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Us ing the stan dard k-e tur bu lence model, an in com press ible, axisymmetric
tur bu lent flow with a sud den ex pan sion was sim u lated. Ef fect of Prandtl
num ber on heat trans fer char ac ter is tics down stream of the ex pan sion was
in ves ti gated. The sim u la tion re vealed cir cu la tion down stream of the ex pan -
sion. A sec ond ary cir cu la tion (cor ner eddy) was also pre dicted. Reat-
tachment was pre dicted at ap prox i mately 10 step heights. Cor re spond ing to 
Prandtl num ber of 7.0, a peak Nusselt number 13 times the fully-de vel oped
value was pre dicted. The ra tio of peak to fully-de vel oped Nusselt num ber
was shown to de crease with de creas ing Prandtl num ber. Lo ca tion of max i -
mum Nusselt num ber was in sen si tive to Prandtl num ber. 
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In tro duc tion

The axisymmetric sud den ex pan sion flow is en coun tered in nu mer ous ap pli ca -
tions, in clud ing or i fices, burn ers, and in dus trial duct and pipe sys tems. From a fun da -
men tal point of view, it is one the most pop u lar flows in volv ing sep a ra tion and
reattachment. Many stud ies have been con ducted to ex am ine phys ics of the flow. For ex -
am ple, it has been shown that with in creas ing ex pan sion ra tio, tur bu lence in ten sity down -
stream of the ex pan sion in creases and the reattachment length moves down stream of the
ex pan sion [1]. So [2] has re ported that in let Reynolds num ber has lit tle or no ef fect on
reattachment length. Shahnam and Mor ris [3] have re ported that a de crease in the ex pan -
sion ra tio in creases the cir cu la tion re gion. La ser-Dopp ler velocymeter (LDV) mea sure -
ments of Durrett et al. [4] have clearly iden ti fied a weak sec ond ary recirculation zone
(cor ner eddy).

As per tain ing to the heat trans fer as pect of the flow, the ex per i men tal work of
Baughn et al. [5] has shown that the lo cal Nusselt num ber in the sep a rated, re at tached,
and re de vel op ment re gions were up to 9 times higher than those for fully-de vel oped
flows in pipes hav ing the same di am e ter as the pipe down stream. Max i mum and av er age
heat trans fer en hance ments were shown to in crease strongly with de creas ing ex pan sion
ra tio. Lo ca tion of the max i mum Nusselt num ber moved down stream as the ex pan sion ra -
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tio in creased, and un like max i mum nor mal ized tur bu lence in ten sity, which was in sen si -
tive to Reynolds num ber, the peak val ues of Nusselt num ber cor re lated fairly well with
the Reynolds num ber based on the up stream pipe di am e ter ir re spec tive of the ex pan sion
ra tio. For a given ex pan sion ra tio, they re ported that the ra tio of peak to fully-de vel oped
Nusselt num ber de creases as the Reynolds num ber in creases. They also re ported that a
min i mum Nusselt num ber takes place around one step height down stream of the ex pan -
sion for ex pan sion ra tios be low 0.5, sug gest ing the pres ence of a sec ond ary cir cu la tion.

Said et al. [6] have nu mer i cally in ves ti gated flow and heat trans fer char ac ter is -
tics of pul sat ing flow down stream of an abrupt ex pan sion for dif fer ent fre quen cies (5 to
35 Hz), Reynolds num bers (5 and 10·105), ex pan sion ra tios (0.2 and 0.6), and Prandtl
num bers (0.7 and 7.0). They re ported that the in flu ence of pul sa tion on the time-av er aged 
Nusselt num ber is in sig nif i cant for flu ids hav ing a Prandtl num ber less than unity, while
the in crease is around 30% for flu ids hav ing a Prandtl num ber greater than unity. For all
pul sat ing fre quen cies, the vari a tion in the time-av er aged Nusselt num ber, max i mum
Nusselt num ber, and its lo ca tion with Reynolds num ber and di am e ter ra tio ex hibit sim i lar 
char ac ter is tics to steady flows.

Ev i dently, the axisymmetric sud den ex pan sion flow has been re ceiv ing much at -
ten tion. None the less, there still re main some as pects of the flow, in par tic u lar, the heat
trans fer as pect that needs to be in ves ti gated. For ex am ple, no work has been re ported on
the ef fect of Prandtl num ber on heat trans fer char ac ter is tics down stream of the ex pan sion
over a wide range. In this work, there fore, ex per i ment of Baughn et al. [5] was nu mer i -
cally ex tended to study such ef fect. An in com press ible, axisymmetric, steady tur bu lent

flow with a sud den ex pan sion
was sim u lated. Prandtl num -
bers in the range be tween 0.2
and 7.0 were in ves ti gated.
The wall heat flux was fixed at 
0.3 W/m2, the ex pan sion ra tio
(d/D) was 0.4, and the
Reynolds num ber was 40,750. 
Fully-de vel oped con di tions
were in voked prior to ex pan -
sion. Sche matic of the sud den
ex pan sion is shown in fig. 1.

The math e mat i cal model

The math e mat i cal model con sisted of the fol low ing steady Reynolds-av er aged
con ser va tion equa tions in Car te sian ten sor form.

Con ti nu ity equa tion
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Fig ure 1. Sche matic of the axisymmetric sud den
expanison



Mo men tum equa tions
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For the Reynolds stresses, the Boussinesq hy poth e sis [7] was in voked:
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En ergy equa tion
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Tur bu lence model

The stan dard k-e tur bu lence model [8] was used. The model is well suited for
high Reynolds num ber in ter nal flows and has been val i dated for many in dus trial
flows.
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Pro duc tion of tur bu lence ki netic en ergy is given by:
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And the Eddy vis cos ity is:

m r
e

mt = C
k 2

(8)

Wall treat ment

The non-equi lib rium wall func tion by Kim and Choudhury [9] was im ple -
mented. For more de tails, the reader is re ferred to Flu ent 6.2 user guide.
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The nu mer i cal pro ce dure

Flu ent 6.2 was used as the solver. The struc tured grid was built us ing Gam bit
2.0. The mesh con sisted of ap prox i mately 30,000 struc tured cells. The sim u la tion was
car ried out us ing SIMPLE [10] and sec ond-or der schemes. The linearized equa tions were 
solved us ing Gauss-Seidel method, in con junc tion with an al ge braic Multigrid scheme
[11]. Due to small over all tem per a ture changes in the fluid, prop er ties were as sumed con -
stant. The heat trans fer co ef fi cient was cal cu lated us ing the bulk tem per a ture as de fined
in ex per i ment of Baughn et al. [5]. 

Un cer tainty anal y sis

There are mainly two sources of un cer tainty in Com puter fluid dinamics,
namely mod el ing and nu mer i cal [12]. Mod el ing un cer tainty is ap prox i mated through ex -
per i men tal val i da tion while nu mer i cal un cer tainty can be ap prox i mated through grid in -
de pend ence. Nu mer i cal un cer tainty has two main sources, namely trun ca tion and
round-off er rors. Higher or der schemes have less trun ca tion er ror, and as was out lined
ear lier, the discretization schemes in voked were sec ond-or der. In ex plicit schemes,
round-off er ror in creases with in creas ing it er a tions, and is re duced by in creas ing sig nif i -
cant dig its (ma chine pre ci sion). How ever, hav ing used Gauss-Seidel it er a tive pro ce dure
in a steady-state sim u la tion ren ders the cal cu la tion in sen si tive to round-off error.

A com par i son be tween the cur rent sim u la tion and ex per i ment of Baughn et al.
[5] is de picted in fig. 2. Here, the Nusselt num ber has been nor mal ized by the fully-de vel -

oped value ob tained us ing Dit-
tus-Boelter cor re la tion [13]. This
nor mal iza tion was used in the ex -
per i ment of Baughn et al., and is
in tended to com pare the lo cal
Nusselt num ber in pres ence of ex -
pan sion with that of a fully-de vel -
oped straight pipe. The nu mer i cal
pre dic tion with 30,000 cells is in
good agree ment with ex per i men tal
data which was re ported with an er -
ror of ±5%. There fore, we as sume
the mod el ing un cer tainty to be
±5%. The nu mer i cal er ror is ap -
prox i mated by the dif fer ence be -
tween 20,000 and 30,000 cells,
which is about 2%. Hence, we con -
clude that the over all un cer tainty is
de ter mined by the mod el ing un cer -
tainty of ±5%.
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Fig ure 2. Nor mal ized Nusselt num ber



Re sults and dis cus sion

Dis tri bu tion of the nor mal -
ized tur bu lence ki netic en ergy
near the wall, along with the fric -
tion co ef fi cient is de picted in fig.
3. For in com press ible flows, flow 
pa ram e ters are in de pend ent of the 
Prandtl num ber. Hence, only one
case is shown here,  namely Pr =
= 0.7. Max i mum tur bu lence ki -
netic en ergy is shown to oc cur at
7 H (step height) down stream of
the ex pan sion, whereas reat-
tachment is around 10 H. Max i -
mum fric tion co ef fi cient is shown 
to take place at 4 H, which is be -
fore max i mum tur bu lence, sug -
gest ing that tur bu lence is not the
ma jor con trib u tor to shear stress
in the cir cu la tion re gion.

Nusselt num ber dis tri bu tion
down stream of the ex pan sion is de picted in fig. 4. In clud ing the ex per i men tal data of
Baughn et al. [5] for air, the pro files cover Prandtl num ber range from 0.2 to 7.0. Nusselt
num ber pro files are shown to in -
crease with in creas ing Prandtl
num ber. For Pr = 0.7, max i mum
Nusselt num ber takes place
around 7.0 H, which is the same
lo ca tion for max i mum tur bu -
lence, sug gest ing that tur bu lence 
plays a ma jor role in en hanc ing
heat trans fer. The ra tio of peak to 
fully-de vel oped Nusselt num ber
is pre dicted to de crease with de -
creas ing Prandtl num ber. This is
due to in creas ing con duc tion
role rel a tive to tur bu lence and
mean flow con vec tion.

The stream lines down stream
of the ex pan sion are de picted in
fig. 5. Man i fested in closer
stream line spac ing, ve loc i ties
are rel a tively higher at the be gin -
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Fig ure 3. Dis tri bu tion of the nor mal ized tur bu lence
ki netic en ergy near the wall, along with the fric tion
co ef fi cient down stream of the ex pan sion

Fig ure 4. Nusselt num ber dis tri bu tion down stream of
the expanison



ning of ex pan sion, while they de crease to ward the sep a rated re gion where the stream lines 
are far apart. Cir cu la tion is shown to ex pand well into the large pipe. By en train ing main -
stream into the bound ary layer, cir cu la tion en hances mix ing, and hence heat trans fer
down stream of the ex pan sion. While a sec ond ary cir cu la tion (cor ner eddy) has been pre -
dicted in this sim u la tion, the min i mum Nusselt num ber at the cor ner re ported by Baughn
et al. [5] has not been re solved. This sug gests that a finer mesh maybe needed to re solve
the sec ond ary cir cu la tion more ac cu rately, for which one would need to re sort to
higher-or der tur bu lence mod els.

Con clu sions

Us ing the stan dard k-e tur bu lence model with a non-equi lib rium wall func tion,
an in com press ible, axisymmetric tur bu lent flow with a sud den ex pan sion was sim u lated.
Ef fect of Prandtl num ber on heat trans fer char ac ter is tics down stream of the ex pan sion
was in ves ti gated. The sim u la tion re vealed cir cu la tion down stream of the ex pan sion. A
sec ond ary cir cu la tion (cor ner eddy) was also pre dicted. Reattachment was pre dicted
around 10 step heights. The ra tio of peak to fully-de vel oped Nusselt num ber was pre -
dicted to de crease with de creas ing Prandtl num ber. This sim u la tion shows that the stan -
dard k-e tur bu lence model with a non-equi lib rium wall func tion can pre dict av er age flow
and heat trans fer charactersitics in axisymmetric tur bu lent flows with sud den ex pan sions.

No men cla ture

Cf –  fric tion co ef fi cient (= tw/0.5 rU m
2 ), [–]

Cm –  em pir i cal con stant = 0.09
C1e –  em pir i cal con stant = 1.44
C2e –  em pir i cal con stant = 1.92
cp –  spe cific heat at con stant pres sure, [kJkg–1K–1]
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Fig ure 5. Stream lines down stream of the expansion



D –  pipe di am e ter down stream of ex pan sion, [m]
d –  pipe di am e ter up stream of ex pan sion, [m]
E –  spe cific en ergy, [Jkg–1]
H –  step height, [m]
h –  heat trans fer co ef fi cient (= q/(Tw – Tbulk), [Wm–2K–1]
K –  tur bu lence ki netic en ergy, [m2s–2]
k –  fluid ther mal con duc tiv ity, [Wm–1K–1]
kn –  nor mal ized tur bu lence ki netic en ergy (= k/U2m), [–]
NuDB –  Nusselt num ber ob tained by the Dittus-Boelter cor re la tion (= 0.023 Re4/5Pr0.4), [–]
Nux –  lo cal Nusselt num ber (= hD/k), [–]
Pr –  fluid Prandtl num ber, [–]
Prt –  tur bu lent Prandtl num ber (= 0.85), [–]
p –  pres sure of the fluid, [Pa]
q –  heat flux through the wall, [Wm–2]
Re –  Reynolds num ber (= rUmD/m), [–]
T –  temperature, [K]
Tbulk –  (=4xq/Remcp + Tin), [K]
Tin –  in let tem per a ture, [K]
Tw –  wall tem per a ture, [K]
Ui, Uj –  ve loc ity of the fluid, [ms–1]
Um –  area-av er aged ve loc ity down stream of ex pan sion, [ms–1]
xi, xj –  Car te sian co or di nates, [–]

Greek sym bols

dij –  Kronecker delta
e –  tur bu lence dis si pa tion rate, [m2s–3]
m –  dy namic vis cos ity of the fluid, [kgm–1s–1]
mt –  eddy vis cos ity, [kgm–1s–1]
sk,  se –  empirical constants in turbulent model, [–]
r –  den sity of the fluid, [kgm–3]
ru ui j –  Reynolds stresses, [Pa]
tw –  wall shear stress, [Pa]
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