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ABSTRACT It is of engineering interest to establish a constitutive model which includes the equa-
tions describing the phase transformation and mechanical behaviors of shape memory alloys (SMA)
in pure shear state. In this study, such a shape memory evolution equation is established using the
shape memory factor and Brinson’s relationship of phase transformation critical stress and temper-
ature. A mechanical constitutive equation is also developed from 3D micro–mechanical constitutive
equation based on the assumption that SMA is isotropic material to express the mechanical behaviors
of SMA in pure shear state. All material constants in the shape memory evolution equation and me-
chanical constitutive equation can be determined through macroscopic experiments, so that they are
more easily used in practical applications. Numerical simulation results show that this shape memory
evolution equation could simulate truly the processes of phase transformations in austenite, twinned
and detwinned martensites, and the mechanical constitutive equation could predict reasonably the
mechanical behaviors of SMA in pure shear state.
KEY WORDS shape memory alloy, pure shear state, shape memory evolution equation,

mechanical constitutive equation
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�1180 s���~�	 ℄ 45 �wbN�/v (SMA)�bd3W4N{,wbNN�n��")W�8{,�Rz{, ;
8
PRTS5��! [1]. SMA W��It��D�b�yK,&�yKWq8. 1986U, Tanaka[2]  ! Fe V/v?�7_�W�Mw*b&q8, CQ-M"t�q8, ��u&�A�a�, d#-�M>+t��q8. 1990 U,

Liang , Rogers[3] �<-+\t�q8, U� SMAWN{I+K1", TS-�Mp+t��q8. 1994U,

Boyd , Lagoudas[4] )! Tanaka �q8, e SMAh��tnKN{������,u[B��, d#-
SMA }M��It. 1993 U, Sun , Hwang[5] )!
Tanaka �q8, A)X�&��#�Ru&�,gHm�R�COWtS, i)\n�- SMA ;w�s�!S7ZW4N{,wbN�n�W2�^k,X�CO,d#- SMA }M��It; Brinson[6] e SMA ?�77Dt"t5Of&m,�&&m*$t, ; Liang �q8A?��<- Brinson �q8, �d#-�M��q8. 2001 U, Peng Y [7] )! Tanaka �q8, ��
SMARl5Fb;#?Of,�&#^ZWb.�8,d#- SMA }M��It; X �Y [8]  ! Tanaka�q8, d#- SMA }M��It, �=;#?�;`Z SMA �;y��W�F�. 2002 U, Brocca Y [9])! Brinson�q8,  !H^B�=d#-��PD� SMAE<|?�7js<|?�7_�W SMA }M��It. 2004 U, �%1Y [10] )! Tanaka �q8,U� SMA #?�7,��7b.l5, byK�*�gyKWb.l/, )!}^${�=, d#- SMA}M��It. 2003 U, ���Y [11] ;}a{uN{�ItWA?�, �8��:g�k&W�f, d#-
SMA �M:��q8. 2006 U, Zhou , Yoon[12];.~Du+tS (DSC) 
	A?�, d#-��}gt�q8, �8-�uLOfg SMA �yKW�f. ����q8, > Brinson�q8E, #PD� SMA E<|?�7js<|?�7_�W�!8.?U, ea
o [13] Ra�-wbN��eW~W, � !bD�- SMA wbN�n�,4N{Wu&�!8;d#-P$nD� SMA m�;��7�<|?�7,s<|?�7IWW�!8WwbN��8q8, �v-
Tanaka �q8, Liang �q8#PD� SMA E<|?�7js<|?�7_�W�!8W�_{; e
SMA W��tnKN{���wbN���,u[B��, d#-}M��q8.�����It
P$n\D� SMA ;�Mb.ZW�yK,&�yK, K�!�)�M�&b.ZW
SMA Aob1`5�-SÆW�=A?, ;
PR�TS-5�W�! [14,15]. ��}M��It's;�=�P�D�y5�&b.Z SMA W�yK,&�yK,

Ly5b.Z SMA W'0*"M�=T, ;
P�!R�x_)D��M�&b.Z SMA W�yK,&�yK. SMA X_ob�Jj5�X_�w,X�, ;$t50��8J_C�
^X_�O, �$��W�!e~, zU����℄ [16]. SMA X_ob._C�$iIWP+Af, ��5���WX�, ��;�y5h1W9�Z
^ob, �im�YK, �Oq�, G7�{�. �)C\hb.W SMA X_�� SMA X_obWZÆ$`, d#�)C\hb.Z SMA W��It, PK�O,�K SMA X_ob5��=A?,I�*�, �$
8
P��. ��� !wbN��eW~W, d#-D�C\hb.Z SMA �yKWwbN��8q8. ;U� SMA K�j?{'0, !}MX�&���q8We5Z, CQ-C\hb.Z SMA W&���q8. +d#WwbN��8q8,&���q8RW'01"
��=!2�
	�-a, �)
8
PRW�!. "LK&m��F, +d#WwbN��8q8P$nD�C\hb.Z SMA m�;��7�<|?�7,s<|?�7WW�yK, &���q8�9^wbN�n�,4N{Wu&�!8.

1 &2
+)	�{~Æ�;ea
o [13] R, a�-wbN��e~W, GwbN��e�D� SMA
^4N{,wbN�n�u&�!8WN�+, bLW�8oIK 0 S 1 IW. SMA
^4N{>wbN�n���*�!8: wbN��e>S — /�wbN���,wbN��efZ — ;ywbN���. wbN��e η .?�77Dt" ξ W�VK
ξ = ξ0 + (1 − ξ0)η (1)�R, ξ0 K?�77Dt"W;�L. wbN��8q8�D�wbN��e; SMA#��7><|?�7js<|?�7_�!8, SMA#s<|?�7j��7_�!8RW�8�9. wbN��e;"L�Y) SMARs<|?�77Dt".q^ Brinson[6] W
o, e SMA W�4p�&,OfWW�Vma, D�KA 1 +W�V. AR, Ms, Mf t�K?�7��Of,?�7m Of; As ,

Af t�K��7��Of,��7m Of; σc
s , σc

f , CA, CM Kn��4p�&,OfW�VW'01"; A,

PZ, TM , DM t�J���7�${nvk�<|?�7,s<|?�7; 0p� T KOf; ip� σe KYn�&, i σe ,\�&A+ σ′

ij t��j
σe =

(3

2
σ′

ijσ
′

ij

)1/2

(2a)

σ′

ij = σij −
1

3
σkk (2b)
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Fig.1 Relationship of phase transition critical stress and

temperature (A, TM, DM and PZ stand for austen-

ite, twinned martensite, detwinned martensite and

plasticity zone, respectively)�R, σij K�&A+, σkk K�&A+W(�.U�wbN��e.Yn�&,OfW�VKa{�V, =���4p�&.OfW�V (A 1), ��TS SMA ;C\hb.ZWwbN��8q8. ;S7!8R, SMA m�#��7><|?�7js<|?�7_�W�, wbN��e.Yn�&,OfW�VK
η = ηl0 + (1 − ηl0)

σe − σMs

σMf
− σMs

(3a)�R, ηl0 KwbN��eWS7;L; σMs
, σMf

t�K?�7���&,?�7m �&, it��j
σMs

=







σc
s (T ≤ Ms)

σc
s + CM(T − Ms) (T > Ms)

(3b),
σMf

=







σc
f (T ≤ Ms)

σc
f + CM(T − Ms) (T > Ms)

(3c);q7!8R, SMA m�#s<|?�7j��7_�W�, wbN��e.Yn�&FOfW�VK
η = ηu0

σe − σAf

σAs
− σAf

(4a)�R, ηu0 KwbN��eWq7;L; σAs
, σAf

t�K��7���&,��7m �&, bR
σAs

= CA(T − As) (T > As) (4b),
σAf

= CA(T − Af) (T > Af) (4c)

��� (2) , (3), �TC\hb.Z SMA ;S7!8R, wbN��e.\�&FOfW�VK
η = ηl0 + (1 − ηl0)

τ − τMs

τMf
− τMs

(5a)�R, τMs
, τMf

t�K?�7���,m W\�&, bR
τMs

=

√

2

3







σc
s (T ≤ Ms)

σc
s + CM(T − Ms) (T > Ms)

(5b),
τMf

=

√

2

3







σc
f (T ≤ Ms)

σc
f + CM(T − Ms) (T > Ms)

(5c)�R, σc
s , σc

f t�K���,m W4p�&. ��� (2) , (4), �TC\hb.Z SMA ;q7!8R, wbN��e.\�&,OfW�VK
η = ηu0

τ − τAf

τAs
− τAf

(5d)�R, τAs
, τAf

t�K��7��\�&,��7m \�&, bR
τAs

=

√

2

3
CA(T − As) (T > As) (5e),

τAf
=

√

2

3
CA(T − Af) (T > Af) (5f)� (5a)—(5f) �5-D�C\hb.Z SMA �yKWwbN��8q8. zq8P$nD�C\hb.Z SMA m�;��7�<|?�7,s<|?�7WW�!8R, wbN��e.\�&,OfW�V.

2 �(s��{~!};ea
o [13] R, e SMA W��tnKN{���wbN���,u[B��, d#- SMA }MX�&���q8. ����W��, �e�� εij D�K�& σij . η , T W&"
εij = Sijklσkl +

3

2
εl,max

σ′

ij

σe
η + αij(T − T0) (6)�R, Sijkl K{fV" (bR, Z� i, j, k , l J�p�V#?Wqj); αij Ku[BV"; '01" εl,max KmI++��; Y�%�W}ht�KN{���wbN���,u[B��. eA+w�W��q8 (� (6)) |o
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(T − T0)

(7)�R, γij=2εij K
8\��, τij=2σij K\�&.U� SMA K�j?{'0, =� (7) ��K
{ε11, ε22, ε33, γ23, γ31, γ12}

T =
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−νE−1 E−1 −νE−1 0 0 0

−νE−1 −νE−1 E−1 0 0 0

0 0 0 G−1 0 0

0 0 0 0 G−1 0

0 0 0 0 0 G−1



























·



















































σ11

σ22

σ33

τ23

τ31

τ12



















































+
3

2

εl,maxη

σe



















































σ′

11

σ′

22

σ′

33

τ23

τ31

τ12



















































+



















































α

α

α

0

0

0



















































(T − T0)

(8)�R, E , ν t�K SMA N{I+, Poisson �,

G = E/[2(1 + ν)] K\hN{I+, α Ku[BV".g)C\hb. (τ12 = τ , b,�&t+K 0), � (8) D8K
γ =

τ

G
+

√

3

2
εl,maxη (9)�R, γ = γ12 (bR, Z� 1, 2 J�p�VW#?qj).

SMA W\hN{I+
G(ξ) = GA + (GM − GA)ξ (10)

�R, GA , GM t�K SMA ;C��7,C?�7b.ZW\hN{I+, 
��=!X_
	-a.g�)J�;�b., � (9) ��K
γ0 =

τ0

G0
+

√

3

2
εl,maxη0 (11)��� (9) , (11), �TC\hb.Z SMA W&���q8

γ − γ0 =
τ

G
−

τ0

G0
+

√

3

2
εl,max(η − η0) (12)wbN��8q8 (� (5a)—(5f)) ,&���q8

(� (12)) �5 SMA C\h��It. z��ItP$n\D��)C\hb.Z SMAW�yK,b
^wbN�n�,4N{Wu&�!8, �K�O,�K SMAX_ob1`5��=A?,I�*�.

3 �$0w�z�~y�C\hb.Z SMAWwbN��8q8 (� (5a)—

(5f)) ,&���q8 (� (12)) RW'0*", ��Q�&b.ZW�4pOf��4p�&.OfW�V1",\hN{I+. Q�&b.ZW�4pOf, ��?�7��Of Ms, ?�7m Of Mf , ��7��Of As �F��7m Of Af , ��=! DSC 
	�-a [14]. �4p�&.OfW�V1", �� CM, CA,

σc
s , σc

f , ��=!��
	-a [6]. \hN{I+, ����7\hN{I+ GA ,?�7\hN{I+ GM,��=!�)C��7>C?�7b.Z SMA ��2�X_
	-a, ��'0&� [17], GA > GM K&K
G =

4L

πD3δ
·
Mt2 − Mt1

ϕ2 − ϕ1
(13)�R, G J� GA > GM; L, D , δ t�K��2�W-�2f�E�,�3; Mt1 , Mt2 KN{oIN*�X�; ϕ1 , ϕ2 KN{oIN*�gX_g.

4 �/���!C\hb.Z SMA wbN��8q8 (�
(5a)—(5f)) ,&���q8 (� (12)), gC\hb.Z
SMA W�yKFb
^wbN�n�,4N{Wu&�!8yy-"LIQK&. "LK&R SMA W'01"K: Mf=301.24 K, Ms=312.35 K, As =324.75 K,

Af=345.05 K, GM=11.42 GPa, GA=15.02 GPa,

CM=8.00 MPa/K, CA=13.80 MPa/K, σc
s=100 MPa,

σc
f =170 MPa, εl,max=7%.A 2 KwbN��8q8 (� (5a)—(5f)) D�W#?OfZ SMA wbN��e – \�&ma. A 2a K

300, 315 , 320 K �WwbN��e – \�&ma. ;OfK 300 K (< Mf) �, SMA W;�b.K<|?
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 2 SMA :">NeYVvaM��d – [�%l`
Fig.2 Shape memory factor–shear stress curves of SMA at

different temperatures

(a) 300, 315 and 320 K (b) 340, 350 and 360 K�7; ;OfK 315 , 320 K (; Ms —As IW) �,

SMA W;�b.K��7. ;S7!8RO\�&FS?�7��\�&�, SMA ��#<|?�7>��7js<|?�7_�, wbN��e# 0 ��Ya>S;O\�&FS?�7m \�&�, SMA Fp_�Ks<|?�7,wbN��e>SS 1. ;q7!8R, SMA#m��; q7m 5 SMA xKs<|?�7, wbN��eY) 1. A 2b KOfK 340, 350 , 360 K �WwbN��e – \�&ma, SMA W;�b.K��7. ;S7!8R, O\�&#?�7��\�&Ya>SS?�7m \�&�, SMA #��7Ya_�Ks<|?�7, wbN��e# 0 Ya>SS 1. ;q7!8R, O\�&fZS��7��\�&�, SMA ��#s<|?�7j��7_�, wbN��e��# 1 Ya℄l. ;OfK 350 , 360 K (> Af) �, O\�&fZS��7m \�&�, SMA Fp_�K��7, wbN��e℄lS 0; q7m �, SMA xK��7, wbN��eY) 0. ;OfK 340 K (; As—Af IW) iq7m �, SMA �K��7,s<|?�7W</7,wbN��eY) 0.29.A 3K&���q8 (� (12)) ,wbN��8q8
(� (5a)—(5f)) D�W#?OfZ SMA W\�& – \
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Fig.3 Shear stress–shear strain curves for SMA at different

temperatures

(a) 300, 315 and 320 K (b) 340, 350 and 360 K��ma. A 3a =; 300, 315 , 320 K �W\�& –\��ma. ; 300 K (< Mf) �, SMA W;�b.K<|?�7; ; 315 , 320 K (; Ms— As IW) �, SMAW;�b.K��7. ;S7!8R, SMA �[�^KaN{yK, O\�&FS?�7��\�&�, wbN��e,wbN�\����# 0 Ya>S; O\�&FS?�7m \�&�, wbN��e,wbN�\��>SSmIL; O\�&I)?�7m \�&�, SMA'�^KaN{yK. ;q7!8R, SMA #m��,�^KaN{yK; q75wbN�\��_�K++��, OSuOfI) Af �, ++��Fp;y, SMA �^KwbN�n�. A 3b =; 340, 350 , 360 K �W\�& – \��ma, SMA W;�b.K��7. ;S7!8R, SMA �[�^KaN{yK. O\�&#?�7��\�&Ya>SS?�7m \�&�, wbN��e,wbN�\��# 0 Ya>SSmIL; O\�&I)?�7m \�&�, SMA '�^KaN{yK. ;q7!8R, SMA �[�^KaN{yK. O\�&fZS��7��\�&�, wbN��e,wbN�\����Ya℄l. ; 350 , 360 K (> Af) i\�&fZS��7m \�&�, wbN��e,wbN�\��℄lS 0; q75Q++��, SMA �^K4N{.



�1184 s���~�	 ℄ 45 �; 340 K (; As—Af IW) iq7m �, wbN��e℄lS 0.29, wbN�\��℄lS 0.024, �_�K++��, SMA �^K$t4N{. �_, �&���q8�KE��O,�K SMA X_ob1`W��
oD5��=A?,I�*�.

5 �� !wbN��eW~W, d#-D�C\hb.Z
SMA �yKWwbN��8q8. e SMA U�K�j?{'0,  ! SMA }MX�&���q8, CQ-C\hb.Z SMA &���q8. +d#WwbN��8q8,&���q8RW'01"
�=!2�
	-a, �D, �)
8�!. "LK&m��F, +d#WwbN��8q8P$n\D�C\hb.Z SMA m�;<|?�7�s<|?�7,��7WW�yK,&���q8P$n\9^wbN�n�,4N{Wu&�!8.x�"#
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