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1 ��O:�	^� L ) L2(Rn) I�K4�y� {e−tL}t>0, b4_o pt(x, y). �v$_1�E[ L S�NzZoN4�?!4m&^��y [1]), k- L = △+ V S�N- T4qR^� V 4 Schrödinger^� (y [2]), k- L S�NH>�4- L4�?!�nTpZ4m&^� ([3] [4]), ," {e−tL} 	 _r Gaussian 	8�
|pt(x, y)| ≤ c/tn/2e−c

|x−y|2

t . (1))&k��:�0^�S Laplace ^�M��V4 Hardy �v# BMO �v��y
[5]. ) [6] :� J. Dziubański �n5aO$��<��" Schrödinger ^�4 Hardy �v#
BMO �v�) [7][8] :� X.T.Duong �n L.X.Yan :���<��"!Bhz (1.1) 4^� L 4 Hardy �v�n BMO �v�4$�.��v#&k4 Hardy �v# BMO �vS�j4�ufAB�K��s?4:�Eb
�s4*4�Sj+.Nuf��v$_1�&k4s< Hardy �v���AqD-d�\��{4{}��y [9]. NrI��sd�4s< Hardy �vR|�" [10] :4,2�v�v$4?Y" Ap <Q� 1 v$!�N/℄Z ω ∈ Ap(R

n) (1 ≤ p ≤ ∞) <�E[ ω !B
sup
B

1

|B|

∫

B

ω(Y )dY ·
( 1

|B|

∫

B

ω(Y )−
1

p−1 dY
)p−1

< ∞; (2)

1

|B|

∫

B

ωdY < Cess inf
B

ω, (3)5: B S Rn :4C�;�!B (2) 4<�!o ApAH((1 < p < ∞), B!B (3) 4�!o
A1 <�," A∞ =

⋃

p≥1
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L 4s? BMO �v4	8�7\�K�v$d�s? Hardy �v�n BMO �v4?0	�
2 �}\Y�`r�sv$O$�NuJ_q (a) >'� e−zL, 5: |arg(z)| < π/2 − θ, b4_ az(x, y) !B?"_ ν > θ

|az(x, y)| ≤ cνh|z|(x, y)5: x, y ∈ Rn and |arg(z)| < π/2 − ν, ht(x, y) = s(|x−y|m/t)
|B(x,t1/m)|

, t, m > 0, B s S�N/4� �4�.9x4℄Z!B
lim

r→∞
rn+κs(rm) = 0,5: κ > 0_q (b) ^� L ) L2(Rn) :  �>' H∞ G℄(^�V" H∞ G℄(^�=-�' [11][3].�s: Lp

ω(Rn = {f :
∫

Rn |f(x)|pω(x)dx < ∞} for 1 < p < ∞. ?" p = ∞, L∞
ω = {f :

sup |f(x)ω(x)| < ∞}. v$i ω(B) =
∫

B
ω(x)dx.

3 BMO fb�^o Carleson LRJ Pt = e−tL , Qt = tLe−tL, ,"Q� 2 !^� {At : t > 0} Sd6���E[ At 4_ at(x, y) !B
Atu(x) =

∫

Rn

at(x, y)u(y)dy?" u ∈ L2(Rn) ∩ L1(Rn), 8 at(x, y) !B
|at(x, y)| ≤ ht(x, y)?" x, y ∈ Rn , 5: ht(x, y) = s(|x−y|m/t)

|B(x,t1/m)|
, m > 0, B s S/4� �4�.9x4!B

lim
r→∞

rn+κs(rm) = 0,?") κ > 0.|&v$J pt(x, y)S Pt = e−tL 4_���D�d6���B Qt = tLe−tL,J pt(x, y)!B_r Poisson �?" m > 0

|pt(x, y)| ≤ ht(x, y) = t−n/ms
( |x − y|

t1/m

)

,5: s S/4� �4�.9x4!B
lim

r→∞
rn+κs(rm) = 0,



No.6 '�#IXf���4s< Hardy a BMO �v 3?") κ > 0.B8) [4] :�0'�*) c > 0 O3 ht(x, y) !B
c−1 ≤

∫

Rn

ht(x, y)dx ≤ c, c−1 ≤

∫

Rn

ht(x, y)dy ≤ c.Q� 3 O:�_o at(x, y) 4d6�� At(x, y), ω ∈ A∞, ,"��m℄Z f ∈

BMOω
L(Rn), E[

sup
B

1

ω(B)

∫

B

|f(y) − AtB (f)|dy < ∞.Q� 4 :�) Rn I4�> µ !os< Carleson �>?" ω ∈ A∞, E[*) c > 0O3?Cb; B(� r > 0)

µ(B̂) ≤ cP
(ω(B)

|B|

)

|B|,5: B̂ = {(x, t) : x ∈ B, 0 < t < r}8 P (·)�Q�/4℄Z�µ4FZ�Qo |||µ|||c = inf{c}.v$��|����h 1 E[ f ∈ BMOω
L 8 0 < c < ω ∈ A∞, ,"

1

|B|
µ(B̂) =

1

|B|

∫

B̂

|Qtm(I − Ptm)(f)(x)|2
dxdt

t
≤ c(

ω(B)

|B|
)2‖f‖2

BMOω
L
.�h 1 N	k )v$0'�� 1 M�v$��0'|&4���h 2 (John-Nirenberg�6P) J f ∈ BMOω

L(Rn) 8 0 < c < ω ∈ A∞, ,"?"Cb; B 8 λ > 0, *) c1, c2 > 0 O3
∣

∣

∣

{

x ∈ B : |f(x) − Prm
B

(f)| > λ
ω(B)

|B|

}∣

∣

∣
≤ c1|B| exp

{

−
c2λ

‖f‖BMOω
L

}

,5: rB S B 4���h 2 N	k J ‖f‖BMOω
L

= 1. ?" λ < 1, �" c|B| ≤ ω(B), �6PAB"���(v$���0'E[ N ≤ λ < N + 1(N > 1),

∣

∣

∣

{

x ∈ B : |f(x) − Prm
B

(f)| > N
ω(B)

|B|

}
∣

∣

∣
≤ c1|B| exp{−c2N}, (4).�� Calderón-Zygmund K� �)31�v$12

1

ω(B)

∫

B

|f(x) − Prm
B

(f)|dx ≤ 1 =⇒
1

|B|

∫

B

|f(x) − Prm
B

(f)|dx ≤
ω(B)

|B|
.,"?; B I4 f(x)−Prm

B
(f) T* Calderón-ZygmundK��v$ ��C; {B1,i}(#N;#5a�{;4NZS�6 �4). v$ �

(i) |f(x) − Prm
B

(f)| ≤ 2ω(B)
|B| , x ∈ B\

⋃

i

B1,i.

(ii)
∑

i

|B1,i| ≤
1
2 |B|.|??; B I4 f(x) − Prm

B1,i
(f) T* Calderón-Zygmund K���.31

|Prm
B1,i

(f)(x) − Prm
B

(f)(x)| ≤ c2
ω(B)

|B|
, x ∈ B1,i.
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(i) |f(x) − Prm

B1,i
(f)| ≤ 2ω(B)

|B| , x ∈ B1,i\
⋃

k

B1,i,k.

(ii)
∑

k

|B1,i,k| ≤
1
2 |B1,i|.

(iii) |f(x) − Prm
B

(f)| ≤ |f(x) − Prm
B1,i

(f)| + |Prm
B1,i

(f)(x) − Prm
B

(f)(x)| ≤ 2cω(B)
|B| , x ∈

B\
⋃

i,k

B1,i,k.=�1 B1,i,k = B2,m. �	8 (ii), v$31 ∑

i,k

|B1,i,k| ≤ (1
2 )k|B|. � N )4 Calderón-

Zygmund K��v$ 
(i)

∑

m
|BN,m| ≤ (1

2 )N |B|.

(ii) |f(x) − Prm
B

(f)| ≤ 2cN ω(B)
|B| , x ∈ B\

⋃

m
BN,m.Æ+T4 c1 and c2, 7�N�6P�S (4), �� 2 30�,"|&4l��o3wi 1 J 0 < c < ω ∈ A∞, ,"?" f ∈ BMOω

L aCb; B

1

|B|

∫

B

|f(x) − Prm
B

(f)(x)|2dx ≤ c
(ω(B)

|B|

)2

‖f‖BMOω
L
.wi 1 N	k v$ 

1

|B|

∫

B

|f(x) − Prm
B

(f)(x)|2dx

≤ 2
1

|B|

∫ ∞

0

λ{x ∈ B : |f(x) − Prm
B

(f)(x)| > λ}dλ

≤ 2
1

|B|

∫ ∞

0

λ′
(ω(B)

|B|

)2{

x ∈ B : |f(x) − Prm
B

(f)(x)| > λ′ ω(B)

|B|

}

dλ′

≤ c

∫ ∞

0

λ′
(ω(B)

|B|

)2

exp
{

−
cλ′

‖f‖BMOω
L

}

dλ′

≤ c
(ω(B)

|B|

)2

‖f‖2
BMOω

L
.�(l� 1 30�# [7] :�� 4.6 �℄�v$ 

Qtm(I − Ptm) = Qtm(I − Ptm)(I − Prm
B

) + Qtm(I − Ptm)Prm
B

.�(v$��0'
1

ω(B)

∫

B̂

|Qtm(I − Ptm)(I − Prm
B

)(f)(x)|2
dxdt

t
≤ c

(ω(B)

|B|

)2

‖f‖2
BMOω

L
(5)8

1

|B|

∫

B̂

|Qtm(I − Ptm)Prm
B

(f)(x)|2
dxdt

t
≤ c

(ω(B)

|B|

)2

‖f‖2
BMOω

L
(6)J b1 = (I − Prm

B
)fχ2B 8 b2 = (I − Prm

B
)fχ(2B)c , ,"

1

|B|

∫

B̂

|Qtm(I − Ptm)b1(x)|2
dxdt

t

≤ c
1

|B|

(

∫

2B

|(I − Prm
2B

)(f)(x)|2dx + |B| · sup
x∈2B

|Prm
B

(f)(x) − Prm
2B

(f)(x)|2
)

.



No.6 '�#IXf���4s< Hardy a BMO �v 5=�1�|~[) [8]((f 2.6) :31
|Prm

B
(f)(x) − PKm+rm

B
(f)(x)| ≤ c(1 + log K)

ω(B)

|B|
‖f‖BMOω

L
. (7)�(�l� 1 �n�6P (7), v$ 

1

|B|

∫

B̂

|Qtm(I − Ptm)b1(x)|2
dxdt

t
≤ c

(ω(B)

|B|

)25a4�6P40'�℄ [8] :�� 4.6 40'��(.�=-�� [8]. �� 1 40'n��
4 ^o Hardy fb� BMO fbPSm~v$ �|:�Q� 5 J Γ(x) = {(y, t) ∈ Rn+1 : |x − y| < t} 8 ω ∈ A∞, ,"s<I7�&m℄Z
SL(f)(x) (f ∈ L1

ω(Rn) ∩ L2
ω(Rn) ) :�o�
SL(f)(x) =

{

∫

Γ(x)

|Qtm(f)(y)|2
dydt

tn+1

}1/2

. (8)��3H℄Z GL :�o
GL(f)(x) =

{

∫ ∞

0

|Qtm(f)(x)|2
dt

t

}1/2

. (9),"v$ lt 1 J ω ∈ A1 8 ω > c > 0, ,"*) Z c > 0 O3?" 1 < p < ∞

‖SL(f)(x)‖Lp
ω
≤ c‖f‖Lp

ω
,8

‖GL(f)(x)‖Lp
ω
≤ c‖f‖Lp

ω
.lt 1 N	k (f�� [12] 4:� 1 4�NlZ�n [13] :4~[31��uJ

(b) �n:� 7.3([13]), ?" ω ∈ A2 v$ 
‖GL(f)(x)‖L2

ω
≤ c‖f‖L2

ω
.B8v$!*) c, C, β > 0 O3

[

∫ ∞

0

|Qsm(I − e−tmL)(x, y)|2
1

ds

]1/2

≤ C
1

|x − y|n
tβ/m

|x − y|β
. (10)?" x, y ∈ Rn and |x − y| ≥ ct1/m. �� [7] :4�N�D�v$ 

I − Ptm = m

∫ t1/m

0

Qνm

dν

ν
.
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∫ ∞

0

|Qsm(I − e−tmL)(x, y)|2
ds

s
=

∫ ∞

0

∣

∣

∣
m

∫ t1/m

0

QsmQνm

dν

ν

∣

∣

∣

2 ds

s

=

∫ ∞

0

∣

∣

∣

∫ t1/m

0

h
(ν

s

)

Ψs,ν(L)(x, y)
dν

ν

∣

∣

∣

2 ds

s
,5:

h(x) = m
xm

(1 + xm)2
and Ψs,ν(L)(x, y) = (sm + νm)2

(d2Pr

dr2

∣

∣

∣

r=sm+νm
(x, y)

)

.� [7], v$12*) β > 0 O3
|Ψs,ν(L)(x, y)| ≤ c

(s + ν)β

(s + ν + |x − y|)n+β
.Be

∫ ∞

0

∣

∣

∣

∫ t1/m

0

h
(ν

s

)

Ψs,ν(L)(x, y)
dν

ν

∣

∣

∣

2 ds

s

≤

∫ ∞

0

∫ t1/m

0

h2
(ν

s

)

|Ψs,ν(L)(x, y)|2
ds

s

1

dν

≤ c
[

∫ t1/m

0

∫ ν

0

h2
(ν

s

)

|Ψs,ν(L)(x, y)|2
ds

s

1

dν

+

∫ t1/m

0

∫ +∞

ν

h2
(ν

s

)

|Ψs,ν(L)(x, y)|2
ds

s

1

dν

]

= I + II.,"
I ≤ c

∫ t1/m

0

∫ ν

0

(ν

s

)−2m(ν

s

)2β ds

s1−2β

dν

ν

1

|x − y|2n+2β
≤ c

t2β/m

|x − y|2n+2β
.�℄v$31 II ≤ c t2β/m

|x−y|2n+2β . �(v$31 (10). � (10) �n [13] :4:� 5.8, v$� GL(f)(x) Uo��3℄Z�,"3 GL(f)(x) � L1
ω(Rn) �1 L1,∞

ω (Rn) (ω ∈ A1)..�v$L�{}�=-�� [4][12]. �(��3���31 GL(f)(x) � Lp
ω(Rn) �1

Lp
ω(Rn)(1 < p ≤ 2), B ω ∈ Ap. ?" p > 2, v$12|&46P"�

f(x) = c

∫

Rn

QtmQtm(f)(x)
dt

t
,5: f ∈ Lp

ω 8 ω ∈ A1 for 1 < p < ∞. I&46P"�S�o L ) Lp
ω(Rn) :  �>'G℄�^?" 1 < p < ∞(y [13] ::� 7.3). ��>?0	d��v$ ?" p > 2

‖GL(f)(x)‖L2
ω
≤ c‖f‖L2

ω
.,"v$��0'�?" 1 < p < ∞

‖GL(f)(x)‖Lp
ω
≤ c‖f‖Lp

ω
.



No.6 '�#IXf���4s< Hardy a BMO �v 7?" p ≥ 2, =�1��>\#�v$3
‖SL(f)(x)‖Lp

ω
≤ c‖GL(f)(x)‖Lp

ω
,?" 1 < p < 2, =�1� [13] :4HD�v$ SL(f)(x) !Bs<F (1, 1)  �Up��(��3��� ‖SL(f)(x)‖Lp

ω
≤ c‖f‖Lp

ω
. 0'n��� 1 =�1) [12] :E��6P"�

‖f‖Lp ≤ c‖SL(f)(x)‖Lp ..N�6P) ω ∈ A∞ M���:"��/0 ω ∈ A1 8 ω > c > 0 "��
‖f‖Lp

ω
≤ c‖SL(f)(x)‖Lp

ω
..�i\?0	�(f 1 �n|&46P (y [12]) 0'�?" f ∈ L2

ω, g ∈ L2
ω

〈f, g〉 = c

∫

Rn

∫

Γ(x)

Qtm(f)(x)Q∗
tm(g)(x)

dt

tn+1
dydx,5: {Q∗

tm}t S {Qtm}t4SE^��.N6P)s?FZ��|"��S�o?" 1 < p < ∞a ω ∈ Ap, L ) Lp
ω(Rn) :!B �>'G℄(^ (y [13] ::� 7.3).|&v$:�s< Hardy �v H1,ω

L (Rn)Q� 6 J ω ∈ A∞, v$! f ∈ L1
ω(Rn) Y"s< Hardy �v H1,ω

L (Rn), E[
SL(f) ∈ L1

ω, and, ‖f‖H1,ω
L

∼ ‖SL(f)‖L1
ω
.Qh 1 )O:uJ|� ω ∈ A1, ω > c > 0, ," H1,ω

L

⋂

L2
ω(Rn) 4?0�vS

BMOω
L∗

⋂

L2
ω(Rn), 5: L∗ S L 4SE^��)O$0'6�v$�������Q� 7 J ω ∈ A1, ω > c > 0. :�

A(f)(x) =
(

∫

Γ(x)

|f(y, t)|2
dydt

dt

)1/2�n
C(f)(x) = sup

x∈B

( 1

|B|

∫

B̂

|f(y, t)|2
dydt

dt

)1/2

.s< “,2�v” T p,ω
2 :�o,�℄Z f !B A(f) ∈ Lp

ω(1 < p < ∞), B T∞,ω
2 :�o,�℄Z f !B C(f) ∈ L∞

1/ω. ,"℄Z a(x, t) �!os< T 1
2 %��E[

1. suppa ⊂ B̂, 5: B S Rn :4;�
2.

∫

B̂
|a(x, t)|2ω(x)dxdt

dt ≤ ω(B)−1.v$ �|(flt 2 J ω ∈ A1 8 ω > c > 0, ,"
a. |��6P"�E[ f ∈ T 1,ω

2 8 g ∈ T∞,ω
2

∫

Rn+1

+

|f(x, t)g(x, t)|
dxdt

t
≤ c

∫

Rn

A(f)(x)C(g)(x)dx.

b. T∞,ω
2 S T 1,ω

2 4?0�
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c. E[ f ∈ T 1,ω
2 , ," f =

∑

j

λjaj , 5: aj are T 1,ω
2 8 ∑

j

|λj | ≤ c‖f‖T 1,ω
2

.(f 2 ���D [10] ::� 1 42|lZ�=-�� [10][14] 5:40'��h 3 J ω ∈ A1 8 ω > c > 0, F (x, t) = Q∗
tm(I − P ∗

tm)(f)(x), G(x, t) = Qtm(g)(x), ,"
∫

Rn

f(x)g(x)dx = c

∫

Rn+1

+

F (x, t)G(x, t)
dxdt

dtIP) f ∈ BMOω
L∗

⋂

L2
ω 8 g ∈ Hω

L

⋂

L2
ω M"���h 3 N	k ��(f 2 :4 (a), �� 1 �n�7V����0 f ∈ BMOω

L∗ 8
g ∈ Hω

L

⋂

L2
ω |P
?V�

∫

Rn+1

+

F (x, t)G(x, t)
dxdt

dt
= lim

δ→0
lim

N→∞

∫ N

δ

∫

Rn

F (x, t)G(x, t)
dxdt

dt
.,"

lim
δ→0

lim
N→∞

∫ N

δ

Q2
tm(I − Ptm)(g)(y)

dt

dt
= g,5:6P) L2

ω :V��6P"�S�" L) L2
ω :!B>'G℄(^8 I = c

∫

t2me−2tm

(1−

e−tm

)dt
dt (y [11]).�" f ∈ L2

ω , ,"��7V�:�3
lim
δ→0

lim
N→∞

∫

Rn

f(y)
[

∫ N

δ

Q2
tm(I − Ptm)(g)(y)

dt

dt

]

dy = c−1

∫

Rn

f(y)g(y)dyIP) f, g ∈ L2
ω :V��|&O$:� 1 40'Qh 1 N	k 7���v$�0'?" f ∈ BMOω

L∗

⋂

L2
ω,

l(g) =

∫

Rn

f(x)g(x)dxS�N�	 �G℄?" g ∈ H1,ω
L

⋂

L2
ω. v$5�0'*) c > 0 O3?" g ∈ H1,ω

L

⋂

L2
ω

∣

∣

∣

∫

Rn

f(x)g(x)dx
∣

∣

∣
≤ c‖f‖BMOω

L∗
‖g‖H1,ω

L
. (11)��� 3 �n(f 2 , v$ 

∣

∣

∣

∫

Rn

f(x)g(x)dx
∣

∣

∣
≤ c

∣

∣

∣

∫

Rn
+

Q∗
tm(I − P ∗

tm)(f)(x)Qtm (g)(x)
dxdt

dt

≤ c

∫

Rn

C(Q∗
tm(I − P ∗

tm))(f)(x)AQtm (g)(x)dx

≤ ‖C(Q∗
tm(I − P ∗

tm))(f)(x)‖L∞
1/ω

∫

Rn

SL(g)(x)ω(x)dx

≤ c‖C(Q∗
tm(I − P ∗

tm))(f)(x)‖L∞
1/ω

‖g‖H1,ω
L

.��� 1, �3
‖C(Q∗

tm(I − P ∗
tm))(f)(x)‖L∞

1/ω
≤ c‖f‖BMOω

L∗
.



No.6 '�#IXf���4s< Hardy a BMO �v 9�(v$ (11).7C��X}v$��?" f ∈ L2
ω(B) 0'

‖(I − Prm
B

)(f)‖H1,ω
L

≤ cω(B)1/2‖f‖L2
ω
. (12)���0

‖SL(I − Prm
B

)(f)‖L1
ω
≤ cω(B)1/2‖f‖L2

ω
.=�1

∫

SL(I − Prm
B

)(f)(x)ω(x)dx =
(

∫

4B

+

∫

(4B)c

)

. . . = I + II,"
I ≤ cω(B)1/2‖(I − Prm

B
)(f)‖L2

ω
≤ cω(B)1/2‖f‖L2

ω
.J; B 4:�)%8B�o rB, ,"� [8] :4Up (4.11), ?" x ∈ (4B)c, *) ǫ > 0 O3

|SL(I − Prm
B

)(f)(x)|2 ≤ cr2ǫ
B |x|−2(n+ǫ)‖f‖2

L1.��[�hz ω(2B) ≤ cω(B) �n ω ∈ A1, v$ 
II ≤ rǫ

B‖f‖L1

∫

(4B)c

|x|−(n+ǫ)ω(x)dx

≤ c
{

∫

B

ω−1(x)dx
}−1/2

∫

B

ω(x)dx‖f‖L2
ω

≤ cω(B)1/2‖f‖L2
ω
.~)v$0'?"H1,ω

L

⋂

L2
ω I4G℄ l ,*)℄Z f ∈ BMOω

L∗

⋂

L2
ω O3 ‖f‖BMOω

L∗
≤ c‖l‖8?" g ∈ H1,ω

L

⋂

L2
ω O3

l(g) =

∫

Rn

f(x)g(x)dx.v$ �z���{4Hg {Qj} O3 ⋃

j

Qj = Rn, �&kHD12)#NHgI4�7<S�N L2
ω(Qj) I4 ��	G℄��( f =

∑

j

fj 8 fj ∈ L2
ω O3?"C� g ∈ H1,ω

L

⋂

L2
ω

l(g) =

∫

Rn

f(x)g(x)dx.,"?Cb; B
(

∫

B

|f − P ∗
rm

B
(f)|2dx

)1/2

≤ sup
‖g‖L2

ω
≤1

∣

∣

∣

∫

Rn

(f(x) − P ∗
rm

B
(f)(x))g(x)dx

≤ sup
‖g‖L2

ω
≤1

∣

∣

∣

∫

Rn

f(x)(I − Prm
B

)(g)(x)dx

≤ sup
‖g‖L2

ω
≤1

|l((I − Prm
B

)(g))|

≤ ‖l‖ sup
‖g‖L2

ω
≤1

‖((I − Prm
B

)(g))‖H1,ω
L

.Q� (12), v$ 
(

∫

B

|f − P ∗
rm

B
(f)|2dx

)1/2

≤ c‖l‖ω(B)1/2.�(v$n"�:�40'�
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Weighted Hardy and BMO Spaces Associated with Semigroup

with Non-smooth Kernel
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Abstract: In the paper we give weighted Hardy spaces and BMO spaces associated with

semigroup with non-smooth kernel, then give their properties and duality arguments.
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