥ β > 0. KgCi
Km(Wα

2 (T ), MW β
2 (T ))L2(T ) = dm(Wα

2 (T ))L2(T ) = n−α, m = 2n u 2n − 1 (1.3)
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K2n−1(W

α
2 (T ), MW β

2 (T ))L2(T ) = K2n(Wα
2 (T ), MW β

2 (T ))L2(T )

=







1 − M, 0 < M < M0,

n−α, M ≥ M0.{ 1.2 a n ∈ Z+, α > 0, K 1 ≤ q ≤ ∞. K
Kn(Wα

2 (T ), Wα
2 (T ), Lq(T )) ≍ n−min{α−1/2+1/q,α}.

2 }Æ 1.1 z)�a
f0(x) =

cosx√
π

,7V f0(x) ∈ Wα
2 (T ). A�N�K�H:�V�NVo M > 0 B

K2n(Wα
2 (T ), MW β

2 (T ), L2(T )) ≥ inf
g∈MW β

2
(T )

‖f0 − g‖L2(T ). (2.1)\ 0 < M < 1, K
inf

g∈MW β
2

(T )
‖f0 − g‖L2(T ) = 1 − M. (2.2)mf^�NVo g ∈ MW β

2 (T ),

‖f0 − g‖2
L2(T ) ≥ (‖f0‖L2(T ) − ‖g‖L2(T ))

2.A Cauchy-Schwarz �Ci�Æ8V=8K�8 g = Cf0, C ∈ R e^s�CiNCk�AF
‖g(β)‖L2(T ) ≤ M l ‖f (β)

0 ‖L2(T ) = 1, �> 0 ≤ |C| ≤ M . EAF ‖f0‖L2(T ) = 1, R�8
e
(2.2) i&)�A (2.1) l (2.2) i>

K2n(Wα
2 (T ), MW β

2 (T ), L2(T )) ≥ 1 − M, 0 < M < 1. (2.3)<.�2g (1.3) i&)�B 1 − M ≤ n−α, {
M ≥ 1 − n−α = M0. (2.4)�U

K2n−1(W
α
2 (T ), MW β

2 (T ), L2(T )) ≤ 1 − M, 0 < M ≤ M0. (2.5)mf^�NVo f ∈ Wα
2 (T ), ~H Fourier Mi�

a0(f)

2
+

∞
∑

k=1

(ak(f) cos kx + bk(f) sin kx),H\ ak(f) = 1
π

∫

T f(x) cos kxdx, k = 0, 1, · · · , bk(f) = 1
π

∫

T f(x) sin kxdx, k = 1, 2, · · ·. ht
f � Fourier Mi3�$&Y�\'i

∑

v∈Z

cv(f)eivx,
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2 , c−v(f) = av(f)+ibv(f)

2 , c0(f) = a0(f)
2 . A.�V

‖f (α)‖2
L2(T ) = 2π

∑

v∈Z

cv(f)c−v(f)v2α = π

∞
∑

v=1

v2α(a2
v(f) + b2

v(f)) ≤ 1. (2.6)~
T2n−1(f, x) =

a0(f)

2
+

n−1
∑

k=1

M(ak(f) cos kx + bk(f) sin kx).7V T2n−1(f, x) ∈ MW β
2 (T ). 8 0 < M ≤ M0 e�B

(1 − M)nα ≥ 1. (2.7)A (2.6) l (2.7) i�V
‖f(·) − T2n−1(f, ·)‖2

L2(T ) ≤ (1 − M)2.A.>; (2.5) i�A (2.3) l (2.5) i6z
K2n−1(W

α
2 (T ), MW β

2 (T ), L2(T )) ≥ K2n(Wα
2 (T ), MW β

2 (T ), L2(T )), (2.8)�>8 0 < M ≤ M0 e�B
K2n−1(W

α
2 (T ), MW β

2 (T ))L2(T ) = K2n(Wα
2 (T ), MW β

2 (T ))L2(T ) = 1 − M. (2.9)� M0 5[ (2.9) i�A (2.4) iVgCi (1.3) &)�l�M Xo M0. �T�M XI3�
Kn(Wα

2 (T ), MW β
2 (T ), L2(T )) �I��<.�8 M ≥ M0 eB

K2n−1(W
α
2 (T ), MW β

2 (T ))L2(T ) ≤ K2n−1(W
α
2 (T ), M0W

β
2 (T ))L2(T ) = n−α. (2.10)A�� [16] z (2.6) iV

d2n−1(W
α
2 (T ), L2(T )) = d2n(Wα

2 (T ), L2(T )) = n−α. (2.11)A (1.1) l (2.11) iV�NVo M > 0 B
K2n(Wα

2 (T ), MW β
2 (T ), L2(T )) ≥ d2n(Wα

2 (T ), L2(T )) = n−α. (2.12)<.�A (2.8), (2.10) z (2.12) iV�8 M ≥ M0 e�B
K2n(Wα

2 (T ), MW β
2 (T ))L2(T ) = K2n−1(W

α
2 (T ), MW β

2 (T ))L2(T ) = n−α. (2.13)H' 1.1 U��
3 }Æ 1.2 z)��U:H' 1.2, Æ8�_+Y�|^='�! A (z>b [17]) a X �4f�([T��� X∗ � X �N���� Y � X \4�gy�KNVo x ∈ X �sCi&)�

E(x, Y )X := inf
y∈Y

‖x − y‖X = sup
x∗∈X∗,‖x∗‖X∗≤1

(〈x∗, x〉 − sup
y∈Y

〈x∗, y〉),



838 t , � ' , � Vol.29AH\ 〈x∗, x〉 �k�(Vh x∗ J x ∈ X -�X�^s='�#�%ooN�H'�! B (Pinkus[18]) a y ∈ L2(T ) BY� Fourier Mi
y(t) =

∞
∑

k=1

(ak(y) cos kt + bk(y) sin kt),

ck1
(y) ≥ ck2

(y) ≥ · · ·�*0 {ck(y)}�XL^A�H\ ck(y) := (a2
k(y)+b2

k(y))1/2, k = 1, 2, · · ·.~
K(y) := {yα|yα(·) := y(· + α), α ∈ [0, 2π]}.K
d2n(K(y), L2(T )) ≥

(

∞
∑

m=n+1

c2
km

(y)
)1/2

.^s='o Ismagilov H'��4�A�� [12] \H' 4 �d��>Y�='�! C (2>C�1+q [12]) \ f ∈ W r
p (T )(1 ≤ p < ∞), K8ft α 6i 0 < α < re� f � Liouville-Grünwald 9t f (α) 1JKrF Lp(T ), �e&)Y��Ci

‖f (α)‖Lp(T ) ≤ C‖f‖1−α
r

Lp(T )‖f
(r)‖

α
r

Lp(T ), (3.1)H\ C �5#F α l r.G�� [9] \�U:$x��U>Y�='�! 3.1 a n ∈ Z+, α > 0, 1 ≤ q ≤ ∞, 1/q + 1/q′ = 1, y ∈ Lq′(T ) 6i ‖y‖q′ 6= 0,
∫

T
y(t)dt = 0, K

Kn(K(B2α ∗ y), Wα
2 (T ))Lq(T )

≥ ‖Bα ∗ y‖2‖y‖−1
q′ (‖Bα ∗ y‖2 − (‖Bα ∗ y‖2

2 − (dn(K(Bα ∗ y))L2(T ))
2)1/2).Z.Æ8� c "�kG n ��#t�G�� [18] \�U:$x��U>Y�='�! 3.2 a n ∈ Z+, 1 ≤ q ≤ ∞. K dn(Wα

2 (T ), Lq(T )) ≥ cn−α.{ 1.2 x(� q�Æ8"U^
�� T 2n−1 �k'Y Tn(x) = a0 +
n−1
∑

k=1

(ak cos kx +

bk sin kx) �℄�Q�ik&����NVo f ∈ Wα
2 (T ), aH Fourier Mi�

a0(f)

2
+

∞
∑

k=1

(ak(f) cos kx + bk(f) sin kx),KH Fourier �Yl�
Sn(f, x) :=

a0(f)

2
+

n−1
∑

k=1

(ak(f) cos kx + bk(f) sin kx).�g�6}y�>;
‖f (α)‖2

2 =

∞
∑

k=1

πk2α(a2
k(f) + b2

k(f)).
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n (f, ·)‖2 ≤ ‖f (α)‖2 ≤ 1, b Sn(f, x) ∈ T 2n−1 ∩ Wα

2 (T ) K ‖f(·) − Sn(f, ·)‖2 ≤ n−α.<.�&)Y��Ci
E(Wα

2 (T ), T 2n−1 ∩ Wα
2 (T ))L2(T ) ≤ n−α.8 1 ≤ q ≤ 2 e�d8;�Ci ‖f‖q ≤ (2π)1/q−1/2‖f‖2. <.�>

Kn(Wα
2 (T ), Wα

2 (T ))Lq(T ) ≤ cn−α, 1 ≤ q ≤ 2. (3.2)8 2 < q ≤ ∞ e�NH m ∈ Z+, B
f(x) − S2m(f, x) =

∞
∑

µ=m

(S2µ+1(f, x) − S2µ(f, x)),<.
‖f(·) − S2m(f, ·)‖q ≤

∞
∑

µ=m

‖S2µ+1(f, ·) − S2µ(f, ·)‖q. (3.3)A�� [19] �V
‖S2µ+1(f, ·) − S2µ(f, ·)‖q ≤ 3(2µ+1 − 1)1/2−1/q‖S2µ+1(f, ·) − S2µ(f, ·)‖2, µ ≥ m.�T

‖S2µ+1(f, ·) − S2µ(f, ·)‖2 ≤ c2−µα.<.�8 µ ≥ m e�Æ8B
‖S2µ+1(f, ·) − S2µ(f, ·)‖q ≤ 3(2µ+1 − 1)1/2−1/qc2−µα ≤ c2−(α−1/2+1/q)µ.A (3.3) i�V

‖f(·) − S2m(f, ·)‖q ≤ c

∞
∑

µ=m

2−(α−1/2+1/q)µ ≤ c2−(α−1/2+1/q)m.<.�NVo m ∈ Z+, Æ8B
E(Wα

2 (T ), T 2m+1−1 ∩ Wα
2 (T ))Lq(T ) ≤ c2−(α−1/2+1/q)m, 2 < q ≤ ∞.{�NVo n ∈ Z+, Æ8B

Kn(Wα
2 (T ), Wα

2 (T ))Lq(T ) ≤ cn−(α−1/2+1/q), 2 < q ≤ ∞. (3.4)A (3.2) z (3.4) i�Æ8�>;.H' 1.2 \�Æi�^
a}��9Æ8_+�
�U:�AF Kn(Wα
2 (T ), Wα

2 (T ))Lq(T ) ≥ dn(Wα
2 (T ), Lq(T )), <.(�=' 3.2 �>

Kn(Wα
2 (T ), Wα

2 (T ))Lq(T ) ≥ cn−α, 1 ≤ q ≤ 2. (3.5)8 2 < q < ∞ e�a
Dm(x) :=

∑

v∈Z,|v|<m

eivx, m ∈ Z+.
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yn(x) := D4n(x) − Dn(x), n ∈ Z+.�TB
K(‖Bα ∗ yn‖−1

2 (B2α ∗ yn)) ⊂ Wα
2 (T ).<.�Æ8�6>;

K2n(Wα
2 (T ), Wα

2 (T ))Lq(T ) ≥ K2n(K(‖Bα ∗ yn‖−1
2 (B2α ∗ yn)), Wα

2 (T ))Lq(T )

= ‖Bα ∗ yn‖−1
2 K2n(K(B2α ∗ yn), Wα

2 (T ))Lq(T ). (3.6)(�=' 3.1, �V
K2n(K(B2α ∗ yn), Wα

2 (T ))Lq(T )

≥ ‖Bα ∗ yn‖2‖yn‖−1
q′ (‖Bα ∗ yn‖2 − (‖Bα ∗ yn‖2

2 − (d2n(K(Bα ∗ yn), L2(T )))2)1/2).A yn �H:�V ‖yn‖q′ ≤ ‖D4n‖q′ + ‖Dn‖q′ . (��Ci
a(a − (a2 − b2)1/2) ≥ 1

2
b2, a > b > 0, (3.7)Æ8�6>;

K2n(K(B2α ∗ yn), Wα
2 (T ))Lq(T ) ≥

1

2
(‖D4n‖q′ + ‖Dn‖q′)−1(d2n(K(Bα ∗ yn), L2(T )))2. (3.8)A (3.6) l (3.8) i�V

K2n(Wα
2 (T ), Wα

2 (T ))Lq(T ) ≥ ‖Bα ∗ yn‖−1
2

1

2
(‖D4n‖q′ + ‖Dn‖q′)−1(d2n(K(Bα ∗ yn), L2(T )))2.

(3.9)A yn �H:Æ8V=
(Bα ∗ yn)(x) =

4n−1
∑

|v|=n

eivx

(iv)α
.<.

‖Bα ∗ yn‖2
2 = 2π

4n−1
∑

|v|=n

1

|(iv)|2α
≤ 12πn−2α+1. (3.10)(�=' B, �>

d2n(K(Bα ∗ yn), L2(T )) ≥ cn−α+1/2. (3.11)A�� [20] V
‖Dm‖q′ ≤ cm1/q, m ∈ Z+. (3.12)A (3.9) Z (3.12) i�>

K2n(Wα
2 (T ), Wα

2 (T ))Lq(T ) ≥ cn−α+1/2−1/q, 2 < q < ∞. (3.13)8 q = ∞ e�a
Vm,n(x) := Dn(x) +

m

m − n

m−1
∑

|v|=n+1

(

1 − |v|
m

)

eivx, m, n ∈ Z+, n < m.



No.4 !��C�AYt/9t|RH� L2(T )\�4H_Eht$J Lq(T )\��N 8411
yn(x) := V5n,n(x) − V3n,n(x),{

yn(x) =
1

4

3n−1
∑

|v|=n+1

( |v|
n

− 1
)

eivx − 5

4

5n−1
∑

|v|=3n

(

1 − |v|
5n

)

eivx.K
(Bα ∗ yn)(x) =

1

4

3n−1
∑

|v|=n+1

( |v|
n

− 1
) eivx

(iv)α
− 5

4

5n−1
∑

|v|=3n

(

1 − |v|
5n

) eivx

(iv)α
.(�=' B �>

d2n(K(Bα ∗ yn), L2(T )) ≥ cn−α+1/2. (3.14)�g�6}y�>
‖Bα ∗ yn‖2 ≤ cn−α+1/2. (3.15)EA�� [21] �V

max{‖V5n,n‖1, ‖V3n,n‖1} ≤ c, n ∈ Z+. (3.16)AF K(‖Bα ∗ yn‖−1
2 (B2α ∗ yn)) ⊂ Wα

2 (T ), <.
K2n(Wα

2 (T ), Wα
2 (T ))L∞(T ) ≥ K2n(K(‖Bα ∗ yn‖−1

2 (B2α ∗ yn)), Wα
2 (T ))L∞(T )

= ‖Bα ∗ yn‖−1
2 K2n(K(B2α ∗ yn), Wα

2 (T ))L∞(T ). (3.17)A=' 3.1 l (3.7) i�>
K2n(K(B2α ∗ yn), Wα

2 (T ))L∞(T ) ≥
1

2
‖yn‖−1

1 (d2n(K(Bα ∗ yn), L2(T )))2.d8; ‖yn‖1 ≤ ‖V5n,n‖1 + ‖V3n,n‖1, Æ8>;
K2n(K(B2α ∗ yn), Wα

2 (T ))L∞(T ) ≥
(d2n(K(Bα ∗ yn), L2(T )))2

2(‖V5n,n‖1 + ‖V3n,n‖1)
. (3.18)A (3.14) Z (3.18) i�Æ8>;

K2n(Wα
2 (T ), Wα

2 (T ))L∞(T ) ≥ cn−α+1/2. (3.19)A (3.5), (3.13) z (3.19) i�Æ8>;.H' 1.2 ��
a}�H' 1.2 U��t 	 � �
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Relative Widths of Function Classes of L2(T ) Determined by

Fractional Order Derivatives in Lq(T )

1,2Xiao Weiwei 1Liu Yongping

(1School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and Complex

Systems, Ministry of Education, Beijing 100875;
2College of Sciences, North China University of Technology, Beijing 100144)

Abstract: The relative widths Kn(Wα
2 (T ), MW β

2 (T ), L2(T )), T = [0, 2π], is studied and the

smallest number M which makes the equality Kn(Wα
2 (T ), MW β

2 (T ), L2(T )) = dn(Wα
2 (T ),

L2(T )) valid is obtained, and the asymptotic order of relative widths Kn(Wα
2 (T ), Wα

2 (T ), Lq(T ))

is obtained, where α ≥ β > 0, 1 ≤ q ≤ ∞, Kn(·, ·, Lq(T )) and dn(·, Lq(T )) denote respec-

tively the relative widths and the widths in the sense of Kolmogorov in Lq(T ), and MWα
p (T ),

1 ≤ p ≤ ∞, denotes the collection of 2π-periodic and continuous functions f representable as

a convolution f(t) = c + (Bα ∗ g)(t), where Bα ∗ g denotes the convolution of Bα and g, for

g ∈ Lp(T ) satisfying
∫ 2π

0
g(τ) dτ = 0 and ‖g‖p ≤ M. Here Bα is in L1(T ) with the Fourier

expansion Bα(t) = 1
2π

∑

k∈Z

′
(ik)−αeikt, where

∑′
means that the term is omitted when k = 0.
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