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Y = ABC + ǫ,

E(ǫ) = 0,

Cov(~ǫ) = σ2 · In ⊗ V.

(1)Dt Y 
 p× n �Y��e� A, C F�
 p × q, k × n �Fkbwe (q ≤ p), �e Bq×k u
σ2 > 0 l�k�q� p × p ��e V ≥ 0 Fk� ǫ 
���e� ~ǫ �k ǫ 2�'�m� ⊗�k Kronecker!s�}7#3dq Kt×qBLk×l �S�v µ(K ′) ⊆ µ(A′) K µ(L) ⊆ µ(C), Dt µ(C) �k�e C 2')$b 2#3�� (��), Q�eyddq

L(d(Y ), KBL) = (d(Y ) − KBL)(d(Y ) − KBL)′. (2)z Θ = {(B, σ2) : B ∈ Rq×k, σ2 > 0}, �5P R(d, B, σ2) �k KBL 2Sw d(Y ) 2H��edq�	0 b d1(Y )f d2(Y )lKBL2XJ#PSw�̂ a9DJ (B, σ2 ),�T R(d1, B, σ2)

≤ R(d2, B, σ2), Kpa+[=� (B0, σ
2
0), i1 R(d1, B0, σ

2
0) − R(d2, B0, σ

2
0) 6= 0, ^� d1(Y )DqRU d2(Y ). ^a[th Φ t�+[XgSwDqRU d(Y ), ^� d(Y ) l KBL [th Φ t2�[9Sw�zl
 d(Y )

Φ
∼ KBL.WU_�N#:.�9;
 [1−5] �}1b KBL2#3Sw2[93�[:. (1) uyddq (2) ��A�+ [1] p��/% V > 0 2L1�[Sw� HL∗(L′ '3s) t1/%

DY F 2�[9�h�d�
HL∗ = {DY F : DY F ∈ HL, DA 6= K - CF = L},oOZC�2006-10-16; 68ZC�2008-11-09
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HL = {DY F : D, F F�
 t × p, n × l �e}.w,S [2] [ V ≥ 0 2�[L1���/%E(Sw� (Y�M L′ '3s)

HL1 = {DY F : DY F ∈ HL, CF = L} (3)W&M2CE(Sw� (L 
3sAe)

L1 = {DY F + M : DY F ∈ HL1, M 
 t × l �e} (4)t2�[93�F�1/% KBL 2#3Swl�[92#�����6`�� L′ 
'3sep3sAeol9Sw�2"r�Dh|9:.CJ|%D72"r���^�M L′'3s^ C �823s�K'}1 KBL 2#3Sw�[�"r2:.uD
2Sw�t2�[93lDP)WL-R2����
�5�[ L 6= 0 2D
L1��}1E(Sw� HL1 WCE(#3Sw� L1 t2�[9�F�1/% KBL 2#3Swl�[92#����
2 HL1 8�(+��-�� P (2) j�m�wv[I?j1� 1 9XJ2 DY F ∈ HL1, DY PC′F ∈ HL1, K9DJ (B, σ2) ∈ Θ, T

R(DY F, B, σ2) = σ2tr(F ′F )DV D′ + (DA − K)BLL′B′(DA − K)′

≥ R(DY PC′F, B, σ2)

= σ2tr(F ′PC′F )DV D′ + (DA − K)BLL′B′(DA − K)′

= σ2tr(L′(CC′)−L)DV D′ + (DA − K)BLL′B′(DA − K)′,K5e !2#���

PC′F = F, (5)Dt PC′ = C′(CC′)−C.L� 1 t8� (i) _ DY F

HL1∼ KBL, ^�T PC′F = F ; (ii) _ PC′F = F , ^ DY F 2�[93W F 2<℄�W�1� 2 b Lk×l 6= 0, S1, S �
 t× q ��eK S 
C(e�^9XJ q × k ��e B,

S1BLL′B′S′
1 ≤ SBLL′B′S′ � !2#���
 S1 = cS, |c| ≤ 1.6 #F3�U��j��3�SU L = (l1, · · · , lk)′ 6= 0, �B l1 6= 0, Q B = (β, · · · , 0),

β 
XJ q �)$�{J/ l′1l1 6= 0, ^T S1ββ′S′
1 ≤ Sββ′S′. S
 [6] t2L� 3.2, �T

S1 = cS, |c| ≤ 1.1� 3 b PC′F = F , ^ D1Y F DqRU DY F 2#���l
D1V D′

1 ≤ DV D′ (6)u9XJ q �)$ β, �T
(D1A − K)ββ′(D1A − K)′ ≤ (DA − K)ββ′(DA − K)′, (7)K. (6) jt5e !g�+[ β0 6= 0 i1 (7) j !�5e�



No.3 *M5�_�N#:.m℄�q#3Sw2�[93 6096 o9 DA 6= K 2L1Q%j8�_ DA = K, j8l[I2���3�SU PC′F = F , ^9DJ (B, σ2) ∈ Θ, T
σ2tr(L′(CC′)−L)D1V D′

1 + (D1A − K)BLL′B′(D1A − K)′

≤ σ2tr(L′(CC′)−L)DV D′ + (DA − K)BLL′B′(DA − K)′,K+[=� (B0, σ
2
0), i1�5e !�[`jtQ B = 0, �G1/ (6) j !�) σ2 → 0, ^9DJ q × k ��e B, T

(D1A − K)BLL′B′(D1A − K)′ ≤ (DA − K)BLL′B′(DA − K)′.SL� 2, T D1A − K = c(DA − K), |c| ≤ 1, (7) j�U !�_ (6)j !5e��T |c| < 1,I^ D1Y F ���?DqRU DY F . SU DA−K 6= 0,+[ β0 6= 0, i1 (DA − K)β0 6= 0, ^T
(D1A − K)β0β

′
0(D1A − K)′ = c2(DA − K)β0β

′
0(DA − K)′ 6= (DA − K)β0β

′
0(DA − K)′.#F3�SU (7) j !�SL� 2 2j8��T D1A−K = c(DA−K), |c| ≤ 1, ^9DJ (B, σ2) ∈ Θ, T

R(D1Y F, B, σ2) = σ2tr(F ′F )D1V D′
1 + (D1A − K)BLL′B′(D1A − K)′

= σ2tr(F ′F )D1V D′
1 + c2(DA − K)BLL′B′(DA − K)′

≤ σ2tr(F ′F )DV D′ + (DA − K)BLL′B′(DA − K)′

= R(DY F, B, σ2)._ (6) j !�5e�^T R(D1Y F, 0, 1)−R(DY F, 0, 1) 6= 0; _ (6) j !5e��T
|c| < 1. Q β1 6= 0, i1 (DA − K)β1 6= 0. ) B0 = (β1, · · · , 0), L = (l1, · · · , lk)′, l1 6= 0, ^T

lim
σ2→0

R(D1Y F, B0, σ
2) = (D1A − K)β1β

′
1(D1A − K)′ · l′1l1

= c2(DA − K)β1β
′
1(DA − K)′ · l′1l1

≤ lim
σ2→0

R(DY F, B0, σ
2).'g�+[ (B0, σ

2
0), i1 R(D1Y F, B0, σ

2
0) − R(DY F, B0, σ

2
0) 6= 0. K' D1Y F �DqRU

DY F .: 1 L� 3 2j8�8� (7) j5~U D1A − K = c(DA − K), |c| ≤ 1.�/#3:.
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X = Aβ + ǫ,

E(ǫ) = 0,

Cov(ǫ) = σ2 · V

(8)f�eyd
L(d(X), Kβ) = (d(X) − Kβ)(d(X) − Kβ)′, (9)Dt A, V 
:. (1) fyddq (2) �2 A, V , β f σ2 
�k�q�{J/ (6),(7) #jIl[#3:. (X, Aβ, σ2V, V ≥ 0) �� Kβ 2Sw D1Y DqRU DY 2#�����hL� 1, �5�G1/
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PC′F = F, (10)

DX ∼ Kβ. (11)d�ze DX ∼ Kβ �k[:. (8) fyddq (9) ��[E(#3Sw�t� DX l Kβ2�[9Sw�S
 [7] t27� 3.1 [I1/	� 1 [:. (1) fyddq (2) �� DY F
HL1∼ KBL 2#���


(i) PC′F = F, DV = DPAV ;

(ii) DA = K p
 DA 6= K,9XJ a ∈ (0, 1),T g(a, D) = DAHA′D′−KHK ′+a(DA−

K)H(DA−K)′ ≥ 0 � !�Dt PA = A(A′T +A)+A′T +, H = (A′T +A)+ − I, T = V + AA′.: 2 _ C = F = L = I, �1;Z:. (Y, XB, σ2 ·Σ⊗ V ) � DY ∼ SB 2#����
3 L1 8�(+��-��1� 5 9XJ2 DY F + M ∈ L1, DY PC′F + MPL′ ∈ L1, K9DJ (B, σ2) ∈ Θ, T

R(DY F + M, B, σ2) = R(DY F, B, σ2) + MM ′ + (DA − K)BLM ′ + ML′B′(DA − K)′

≥ R(DY PC′F + MPL′ , B, σ2)

= R(DY PC′F, B, σ2) + MPL′M ′ + (DA − K)BLM ′

+ML′B′(DA − K)′,K5e !2#���

PC′F = F KM = MPL′ . (12)1� 6 b S, G F�
 t × q, k × t ��e�z H = SBG + G′B′S′, ^+[ q × k ��e B 6= 0, i1 H 6= 0 2#���l S 6= 0 K G 6= 0 .6 ��3�U��j#F3�o7j8+[ B0 6= 0, i1 SBG C>9�ev��SU St×q = (s1, · · · , st)

′ 6= 0, Gk×t = (g1, · · · , gt) 6= 0, _+[ i, i1 si 6= 0, gi 6= 0, Q
B0 = si · g

′
i 6= 0, ^T e′iSB0Gei = e′iS · (sig

′
i) · Gei = s′isi · g

′
igi 6= 0. _I��+[ i 6= j, i1 si 6= 0, gj 6= 0 K sj = 0, gi = 0, Q B0 = si · g

′
j 6= 0, ^T e′iSB0Gej = e′iS · (sig

′
j) · Gej =

s′isi · g
′
jgj 6= 0, e′jSB0Gei = e′jS · (sig

′
j) · Gei = s′jsi · g

′
jgi = 0. vT e′iSB0Gej 6= −e′jSB0Gei,V SBG C>9��1� 7 b DA = K, ^ DY F + M

L1∼ KBL 2#���l PC′F = F, DV = DPAV K
M = 0.'L�2j8l[I2�0�1� 8 b DA 6= K, ^ DY F + M

L1∼ KBL 2#���l
PC′F = F K M = MPL′ ; (13)

DY F
HL1∼ KBL. (14)6 SL� 5, �� (13) l��2�V[ (13) j !2L���j8

DY F + M
L1∼ KBL ⇐⇒ DY F

HL1∼ KBL.



No.3 *M5�_�N#:.m℄�q#3Sw2�[93 611��3Ij�oj#F3�_9DJ (B, σ2) ∈ Θ, T
R(D1Y PC′F1 + M1, B, σ2)

= σ2tr(L′(CC′)−L)D1V D′
1 + (D1A − K)BLL′B′(D1A − K)′

+(D1A − K)BLM ′
1 + M1L

′B′(D1A − K)′ + M1M
′
1

≤ R(DY F + M, B, σ2)

= σ2tr(L′(CC′)−L)DV D′ + (DA − K)BLL′B′(DA − K)′

+(DA − K)BLM ′ + ML′B′(DA − K)′ + MPL′M ′, (15)^�T D1V D′
1 ≤ DV D′, K9XJ q × k ��e B, T
(D1A − K)BLL′B′(D1A − K)′ ≤ (DA − K)BLL′B′(DA − K)′.SL� 2, D1A − K = c(DA − K), |c| ≤ 1, ^T

R(D1Y PC′F1, B, σ2) = σ2tr(L′(CC′)−L)D1V D′
1 + c2(DA − K)BLL′B′(DA − K)′

≤ σ2tr(L′(CC′)−L)DV D′ + (DA − K)BLL′B′(DA − K)′

= R(DY F, B, σ2).- DY F
HL1∼ KBL, ^�T D1V D′

1 = DV D′ K |c| = 1.�6oj c = 1 2L1� c = −1 2L1��u�2�
R∗(B, σ2)

△
= R(D1Y PC′F1 + M1, B, σ2) − R(DY F + M, B, σ2)

= (DA − K)BL(M1 − M)′ + (M1 − M)L′B′(DA − K)′

+M1M
′
1 − MPL′M. (16)F#wL�}1�

(i) LM ′
1 6= LM ′, v L(M1 − M)′ 6= 0, SL� 6, +[ B0, i1

J
△
= (DA − K)B0L(M1 − M)′ + (M1 − M)L′B′

0(DA − K)′ 6= 0.{J/ J 
9�e�V�T αt×1 6= 0, i1 α′Jα 6= 0, 'g_ α′Jα > 0, Q B = mB0; _
α′Jα < 0, Q B = −mB0, ^ α′R∗(B, σ2)α → +∞ (m → +∞), dW (15) j4:�

(ii) LM ′
1 = LM ′, 5~6 PL′M ′

1 = PL′M ′. _ PL′M ′ = 0, ^�T M1 = 0, I^
R∗(B, σ2) = M1M

′
1 ≥ 0 W (15) j4:�<'g

R(D1Y PC′F1 + M1, B, σ2) ≡ R(DY F + M, B, σ2)._ PL′M ′ 6= 0, SU PL′M ′
1 = PL′M ′, ^T M ′

1 = P−

L′PL′M ′, {J/ PL′ 
�Oe�+[i�e Q, i1
PL′ = Q





Ir 0

0 0



Q′, P−

L′ = Q





Ir N1

N2 N



Q′, r = rk(L),
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n.�q2�e�[Iwv
R∗(B, σ2) = M1M

′
1 − MPL′M ′ = M(P−

L′PL′)′(P−

L′PL′)M ′ − MPL′M ′

= MQ





N ′
2N2 0

0 0



Q′M ′ ≥ 0.�U_ N2 6= 0, ^W (15) j4:	<. N2 = 0 g�T
R(D1Y PC′F1 + M1, B, σ2) ≡ R(DY F + M, B, σ2).	� 2 [:. (1) fyddq (2) �� DY F + M

L1∼ KBL 2#���l
(i) PC′F = F, DV = DPAV ;

(ii) DA = K, M = 0 p
 DA 6= K, M = MPL′ , K9XJ a ∈ (0, 1), T
g(a, D) = DAHA′D′ − KHK ′ + a(DA − K)H(DA − K)′ ≥ 0� !�: 3 _ C = F = L = I, �1/;Z:. (Y, XB, σ2 · Σ ⊗ V ) �� DY + M ∼ SB 2#������6�Q C = F = L = 1, �G1/
 [8] t27� 1.: 4 d�2j8A=�l%_�N#:.W#3:.�CE(SwWE(Swl��[932"��7� 1 W
 [7], [2] 1j`�SDq�<7� 2 W
 [8], [2] q�Dq�ol_|%�� M = MPL′ , dD��ix� [2]. [Ik0�_ L′ '3s�'��l�82	<. L′ 23sg���}U3��dg2�a1j`�"Dq�� � " %
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Admissibility for Linear Estimators of the Regression Coefficients

in the Growth Curve Model

1Liu Gang 2Zhang Shangli
(1School of Information, Renming University of China, Beijing 100872;

2School of Science, Beijing Jiaotong University, Beijing 100044)

Abstract: In this paper, the admissibility for linear estimators of regression coefficients in the

general growth curve model is discussed. Under the matrix loss function (d(Y )−KBL)(d(Y )−

KBL)′, some necessary and sufficient conditions for linear estimators to be admissible are

obtained, which extend some results in literature.
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