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/

ABSTRACT /

Observations of surface-subsurface frontal separation have inconsistently demonstrated a relationship between
surface-subsurface frontal separation and subsurface-front path curvature. An analytical model of surface-
subsurface frontal separation shows that this separation is modulated by curvature of the path of the subsurface
front, and that the strength of this modulation is approximately proportional to the surface~subsurface froutal
separation. A comparison of the theory with observations shows agreement.

1. Introduction

A major difficulty with the remote sensing of ocean-
ographic phenomena is inferring knowledge of the
subsurface structure of the ocean from surface obser-
vations. For example, the surface front of the Gulf
Stream can usually be sensed using satellite infrared
imagery. However, inferring the path of the Stream
beneath the mixed layer is not straightforward. Ob-
servers have consistently found the separation between
the Stream’s surface front and the path of the 15°C
isotherm at 200 m, the common definition of the sub-
surface front, to be highly variable (Hansen and Maul,
1970; Robinson et al.,, 1974; Horton, 1984a,b). For-
tunately, part of this variability in separation can be
related to curvature in the Stream’s path (Hansen and
Maul, 1970). The observations of Horton (1984a),
which will be examined here in more detail, support
their conclusion. In contrast, later observations (Hor-
ton, 1984b) show no obvious evidence of a relationship
between the path curvature and the surface~-subsurface
frontal separation. Our purpose here is to obtain a re-
lationship between frontal separation and the path
curvature of the Stream for the purpose of understand-
ing why the dependence of surface-subsurface frontal
separation upon path curvature is only intermittently
seen.

2. Discussion

As is well known, the width of the stream tends to
vary from trough to peak as the stream meanders. Ob-
servations shown by Fuglister and Worthington (1951),
Chew (1974), and Newton (1978) among others illus-
trate this effect. The time series of Gulf Stream sections
by Webster (1961) are relevant if the measurements
are interpreted as a spatial series passing a point. Ob-
servations upstream of Cape Hatteras, such as by Bane
et al. (1981) do not necessarily demonstrate a strong

curvature effect. This is because the meander envelope
and, hence the maximum path curvature of the Gulf
Stream are restricted there. Finally, Rossby et al. (1985)
is an excellent recent reference on the general subject.

As Newton (1978) discusses, the changing width of
the stream during meandering arises from the changing
centripital acceleration associated with the stream’s
curvature. Using natural coordinates to describe the
Gulf Stream’s cross-stream momentum balance, the
terms balancing the crass-stream pressure gradient are
v(f+ vK) where K is the Stream’s path curvature and
v is the horizontal current speed. Viewing the cross-
stream momentum balance in this form it is readily
apparent that the centripital accelerations can add or
subtract to the Coriolis parameter. Where the Stream’s
flow is cyclonic the accelerations due to the Coriolis
parameter and the curvature add leading to a narrower
Stream with a steeper cross-stream slope of the sub-
surface fronts. Conversely, where the Stream’s flow is
anticyclonic the accelerations due the Corolis param-
eter and the curvature are of opposite sign leading to
wider Stream with a smaller cross-stream stope of the
subsurface front. .

The derivation for the frontal separation will proceed
in two steps. The first step employs an analytical model
of stable meanders in the stream by Stommel (1972).
The model used has two layers. The upper layer of
depth £ is a constant potential voriticity layer while
the lower layer is at rest. The presence of the mixed
layer is formally ignored, The position of the interface
between the two layers at 200-m depth is the position
of the subsurface front. Likewise, the location of the
surface front is taken to be where the depth /4 vanishes,
In this model the separation between the surface and
subsurface fronts is the depth difference between the
surface and subsurface fronts divided by the average
cross-stream slope of the interface over that depth
range. This is essentially what was done in a model by
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Maul (1975) except that here we will assume that the
Stream’s potential vorticity is the same at meander
troughs and peaks. Maul relaxed this assumption by
requiring that current speeds where & was 200-m depth
be the same at meander troughs and peaks.

While this model predicts that the frontal separation
should be modulated by path curvature, it does not
explain why the curvature effect is only intermittently
seen. The problem with this derivation is that it assumes
that the surface front (which is really the mixed-layer
front) is where the subsurface front outcrops in the
mixed-layer. This is in general not true. That is, the
surface front need lie over the same isopycnal that the
subsurface front is on as is demonstrated by the ob-
served very variable surface-subsurface frontal sepa-
ration. For this reason changes in the horizontal sep-
arations between the isopycnals forming the Gulf
Stream’s fronts need to be considered in addition to
just the changes in the cross-stream slope of these is-
opycnals. This is done in the second part of the deri-
vation.

3. Derivation

As did Stommel (1972), we assume a meridional
current with downstream current speed v having small
amplitude stable meanders. The current is confined to
the upper layer which has depth 4. The momentum
balance describing the current is

ﬁ)+2z—g’%

R ox (1

where

f  the Coriolis parameter

g  the acceleration of gravity

g (=gAp/p)

Ap the density difference between the two layers

Xx  the coordinate to the right of the downstream flow
direction

R theradius of curvature defined such that R is pos-
itive for cyclonic curvature.

Additionally, if it is supposed that potential vorticity
is conserved in the upper layer,

fHov/ox _ f
h h 2)

where A, is the value of 4 at x = oo.
Combining Egs. (1) and (2) we obtain

2 2

where ¢ = (g'hp)"/? and « = f]c. The solution to equation
3is
Ce™™
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The solution for 4 is obtained by substituting the de-
rivative of Eq. (4) into Eq. (2). Doing this gives

— X

e : e—ZuX
[1-(e*/6aR)]* 3aR[1— (e"‘”‘/6aR)]3] ’
(5)

Stommel (1972) solved Eq. (3) using a series solution
which assumed aR to be much greater than one. By
making the same assumption in order to express them
in the form of a Taylor series, Eqs. (4) and (5) yield
Stommel’s series solutions.

Figure 1 plots & versus x using Eq. (5) for several
different curvatures K where K is 1/R. The case with
cyclonic or positive curvatures shows a steeper slope
dh/dx than does the case with anticyclonic or negative
curvature. Note that the depth 4 never vanishes for the
case with the greatest anticyclonic curvature. For this
case the minimum value of % is reached where vK,
which is negative, becomes equal in magnitude to f.
This is consequence of the unrealistically high velocities
which the model predicts, in this case in excess of 4 m
s~! where vK = —f. Let h, be the depth at which the
subsurface front is defined, 200 m, and let 4, be the
depth at which the surface front is defined. If there is
no mixed layer, A, is zero. However, more realistically
there will be a mixed layer, and it may be more correct
to set A equal to the average value of /4 in the mixed-
layer or one-half the mixed layer depth. The separation
S between the surface and subsurface fronts is

h=ho 1—

6)

Using Eq. (5) or Fig. 1, S is determined assuming
1/« to be 30 km and /4, to be 660 m. Additionally
assuming /; to be 25 m consistent with a mixed-layer
depth of 50 m and 4, to be 200 m, S is predicted to be
9.7 km when there is zero flow curvature. When the
flow curvatures are anticyclonic and cyclonic respec-
tively with 0.015 km™! magnitude, the predicted sep-
arations are instead 14.7 and 8.0 km, respectively. Since
the average cross-stream slope of 4 is (h, — A,)/S, the
average slopes for the anticyclonic, zero, and cyclonic
curvatures are respectively 1.2 X 1072, 1.8 X 1072 and
2.2 X 1072,

To show simply how the results depend upon the
parameters RD and /g, we derive an approximate so-
lution for 4. Stommel’s (1972) perturbational solution
to first order in aR is

8= x(h2)—x(hs).

Q)

o 2e-—2a.x
h—ho(l—e 3aR)

This solution can be further simplified by expanding
the exponentials into Taylor series about x = x,,; X,
is the cross-stream position midway between surface
and subsurface fronts. After a fair amount of algebra
it can be shown that
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Fi1G. 1. Depth of interface between upper and lower layers versus cross-system position for several different
curvatures. Positive and negative curvatures indicate respectively cyclonic and anticyclonic curvatures.

S=

— ~3ax,
(2 hs)RD(1_4KRDe ) ®

ho e a 3

Here we have defined RD to be the radius of defor-
mation which is 1/a. While x, is not a constant, Eq. 8
shows that the separation for zero curvature is ap-
proximately proportional to the radius of deformation
RD and inversely proportional to the maximum depth
hy. The strength of the curvature effect 3S/9K is ap-
proximately proportional to RD? However, if S when
K = 0 is held constant by varying A, or h, — h;, the
curvature effect is only approximately proportional
to RD. _

The assumption that the surface and subsurface
fronts lie on the interface between the upper and lower
layers is equivalent to assuming that they are both on
the same isopycnal. Aside from the effects of seasonal
heating which greatly modify the near-surface temper-
atures, this is not true. While the subsurface front is
defined as an isotherm-depth pair, the surface front is
somewhat loosely defined to be where there is a strong
cross-frontal temperature gradient. There can even be
more than one surface front. Furthermore, the surface
" front can be moved in the cross-stream direction rel-
ative to the subsurface front by Ekman advection or
surface-trapped instabilities. A highly variable surface—
subsurface frontal separation is the result.

To permit a variable surface-subsurface frontal sep-
aration we allow the surface front to be on an isopycnal
different from that which the surface front is on. For

this reason, instead of considering the Stream’s front
to be a discontinuous interface, we now consider the
stream’s front to be composed of a series of straight
and parallel density surfaces. This is a reasonable ap-
proximation as shown by Watts’ Fig. 9, (1983). Figure
2 shows a schematic of this idealized front with two
isopycnals having density difference Ap and vertical
separation Ah. In the figure we assume that the sub-
surface front lies on the p isopycnal at depth % while
the surface front is where the p — Ap isopycnal surfaces.

NEGATIVE
CURVATURE

TN

SURFACE FRONT

POSITIVE
CURVATURE

z SURFACE FRONT

DEPTH

/
SUBSURFACE SUBSURFACE
FRONT FRONT

CROSS STREAM DIRECTION

FIG. 2. Cross-stream frontal slope and the normal separation be-
tween the isopycnals making up the front. Differences between cy-
clonic and anticyclonic flow curvature are illustrated.
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If the depth of the surface front is not assumed to be
zero because of the presence of a mixed layer, then A
is the depth difference between the subsurface and sur-
face fronts or A, — A, as defined earlier. Defining s to
be the cross-frontal slope of the isopycnals,
§= h—Ah .
s

(€))

The slope s is to be inferred from Eq. (5) as the average
cross-frontal slope of the interface between the depths
hz and hs.

If as in Fig. 2 the surface front is on a less dense
isopycnal, then A# is positive, and S is smaller than if
the surface and subsurface were on the same isopycnal.
Conversely, if the surface front were on a more dense
isopycnal, than A/ would be negative and S would be
greater.

The change in separation with curvature is

A ds 9dAh

oK (S6K+ 8K)/S'
Considering just the first term on the right side of Eq.
(10), the strength of the curvature effect is proportional
to the frontal separation and the rate of change of fron-
tal slope with curvature. The second term shows that
additional changes in frontal separation are induced
by a change in the vertical separations between iso-
pycnals. Equation (10) can be simplified by considering
the relative importance of the two terms on the right
side of (10). To do this Sds/0K must be compared with
dAh/OK.

The rate of change of As with K is estimated by
requiring, as was done earlier, the conservation of po-
tential vorticity from meander peak to trough. For the
continuously stratified case the potential vorticity is

i)
7r=(f+@-) p dvap

ox)dz dzox

The expression for 7 can be rewritten in the form

(10)

(11)

_0p o ax\ (9z
e - [ F51 ) T
where the identities
dp _ dpfdz
ax 9z (ax)p (13)
v av [dx
5;‘&(5) 14)

have been used. As Hoskins and Bretherton (1972) dis-
cuss, in the vicinity of very strong fronts where hori-
zontal vorticity and density gradients are very large,
the cross-frontal slopes holding v and p constant tend
to be similar. This keeps the potential vorticity
bounded. Indeed, if the two slopes were equal, Eq. (12)

CHARLES W. HORTON

599

shows that = would equal fdp/dz. Gulf Stream sections
shown by Newton (1978) and Warren and Volkman
(1968) allow the cross-stream slopes holding current
speed and temperature constant to be compared.
Comparing the slopes on the cyclonic sides of the cur-
rents where the isotherms have steep slopes, the cross-
stream slopes holding current speed are generally about
50% greater than the slopes holding temperature or
effectively, density constant. Therefore, assuming (dz/
dx), to be 50% greater than (9z/9x),,

dp 1
rza(f+§av/6x). (15)
In natural coordinates
v v
—=—+9K 16
dx on T (16)

where 7 is the direction to the right of the flow direction.
Using f” = f+ 1dv/0n and Ap/Ah = dp/dz,

Ap .,
1r~Ah(f +vK/3). 17)
Assuming v to be 80 cm s™! and /" to be 107* 57!, we
estimate dAh/0K. If K varies from 0.015 to —0.015
km™, from trough to peak, f* + }vK undergoes a frac-
tional change of about 8%. This fractional change must
be compensated by an equivalent fractional change in
Ah if potential vorticity is conserved from peak to
trough. Therefore, for the curvatures used the vertical
separation Ah between isopycnals will be about 4%
greater (smaller) at the meander trough (peaks) than
where the curvature is zero. In comparison, it can be
inferred from Eq. (5) or Fig. 1 that for the same cir-
cumstances the cross-frontal slope s which is (dz/9x),
undergoes a fractional change of about 50% from
trough to peak. The constancy of A. and hence dp/dz
relative to (9z/dx), means that the magnitude of dp/dx
will decrease from trough to peak. These conclusions
are supported by Newton (1978). He shows a temper-
ature section across the Gulf Stream where the cur-
vature was cyclonic along with a nearby section where
the curvature was anticyclonic. The two sections show
a dramatic difference in the cross-stream slopes of the
isotherms as well as their horizontal separations. Yet,
between the two sections there is no obvious change
in the isotherms vertical separations. As will be dis-
cussed, the cross-stream movement of the isopycnals
as they unpack or pack in response to changes in X
modifies changes in frontal separations due solely to
changes in the cross-frontal slope s.

The relative importance of Sds/dK and dAh/IK in
Eq. (10) can now be compared. Consistent with ob-
servations to be shown we choose S to be 20 km when
K is zero. The slope s when X is zero is assumed to be
the average dh/dx over the depth range from 25 to 200
m inferred from Eq. (5). The value for sis 1.8 X 1072,
Using Eq. (9), the appropriate Ak is —177 m. Finally,
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using our estimate that s varies by 50% while A# varies
by only 8% as K changes from 0.015 km™" to —0.0157,

as
S——=6 km?
3K 6 km
dAh 2
K 0.5 km

For these parameters dAA/dK is unimportant relative
to Sds/dK and it is a reasonable approximation that

as s as
9K ( aK) / >

Equation (18) is a good approximation for the RD,
h and Ay chosen unless S is smaller than a few kilo-
meters. For example, if §'is 10 km then A#h is nearly
zero, and the approximation is almost perfect. If S is
5 km, Ahis 89 m, and dAK/OK is 20% as large as Sas/
dK. If S'is zero, Eq. (18) is still a usable approximation.
Using the same parameters we estimate from Eq. (10)
that 3S/9K is only about 30 km? if S is zero. This cor-
responds to a change in S of about 1 km in response
to a change in K 0of 0.03 km™". A response of this mag-
nitude can not be reliably observed.

The primary result of Eq. (18) is that the strength
of the curvature effect is proportional to surface~sub-
surface frontal separation. This dependence of 3S/9K
upon S is easy to understand if the changes in hori-
zontal separation between isopycnals are considered.
If the cross-stream frontal slope increases due to cy-
clonic flow, the packing of the isopycnals moves a
lighter isopycnal to the left (looking downstream) rel-
ative to a denser isopycnal. Conversely, if the flow cur-
vature is anticyclonic, the unpacking of the isopycnals
moves a lighter isopycnal to the right relative to a denser
isopycnal. The net result is that the curvature effect is
enhanced(diminished) if the isopycnal defining the po-

(18)
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sition of the surface front is more(less) dense than the
isopycnal defining the subsurface front. This is why the
curvature effect is proportional to the separation be-
tween the surface and subsurface fronts. Hence, the
curvature effect should be most obvious when the sep-
aration is greater than its historical average and should
be nonexistent when the separation is zero. Of course,
if the separation is too different from its historical mean,
the surface front will no longer be over the stream’s
subsurface front and the assumptions of the derivation
will not be valid.

Figure 3 illustrates the dependence of the strength
curvature effect upon separation. The path of a mean-
dering subsurface front along with two surface fronts
is shown in the figure. The meander in the subsurface
front has an amplitude of 30 km and a wavelength of
300 km. The separations between the surface and sub-
surface fronts for zero subsurface front curvature are
10 and 30 km. Changes in separation due to flow cur-
vature were computed assuming as in the earlier ex-
amples, an internal radius of deformation RD of 30
km. In making the calculation, 4, and A; were chosen
to be 200 and 25 m, respectively, so that / in Eq. (10)
is 175 m. The slope s in Eq. (18) was computed as a
function of K using Eq. (5) assuming it to be the average
dh/dx between h; and A, . Finally, the depth differences
Ah were chosen so that the separations for zero cur-
vature were correct. This allowed the surface-subsur-
face frontal separation to be computed a a function of
curvature. Instead of considering the two lines in Fig.
3 to be separate surface fronts, they may instead be
viewed as separate isotherms composing a single surface
front. The interpretation of the figure then is that the
width of the surface front is curvature dependent.

4. Observations

Using surveyed frontal paths (Horton, 1984a) we
computed frontal separations and subsurface front

CROSS STREAM DISTANCE (km)
S

-—— SURFACE FRONT
—— SUBSURFACE FRONT

-50 L 1 L
0 50 100

1 L s
150 200 250 300

DOWNSTREAM DISTANCE (km)

F1G. 3. Surface fronts with surface-subsurface frontal separations, where the curvature of the subsurface front is
zero, of 10 and 30 km. The surface fronts may instead be viewed as the two isotherms forming the boundary of a single

surface front.
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curvatures where possible. The major problem was that
the surface front was strongly contaminated with sur-
face-trapped eddies or folded-wave features. These fea-
tures strongly modify frontal separation especially
where they lead to flow reversals in the surface front.
Comparisons between front separation and subsurface
front curvature were not made where the surface front
was apparently contaminated. While comparisons be-
tween frontal separation and subsurface path were
poorly tracked, an effort was made to get as many
comparisons as possible. These computations are il-
lustrated in Fig. 4, where we plot separation against
subsurface front curvature. Since Hurricane Dennis af-
fected the separation distance so greatly, the data is
partitioned into before-and-after hurricane sets. Also,
the linear least-square fit of separation distance against
subsurface front curvature is included for each dataset.

Before the passage of Dennis the slope of the regres-
sion line was —418 km? with a single standard deviation
uncertainty of 199 km? based upon 32 measurements
of separation versus curvature. However, the appar-
ently significant slope of the regression line was due to
just a few of the measurements. West of 70°W the
surface front was generally to the north of the subsur-
face front, while to the east of 70°W the surface front
was often to the south of the subsurface front. The
regression line was again computed using just the 26
measurements east of 70°W. For this case the sepa-
ration between the surface and subsurface fronts for
zero curvature was approximately zero. The new slope
of the regression line was —164 km? with a standard
deviation of 195 km?. Thus, we see that where the sep-
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aration for zero curvature was essentially zero, the slope
of the regression line was not significant. This is con-
sistent with Eq. (18), which says that there is no cur-
vature effect when the separation between the surface
and subsurface fronts is zero.

After the passage of Dennis the slope of the regression
line was —424 km? with a standard deviation of 92
km?, The separation for zero curvature was 18.6 km.
Because the predicted solution of separation S versus
curvature K from Egs. (9) and (5) is approximately
exponential, an exponential regression curvature was
also filled to the post-storm observations of Fig. 4. For
this curve the separation for zero curvature is 16.2 km.
However, the linear and exponential curves are quite
similar, and the data is probably to noisy to distinguish
between them.

Figure S plots versus X the strength of the curvature
effect, 35/dK, given by the fit of the exponential curve
to the post-storm observations of Fig. 4. The error bars
are the estimated 95% confidence limits. In order to
compare theoretical predications with observations, 4S5/
dK was computed from Eq. (18) using Eq. (5) to de-
termine the cross-frontal slope s. In making his cal-
culation RD was assumed to be 30 km and A; was
chosen to be 25 m consistent with the observed mixed-
layer depth of 50 m. In order that S'in Eq. (18) be the
observed 17.2 km when K is zero, Ah was chosen to
be —114 m. Predictions and observations agreed within
or almost within the error bars for curvatures between
—0.012 and 0.0175 km™'. Averaged over curvatures
between +0.01 km™!, the modeled 6S5/3K agreed within
5% of the observed 8S/0K. The modeled magnitude of

POST STORM
[~
© FLGHT §
o 2 a FLIGHT 7
N o FLIGHT 8

SEPARATION=18.6 £+ 1.3 km — 424 % 92 km* x CURVATURE
OR = (16.2 + 1.1 km) EXP (~24.3 £ 4.6 km x CURVATURE)

1 L | ! L L " 1 1 L

—-02 -015 -01 -—005 0 005 01 015

-03 -025 -02 -015 -01 -—.005 0 005 .01 015 02

CURVATURE (km-1)

FIG. 4. Observed surface-subsurface frontal separations plotted against subsurface front curvature. Observations
taken before Hurricane Dennis are plotted separately from those taken after. For the before-Dennis set, the regression
line was also computed using the reduced set of observations described in the text.
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FiG. 5. Predicted strength of curvature effect 8S/9K for the post-storm case computed using
Eq. (18), compared with dS/aK obtained from the exponential regression line fitted to the post-

storm observations of Fig. 4.

dS/9K is approximately proportional to RD. Because
RD is observed to vary by almost a factor of two be-
tween the slope water and Sargasso water, RD could
reasonably be changed to improve the comparison.

The modeled 3dS/0K becomes less certain with in-
creasing curvature because the use of natural coordi-
nates by Eq. (2). The use of natural coordinates assumes
that the path curvature remains small so that the radius
of curvature remains much greater than the width of
the stream. Consequently model predictions become
unreliable for curvatures exceeding approximately
+0.01 km™"'. The very large modeled 4S/dK for cur-
vatures less than —0.01 km™! are especially suspect,
and the increasing difference there between model pre-
dictions and observations in Fig. 5 are probably due
to a failure of the model.

Additional support for Eq. (18) is provided by the
observations of Horton (1984b). During these obser-
vations the mean surface-surface separation was rel-
atively small 4 km. In qualitative agreement with Eq.
(18), inspection of these observations showed no strong
or obvious correlation between surface-subsurface
frontal separation and subsurface front path curvature.

5. Conclusion

An analytical relationship has been obtained which
describes the modulation of the surface-subsurface
frontal separation by the path curvature of the sub-
surface front. The strength of the modulation is pre-
dicted to be proportional to the surface-subsurface
frontal separation. Because, for other reasons, the
frontal separation is quite variable, there may or may
not be significant modulation of the frontal separation
by path curvature. The theory was shown to be in rea-

sonable agreement with observations taken by Horton
(1984a,b). In these observations the modulation the
surface-subsurface frontal separation was only reliably
seen when the frontal separation was relatively large .
and averaged about 19 km. For this case predictions
were generally within the error bounds of the obser-
vations when the radius of deformation was assumed
to be 30 km. Because the radius of deformation changes.
from about 25 km in slope water to 40 km in Sargasso
water, the comparison could have been improved by
using a different but still reasonable radius of defor-
mation.

Given the Gulf Stream surface-subsurface frontal
separation and path curvature at some point, this
model in principle allows downstream changes in
frontal separation to be predicted. Operationally this
might be done by combining satellite infrared obser-
vations of the Gulf Stream surface front with subsurface
frontal positions inferred from satellite altimetry or
from surface drifters with thermister strings. A practical
consideration, though, is that changes in frontal sep-
aration due to other processes, such as surface-trapped
meanders, might dominate the curvature effect.
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