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ABSTRACT

A primitive equation numerical model is used to study the large amplitude behavior of unstable waves on
an oceanic density front, concentrating on a single wave mode corresponding to the fastest growing linear
solution. At small amplitude the model results agree well with linear theory, and at large amplitude “backward
breaking” occurs and vortex pairs are formed, as have been observed in laboratory experiments. Vortex stretching
due to advection across layer depth contours favors formation of the vortex pairs, with the result that the 8
effect is not necessary for vortex detachment, as it was in a previous, quasigeostrophic study by Ikeda.

Examination of the energetics allows a life cycle to be identified for the waves, and shows that kinetic energy
is fed into the mean flow through Reynolds stress. It is shown that the g effect is important in determining the
precise form of the mean flow generated, and this is interpreted in terms of the deep potential vorticity fluxes.
For realistic parameters the mean flows generated agree well with observations of deep mean flows near the
Guilf Stream; in particular there is a counterflow (westward) directly below the original position of the front and
a positive (eastward) flow displaced to the south. This pattern is not found in the results of eddy-resolving
general circulation models and is qualitatively different from the three-jet structure found in Ikeda’s study of a
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symmetric, quasi-geostrophic jet.

1. Introduction

Surface density fronts are a common feature in the
oceans, both over the continental shelf (Simpson 1981)
and in the deep ocean, where the Gulf Stream is perhaps
the best known example (Stommel 1966). Such fronts
often exhibit transient wavelike or “meandering” mo-
tions, which can grow to large amplitude and eventually
“pinch off” to form rings or eddies. These processes
have been observed in the laboratory (Griffiths and
Linden 1981, 1982) and in the ocean (Fuglister and
Worthington 1951); they are of interest not only in
their own right but also because both oceanic obser-
vations (Schmitz 1977) and the results of eddy-resolving
general circulation models (Holland 1978; Holland and
Rhines 1980) suggest that near the Gulf Stream the
transient eddy field plays an important role in driving
the mean flow.

Previous attempts to model the meandering process
in mid-ocean fronts have been based on linear stability
analysis (Killworth 1983; Garvine 1984; Killworth et
al. 1984). While such studies are useful in providing a
qualitative understanding of the dynamics of the
meanders at small amplitude, their results cannot tell
us a great deal about the large-amplitude behavior. In-
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deed Simmons and Hoskins (1978) found in modeling
disturbances in the atmospheric jet stream that qual-
itatively different dynamics comes into play at large
amplitudes, and that this can have an important effect
on the interaction of the transient disturbances with
the mean flow. This study uses a numerical model to
study the properties of frontal waves at large amplitude.
Orlanski and Cox (1973) used a primitive equation
numerical model in a periodic channel to study mean-
ders in the Florida current. However, limitations on
the computer power available at the time of their study
meant that they were only able to carry out a small
number of integrations, comparatively short in length
and with a zonal resolution of about 20 km, scarcely
fine enough to resolve the Rossby radius. This study
uses a similar model to Orlanski and Cox, but we shall
place particular emphasis on the type of large-ampli-
tude meander found in the Gulf Stream between Cape
Hatteras and Newfoundland (Hansen 1970; Apel 1980; -
Halliwell and Mooers 1983), although the model and
the method could be applied to other frontal situations.
In this region of the Gulf Stream the topography is
much weaker than under the Florida Current, and the
effects of topography are omitted from our model. The
finite difference resolution in all directions is sufficient
to resolve the Rossby radius, and the integrations are
carried to a later stage of meander development than
in Orlanski and Cox’s study. Further, our methodology
is slightly different in that we concentrate on the de-
velopment of a single wavenumber mode instead of a
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random perturbation with energy in all wavenumbers.

James (1984) used a similar modeling approach for
meanders on shelf-sea fronts. Here mixing by wind
and by tidal currents is more important than for deep
ocean fronts, and accordingly James’s results are di-
rected toward studying the effect of various vertical
mixing parameterizations on the development of the
meanders. In the present study we concentrate on the
detachment of eddies, on the energetics of the distur-
bances and on their interaction with the mean flow.

Attempts have been made to model the meanders,
and in particular the eddy detachment process, using
the quasi-geostrophic equations. Ikeda (1981) and
Ikeda and Apel (1981) used a quasi-geostrophic nu-
merical model to study the evolution of small pertur-
bations to a symmetric, baroclinic jet, and recently
Pratt and Stern (1986) have used contour dynamics to
examine the process of eddy detachment from an iso-
lated meander which is initially large, superposed on
a stable basic state. Such studies provide important
insights, but the quasi-geostrophic approximation pre-
cludes surface fronts and the primitive equations are
necessary for a full dynamical description of frontal
meanders. We shall see in section 4 that there are some
discrepancies between our results and Ikeda’s.

In section 2 of this paper we describe the numerical
model and the experimental procedure. Section 3
compares wave properties at small amplitude with the
linear theory of Killworth et al. (1984), and section 4
discusses finite amplitude effects. Section 5 identifies
the stages in the life cycle of a disturbance in terms of
the globally integrated energetics and section 6 discusses
the mean flows generated by the disturbance and com-
pares them with observations under the Gulf Stream.
In section 7 we report on some studies of the parameter
sensitivity and stability of our solutions, and finally
section 8 is a summary and discussion of the results.

2. Method

Figure 1 shows schematically the domain of the
model and its initial state. A two layer fluid is contained
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F1G. 1. The initial state of the model. Fluid of density p, = p
- Ap overlies fluid of density po. The lower fluid is initially at rest,
while in the upper fluid there is a velocity v(x) in geostrophic balance
with the density field. The position X, of the surface outcrop varies
sinusoidally with y in the initial state (dotted line).
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FI1G. 2. Density contours for a cross-section across the channel
(y = constant) in the initial state, for the shallow experiments. Contour
interval Ap/6. The density difference Ap is spread over a narrow
thermocline region. :

in a rotating channel of constant depth D, with rigid
walls at x = 0, L and a periodic boundary condition
at y = 0, M. There is no thermodynamic or wind forc-
ing. The interface profile A(x) intersects the surface at
x = X, in a front; the particular profile chosen for all
the experiments presented here is

- 0, x < Xo
h(x) =
{ho(l — exp((Xo — x)/a)),

where a = [gApho/(pof?)]"/? is the Rossby radius and
g, Ap, po and f take their usual meanings. Provided
the front is far from the wall x = L (compared with a),
h is approximately ho at the wall. Assuming f is con-
stant, this choice of 4 results in uniform potential vor-
ticity (/4 ¥,)/h in the upper layer if a basic flow D(x)
is prescribed in geostrophic balance with 4, as in the
Gulf Stream model of Stommel (1966, p. 109).

To initiate unstable waves, a small, sinusoidal vari-
ation is imposed on the frontal position X, in the initial
state (Fig. 1); thusat¢ = 0:

Xo(y) = Xo + € sinQmy/M)

where X, is the mean value and ¢ is chosen to be equal
to the horizontal grid interval Ax.
We integrate the primitive equations:

XZX()

w+u-Vu—pfo
= —pu/po + Aultex + tyy) + Ayuz;  (2.1)
v,+u-Vo+fu
= —pylpo + Au(Vxx + V) + Apv.,  (2.2)
D: = —pg (2.3)
Veu=0 2.4)
pe+u-Vp = Kp(pxx + pyy) + Kyp:  (2.5)

where u = (u, v, w) is the velocity, p the pressure and
p the density. Figure 2 shows a cross section through
the initial density field at constant y; initial velocities
are calculated by integrating the thermal wind equation
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TABLE 1.
Length of
D o M integration
Designation Description (m) s (m~'s™) (km) (days)
SF Shallow f-plane 1200 1074 0 180 28
SB Shallow §-plane 1200 1074 1.50 X 1071 180 28
DF Deep f-plane 4000 10~ 0 270 60
DB Deep 8-plane 4000 10~ 1.57 x 107! 270 79

vertically up from the bottom (where the velocity is
taken to be zero initially). Notice that instead of the
interface in Fig. 1 we have a thin “thermocline” region
(resolved by at least two finite difference grid intervals).
In much of what follows it is convenient to interpret
the results in terms of a two-layer system—where this
happens we shall identify the depth of the p = po
— Ap/2 isopycnal surface in the model (found by linear
interpolation on the p values stored on the model grid)
with the interface depth 4 in the two-layer system. Ex-
haustive testing in cases where the two-layer system
can be solved analytically (Wood 1988) suggests that
the evolution of the given isopycnal surface in the nu-
merical model does follow closely the evolution of the
interface in the two-layer system, notwithstanding some
discrepancies found by Cooper (1986) when the ther-
mocline region was more poorly resolved than here.
By adopting this approach we avoid problems in fol-
lowing the frontal outcrop, which would arise (for ex-
ample when cutoff eddies were formed) if we were to
integrate the two-layer shallow water equations, allow-
ing the interface to intersect the surface.

The numerical method used follows that of Bryan
(1969), but terms in Bryan’s formulation involving to-
pography, which are identically zero in our flat bot-
tomed domain, are omitted, thus reducing the com-
putational cost. “Free slip” boundary conditions are
applied at the walls (¥ = v, = 0) and at the bottom
(u, = v,= w=0), and “adiabatic” boundary conditions
are applied to p (o, = O at the walls, p, = 0 at the
surface and the bottom). For all the experiments pre-
sented here A, is taken as 600 m, and the density
anomaly Ap is chosen to give the Rossby radius a = 30
km. Horizontal grid spacing is chosen to resolve a, with
typical values Ax = 7 km, Ay = 9 km; vertical grid
spacing Az is 100 m in the uppermost 800 m, with
coarser resolution at deeper levels (where the density
stratification does not penetrate). For the experiments
described in this paper vertical and horizontal eddy
viscosities and diffusivities 4, = Ky = 107> m?s™! and
Ay = Ky =200 m?s™" are used. In section 7 we discuss
the sensitivity of the results to the choice of these con-
stants. A typical value for the channel width L is 735
km = (24.5)a; experiments with various values of L
confirm that the results presented here are not affected
by the presence of the walls. The Coriolis parameter f
is allowed to vary with x as f = f; — Bx, so that in our
coordinate system the negative x-direction represents

north; the results of section 6 show that the 3 effect is
important in controlling the mean flows induced by
the frontal disturbances.

Table 1 gives parameters for the four main experi-
ments presented here. In both “deep” and “shallow”
cases the channel length M (and hence the wavelength)
is chosen to be close to the wavelength of the fastest
growing wave according to the linear f~plane theory of
Killworth et al. (1984). Parameter values for the deep
runs are chosen to resemble the Gulf Stream northeast
of Cape Hatteras, and to allow comparison with the
published results of Killworth et al. (1984). For run SB
a large value of 3 is chosen so as to produce significant
variation of the lower layer potential vorticity f/(D
— h) on the scale of the Rossby radius; we shall see the
importance of this in section 6.

3. Comparison with linear theory

In this section we compare the small amplitude be-
havior of the unstable waves observed in our numerical
model with the linear f~plane theory of Killworth et al.
(1984, hereafter referred to as KPS). This study appears
to be the most appropriate to date for Gulf Stream
meanders since it is the only one which includes an

- active lower layer; with Gulf Stream parameters this
can make a considerable difference to the growth rates
obtained.

a. Growth rate

Growth rates were calculated using centered differ-
ence approximations to d/dt(logA4), where A is the am-
plitude (i.e. half the maximum Xx-variation) of the A
= 150 m contour, and # is the notional interface depth
as defined in section 2. For the shallow f~plane case,
several values of M (wavelengths) were tried, ranging
from 108 km (e =~ 1.75 in the notation of KPS) to 270
km (e ~ 0.7); the growth rates agreed well with values
obtained from Fig. 4 of KPS, with the short-wave cutoff
being reproduced and all nonzero growth rates lying
within 11% of the KPS results (see Fig. 3). The deep
case is more expensive computationally because of the
slower growth and longer wavelength, so only the case
M = 270 km (the fastest growing wave according to
KPS) was run (experiment DF); the growth rate mea-
sured was 0.23 days™! compared with 0.26 days™' de-
rived from the results of KPS.
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FIG. 3. Growth rates as a function of wavenumber, for experiment
SF. The solid curve is derived from the linear calculations of Killworth
et al. (1984), the open circles are values measured from the present
model.

Inclusion of the 8 effect had a stabilizing influence
in both deep and shallow cases, as in Orlanski and Cox
(1973). For the deep run the growth rate was reduced
by about 4% (to 0.22 days™). ‘

b. Phase speed

Phase speeds were calculated in two ways, based on
the positions of the trough (maximum x value) and of
the crest (minimum x value) of the 2 = 150 m contour.
For experiment SF (with wavelength M = 180 km) the
initial phase speed was 30.3 cm s~! for the trough and
30.8 cm s~! for the crest, compared with a value of
about 30.5 cm s™! derived from KPS. For experiment
DF the phase speed was 13.2 cm s™! for both trough
and crest, while KPS quote about 13 cm s™'.

Inclusion of the 8 effect reduced the phase speed in
both experiments, by about 5% (to 12.8 cm s™! (trough),
12.4 cm s7! (crest)) in the deep case.

We conclude that the dominant unstable mode ob-
served in the model runs is well described by the linear
theory of KPS at small amplitude; for the shallow case
we have demonstrated this agreement over a wide range
of wavelengths M. We now restrict our attention to
the fastest growing wave for our study of finite ampli-
tude effects.

4. Finite amplitude behavior

Observations of Gulf Stream meanders (Apel 1980;
as interpreted by Ikeda 1981 and by Ikeda and Apel
1981) suggest that both the growth rate and the phase
speed tend to decrease as the amplitude of the meander
increases. Figures 4 and 5 show growth rate and phase
speed of the growing wave (calculated as described in
section 3) as functions of its amplitude, for the deep
experiments DF and DB, and we see that both quan-
tities decrease as the amplitude increases. The phase
speed based on the position of the crest behaves dif-
ferently from the phase speed based on the position of
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FIG. 4. Growth rate shown as a function of amplitude
for experiments DF and DB.

the trough: the trough speed levels off at between half
and two thirds its small amplitude value, whereas the
crest speed decays more rapidly and continues to decay,
with the result that the trough catches up with the crest.

At large amplitude, James (1984) reported a sharp-
ening of the front in certain regions. In our results such
a sharpening occurs near the wave trough, accompa-
nied by a weakening of the front (i.e., a reduction in
the size of Vh) at the crest. At very large amplitude
(Fig. 6) the wave adopts the backward breaking shape
familiar from laboratory experiments (e.g., Griffiths
and Linden 1982), and eventually pinches off a cy-
clonic/anticyclonic vortex pair. The closed cyclonic
(cold) circulation forms first and initially has a velocity
signature extending to the bottom, while the anticy-
clonic (warm) circulation forms later and is surface
intensified; these results agree with Griffiths and Lin-
den’s (1981) laboratory observations. However the deep
flow signature of the cyclonic vortex soon disappears
as it interacts with the mean flow, producing the deep
flows discussed in section 6. .

As the meander grows, we observe large vertical ve-
locities (of order 107 m s™! in experiment DB) near
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FIG. 5. Phase speed of the wave crest and of the wave trough,
shown as a function of amplitude for experiments DF and DB.
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F1G. 6. Contours of interface depth 4 vs (x, y) for experiment DB
after 25 days of integration. Contours are at 50 m (dashed), then at
intervals of 100 m down to 550 m.

the front. The phase of the vertical velocity lags that
of the frontal displacement by approximately /2, with
upwelling behind the crest and downwelling ahead of
it. These results agree well with recent observations of
a Gulf Stream meander by Levine et al. (1986). The
largest vertical velocities (up to 1.6 X 107> m s™') appear
to occur around the time when the cyclonic vortex is
pinched off (Fig. 6). There is also evidence of a small-
scale cross-frontal circulation cell, with upwelling at
the front and downwelling just ahead of it; a similar
circulation can be seen in some of the results of James
(1984).

Comparing our results with Ikeda’s (1981) study of
meanders in a symmetric, quasigeostrophic jet, we see
that:

(i) Ikeda found a linear dependence of both growth
rate and phase speed on the square of the amplitude,
for amplitudes less than about 0.2 of a wavelength.
Our results show no such dependence; indeed we were
unable to fit any power law relationship to the data.

(ii) Ikeda (1981) and Orlanski and Cox (1973) found
that the growth rate in the f-plane case eventually de-
cayed to below that in the S-plane case. Our results
show the same behavior.

(ii1) In Ikeda’s study the phase speed (based on the
extremes of the meander) decreased almost to zero by
the time the amplitude reached 0.3 of a wavelength.
As can be seen from Fig. 5, in our case this is true for
the crest but not for the trough. Further, the crest phase
speed in the f~plane case decays to below that in the §-
plane case, as suggested by Ikeda’s results, but this does
not happen for the trough. In these respects our trough
phase speed behaves in a similar way to the phase speed
of the zero crossings in Ikeda’s model.

(iv) In Ikeda’s study the g effect was necessary for
cutoff eddies to form. This is not the case in our results,
as shown in Fig. 7a. Indeed the 8 effect appears to trap
the cyclonic (cold) eddy near the front, as shown in
Fig. 7b. We shall return to this trapping effect when
we consider the evolution of the mean flow in sec-
tion 6.

To explain the discrepancies (iii) and (iv) between
our results and Ikeda’s, we must consider the main
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differences between the two models, viz. the different
basic states (asymmetric, exponential jet vs symmetric,
gaussian jet) and the different dynamical equations
(primitive equations, with large interface displace-
ments, vs quasi-geostrophic). Note that in Ikeda’s
model the combination of symmetric basic state and
quasigeostrophic dynamics constrains the wave crest
and trough to behave identically.

It is plausible to explain the evolution of the phase
speed, as described in (iii) above, in terms of differential
advection by the sheared basic flow. In Ikeda’s case the
crest and trough rapidly move into regions of very small
basic flow as the wave grows, and so are not advected
downstream as fast as the zero crossings, which stay in
the region of maximum basic flow. This accounts for
the symmetric backward breaking seen in Ikeda’s re-
sults. In our case the crest is in a region of zero basic
flow, and so is not advected, whereas the trough re-
mains for some time in a region where the basic flow
is reasonably strong (the basic flow decays more slowly
away from the jet maximum than it does in Ikeda’s
case) and so the trough is advected. The zero crossings
are in the region of strongest basic flow, and their phase
speed (not shown) levels off at a somewhat larger value
than the trough phase speed.

To explain the fact that 3 is not necessary for eddy
detachment in our case, whereas it was in Ikeda’s [see
(iv) above] we have carried out a detailed diagnostic
study (see Wood 1988 for the details). In Ikeda’s model
the principal mechanism by which the relative vorticity
of a fluid parcel is changed is conservation of potential
vorticity as the parcel is advected up or down the plan-
etary vorticity gradient (i.e., the 8 term); this leads to
the production of anticyclonic relative vorticity at the
crest and cyclonic relative vorticity at the trough. Vor-
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F1G. 7. Contours of interface depth 4 vs (x, y) for (a) experiment
DF after 46 days, and (b) experiment DB after 50 days. Contour
levels as for Fig. 6.
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tex stretching as fluid parcels are advected into regions
of differing layer thickness is negligible. In contrast, for
our case it is the vortex stretching terms which domi-
nate. This is because variations in layer thicknesses are
much larger, and because vortex stretching due to the
ageostrophic component of the flow is allowed by the
primitive equations (this ageostrophic term does not
appear in the quasi-geostrophic equations, but in some
regions of our model domain it is as large as the vortex
stretching due to geostrophic advection). The vortex
stretching again induces anticyclonic relative vorticity
at the crest and cyclonic relative vorticity at the trough,
and is sufficient to induce eddy formation without the
help of 8.

5. Energetics and life cycle

To understand the development of the disturbance
it is useful to look at the energetics of the system. All
prognostic variables are split into a zonal (y) mean
component (denoted by an overbar) and a departure
from that mean (denoted by a prime and referred to
as the perturbation or eddy component). From (2.1)-
(2.5) we can form evolution equations for the total
kinetic energy of the mean flow, the total kinetic energy
of the perturbation flow, and the total gravitational
potential energy, in the usual way (as, for example, in
Orlanski and Cox 1973), giving in our case:

if 2
7 (% + 82dV

—f (uu'u’ +

~ | £ Wpdxdz — f A (it + Ty

ﬁw’u’z + Du'v + ow'vi)dxdz

Po
+ Ay(uit,, + 00,,)dxdz  (5.1)
d (1, 5_ =
p f > W™ +vdv
= +f (', + aw'n, + Du'vy + Dw'vh)dxdz
- f £ Wdxdz
Po
- fAH(u’u;x + u'u), + V'V + VD))
+ Ay(u'uy, + v'v)dxdz  (5.2)
d -
— f = pzdV = f§ wopdxdz + f§ w'p'dxdz
dt Po Po
g
+ f —Ky—p.dV (5.3)
Po
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We write these symbolically as
J_ .
7 (KE)

= —(KE = KE') + (PE = KE) + (4 > KE) (5.4)
d /]
7 (KE")

= (KE - KE') + (PE = KE') + (4 = KE) (5.5)
d
7 (PE)

= —(PE - KE) — (PE = KE') + (KV = PE). (5.6)

Where (KE — KE') represents the transfer of kinetic
energy between the mean and eddy fields via Reynolds
stresses, (PE — KE) and (PE — KE') the conversion
of gravitational potential energy to kinetic energy of
the mean and eddy fields, (4 = KE) and (4 — KE')
the viscous dissipation of kinetic energy (these terms
are always negative in the absence of wind or other
surface stress forcing) and (KV — PE) the gain of po-
tential energy due to vertical eddy diffusion (always
positive for a stably stratified fluid, but generally small
in our experiments).

Figure 8a shows KE, KE' and PE as functions of
time, for experiment SB. Figure 8b shows the transfer
terms on the right hand side of (5.4)-(5.6), on the same
time scale. The behavior in the first half of the exper-
iment (up to 13 days) is common to all the experiments
and consists of a baroclinic growth phase during which
KE' increases at the expense of PE, followed by a second
phase in which strong Reynolds stress convergences
feed a mean flow [(KE — KE') < 0]. During this second
phase, which coincides with the pinching off of the
vortex pair, potential energy extraction declines. This
cycle in the energetics is similar to those found by Ikeda
(1981), and in the context of the atmospheric jet stream
by Simmons and Hoskins (1978).

The behavior after these first two phases is rather
more variable between the experiments, but we always
observe a damped oscillatory behavior in (KE — KE')
and in (PE = KFE'), with (PE - KE') =~ —(KE —
KE') so that the potential energy extracted feeds KE
(via the indirect route of the Reynolds stress term)
rather than KE'. Superimposed on this is a weak baro-
tropic instability [(KE — KE') > 0] of the newly gen-
erated mean flow; this barotropic instability is some-
what enhanced when the system is free to oscillate at
wavelengths longer than the initial wavelength of the
disturbance (see section 7).

Two other notable features can be seen in the ener-
getics:

(i) During the baroclinic growth phase there is con-
siderable wave activity at the inertial frequency, which
can be seen as the high frequency signal in (PE — KE')
and (PE — KE) in Fig. 8b; this may be due to the near-
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FIG. 8. (a) The potential energy PE, and the mean and fluctuation components of
the kinetic energy, KE and KFE), as functions of time for experiment SB. (b) Energy
transformation terms for the same experiment (same time scale).

inertial frontally-trapped modes investigated by Paldor
(1983). This inertial activity stops during the “Reynolds
stress” phase, in most cases rather suddenly (as in Fig.
8b after about 11 days).

(ii) Figure 9 shows the proportion of the total kinetic
energy due to the barotropic component of the flow,
as a function of time, for experiment SB. We see a
monotonic rise from an initial value of around 0.3,
leveling off at a more or less steady value of about 0.87
by the end of the Reynolds stress phase. For experiment
DB the proportion at the end of the integration (79
days) is about 0.89, but it is still rising slowly at this
stage.

6. Induced mean flows

We saw in section 5 that around the time when the
vortex pair pinches off there is an increase in the kinetic

energy of the mean flow, due to Reynolds stresses. In
this section we shall examine the process in more detail,
concentrating on the deep flows.

Figure 10a shows deep velocity vectors for experi-
ment DB after 25 days of integration (Fig. 6 shows the
h field at the same time); the dominant feature is the
strong cyclonic circulation associated with the cold
eddy. By the end of the integration (79 days, Fig. 10b)
the dominant pattern is of two oppositely directed
meandering jets, a negative (westward flowing) jet di-
rectly below but centered somewhat to the north of the
original position of the front and a slightly stronger,
narrower, positive (eastward flowing) jet to the south.
This double jet structure establishes itself as the vortex
pair separates from the front, and can be identified
easily by day 33 (which is towards the end of the Reyn-
olds stress phase in the energetics).
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The evolution of the jets in time depends on the
value of 8. Figure 11 shows the deep, zonal (y) mean
zonal velocity ¥ as a function of x and ¢, for the shallow
experiments SF and SB. In the f~plane case the eastward
jet moves out to the right at approximately constant
speed, and experiments not shown here suggest that it
continues to do so until it reaches the wall x = L; the
position of the westward jet, however, is roughly con-
stant in time. In contrast to the S-plane case the east-
ward jet initially moves to the right (southwards) but
then appears to reach an equilibrium position. The
position of the westward jet is not greatly affected by
8. Both the eastward and the westward jets are consid-
erably weaker in the S-plane case than in the f~plane
case. Figure 12 shows D against x and ¢ for experiment
DB. The maximum velocities in the jets are —0.25 and
+0.30 m s™! and the jet cores are situated about 80
km north and 150 km south of the original position
of the front. However, the strengths (but not the po-
sitions) of the jets are sensitive to the choice of the eddy
viscosity Ay (see section 7). :

It is interesting to interpret the migration of the deep
jets in terms of the lower layer potential vorticity ¢»
= (Vox — gy + f)/(D — h), where u,, v, are the velocity
components in the lower layer. Figure 13a shows the
mean profiles ¢, against x (the north-south coordinate)
in the initial state, for experiments DF and DB. The
front separates fluid of lower potential vorticity to the
left (north) from fluid of higher potential vorticity to
the right (south). As the disturbance develops upper
layer fluid is transported from south to north across
the original position of the front, and in order to con-
serve volume some lower layer fluid must be trans-
ported from north to south; thus low potential vorticity
fluid must be mixed across the front in the lower layer.
This mixing of potential vorticity can be seen clearly
in Fig. 13b, where after 25 days a negative anomaly in
¢» has developed in the high g, region to the south,
and a positive anomaly has developed in the low ¢
region to the north. The negative anomaly in g, (which
is associated with the cold eddy) propagates to the
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south. In the fplane case it continues until it reaches
the wall x = L, while in the 8-plane case it comes to
rest with its minimum near the position of the original
maximum of §, (there is no such maximum in the £
plane case). This is consistent with the cold eddy acting
as a diffuser of g5, in the sense that placing the asso-
ciated bowl-shaped negative anomaly under the max-
imum of the original profile minimizes [ (g,,)°dx. In

‘contrast the maximum associated with the anticyclonic

vortex moves to the left past the initial minimum of
&2, and eventually smaller-scale instabilities complicate
the picture (67 days, Fig. 13b). )

To examine in more detail the processes responsible
for generating the mean flows we have examined the
individual terms in the equation of motion for the zonal
mean, zonal flow 7:

0, = —(@0)x — (') — (WD); — (W'); °
— fil + Apbex + AyD;  (6.1)

for experiment DB after 25 days of integration (during
the Reynolds stress phase, when the deep flows are
being established). The dominant terms are the hori-
zontal Reynolds stress divergence —(u'v"), and the Co-
riolis acceleration due to the mean cross-stream flow,
—fu. These are shown in Fig. 14a, b. Near the surface
the two terms are almost equal and opposite; this near-
balance of the Reynolds stress divergence and Coriolis
terms was noted by Phillips (1956) in his study of the
atmospheric general circulation. As depth increases %
changes sign and at depth the two terms are of the
same sign. The acceleration due to Reynolds stress is
of order 1 cm s™'/day, of the same order of magnitude
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as the value found by Luyten (1977) in observations
over the continental rise, although there topographic
Rossby waves are thought to have an important influ-
ence (Hogg 1981). Figure 14c shows the sum of
—(u'v"), and —fu, and we can see that these two terms
account for most of ¥, (shown in Fig, 14d).

Our results for experiment DB (Fig. 12) show several
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FIG. 12. Contours of the mean velocity ¥ at 3250 m depth, against

(x, ), for experiment DB. Contours at £0.05 m s™!, then at intervals
of 0.1 m s™*, Broken contours denote negative values.

similarities with Schmitz’s (1977) observations of deep
velocities under the Gulf Stream. In particular Schmitz
observed a westward flowing jet directly below and to
the north of the Gulf Stream axis, and a stronger and
perhaps narrower eastward jet (the spatial resolution
of the measurements is not adequate to be sure of its
width) about 150 km south of the axis. There is no
evidence in our results of the second westward jet seen
further to the south in Schmitz’s observations. We do
however notice a weaker eastward jet (with maximum
velocity about 0.07 m s™') developing from about day
55 to the north of the main westward jet; this is outside
the domain of Schmitz’s observations. The model ve-
locities are about a factor of 3 larger than Schmitz’s
data at 55°W; however comparison of the maximum
of our instantaneous spatial mean with Schmitz’s long-
time mean data is not straightforward, and the model
values are in any case sensitive to the choice of Ay
(section 7).

7. Further experiments
a. Sensitivity to Ay and Ky

Recently Holland and Batteen (1986) have shown
how, in the context of a quasi-geostrophic general cir-
culation model, horizontal diffusion of heat (density)
can play an important role in modifying the eddy field.
To investigate the role of horizontal eddy diffusion and
viscosity in our model, we have carried out a series of
experiments with parameter values as for experiment
SB, but with various values for Ky and Ay in the range
20-400 m? s™!. The results may be summarized as fol-
lows (for further details sce Wood 1988):

(i) The evolution of the flow fields as described in
section 4 is not changed qualitatively for Ky, Ay in the
given range.
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(ii) The shapes and positions of the induced deep
jets (section 6) are insensitive to either parameter. The
strength of the positive jet depends on A4 but not on
K, with the maximum value of ¥ increasing from 31
cm s~ ! to 73 cm 57} as Ay decreases from 400 to 20
m? 57!, The negative jet is strengthened by a decrease
in either Ay or K.

(iii) The energetics as described in section 5 are also
qualitatively robust. Decreasing Ky increases the
amount of potential energy extracted (by a factor of 2
as Ky decreases from 200 to 20 m? s™"), but while a
little of this energy goes to increase KE (by strength-
ening the negative jet) most of it is simply dissipated
by eddy viscosity. Decreasing Ay not surprisingly de-
creases the amount of viscous dissipation, but if Ky
and Ay are varied together (keeping Ay = Ky), the two
effects appear to compensate, so that although the other
terms in the energy equation change in size, the large
scale flow adjusts to dissipate roughly the same amount
of kinetic energy. Simmons and Hoskins (1978) ob-
tained a similar result using a biharmonic dissipation
term (as opposed to our Laplacian dissipation).
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(iv) The final, steady proportion of the total kinetic
energy due to the barotropic mode varies between
about 0.8 and 0.9. Increasing 4y decreases the pro-
portion, while increasing Kj; increases it.

Experiments in which the vertical eddy viscosity and
diffusivity are varied in the range 107*-1073 m? s7!
show that there is very little sensitivity to these param-
eters.

b. Experiments in a longer channel

In all the experiments described so far the channel
length M and the wavelength of the initial perturbation
have both been chosen to be equal to the wavelength
Az of the fastest growing linear wave, so that the (pe-
riodic) channel has contained only a single wavelength.
This precludes nonlinear interactions with longer
wavelengths and so leaves open the possibility that the
solutions we have described, although mathematically
valid, are physically unrealizable because they are un-
stable to disturbances of longer wavelength.

To examine this possibility we have run an experi-
ment with parameters largely as for experiment SB but
with the channel four times as long (i.e., M = 4X;),
and with initial state

Xo(y) = X + e sin(2wy/AL) + noise

so that the dominant wavelength is still Az, but now
this fits four times along the channel. The noise field
is chosen to give roughly equal kinetic energy in each
of wavenumbers 1-3 and 5-8, and so to allow nonlinear
interactions between the dominant wavenumber 4 and
other wavenumbers. .

Figure 15 shows the kinetic energy in wavenumber
4 and in wavenumber 0 (the mean flow) as functions
of time. The corresponding energies from the short
channel (multiplied by 4) are shown for comparison.
We see that the development of the wavelength A, (180
km) mode is much the same in the long and the short
channels, whereas the development of the mean flow
is rather different, with two dips in the long case which
were not present in the short runs. Further examination
(Wood 1988) shows that the first dip is due to a baro-
tropic instability of the mean flow at wavenumber 3.
Baroclinic conversion continues, and this leads to an-
other phase of Reynolds stress convergences feeding
energy back into wavenumber 0. The second dip is due
to barotropic instability of the new mean flow at wave-
number 2. This cascade of (barotropic) energy to larger
scales was also suggested by the results of Orlanski and
Cox (1973). It is reminiscent of the quasi-geostrophic
turbulence theory of Rhines (1977), but in the present
case the cascade is caused specifically by the interaction
of successively longer waves with the evolving mean
(wavenumber zero) state, rather than by direct inter-
action between different nonzero wavenumbers. Each
successive phase of barotropic instability broadens and
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weakens the double jet somewhat, while the Reynolds channel for wavelength A, are stable over the first part
stress convergence strengthens it. The overall effect of of the integration, but the (highly barotropized) mean
this on the mean flow is shown in Fig. 16. flows which are generated are somewhat barotropically

To summarize, the solutions obtained in the short unstable at longer wavelengths, leading to some
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FIG. 15. The kinetic energy in the mean flow (wavenumber 0) and in the linearly fastest-
growing mode (180 km wavelength), shown as functions of time for experiment SB (short
channel) and for the equivalent experiment in the long channel. The energies for the short
channel have been multiplied by 4 to allow direct comparison with the long channel values.
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spreading of the double jet structure compared with
the short case.

8. Summary and discussion

Our results allow us to identify an energy life cycle
for unstable baroclinic waves on an oceanic density
front. The first part of the cycle is very robust and
consists of a baroclinic growth phase followed by a de-
cay in the potential energy extraction and simulta-
neously by the generation of mean flows by Reynolds
stresses. This agrees well with the results of Simmons
and Hoskins (1978) and Ikeda (1981). Subsequent be-
havior varies somewhat between experiments but we
always see a damped oscillatory behavior in the Reyn-
olds stress term (KE — KE'), indicative of vacillation
between predominantly barotropic and predominantly
baroclinic instability mechanisms. During this stage
(KE — KE') is roughly equal and opposite to (PE —
KE"), so that the potential energy extracted goes largely
into the mean flow. The barotropic instability mech-
anism is enhanced if the system is free to oscillate at
wavelengths longer than the wavelength of the initial
disturbance.

At small amplitude the waves are well described by
the linear theory of Killworth et al. (1984). Finite am-
plitude effects reduce both the phase speed and the
growth rate. The phase speed of the wave crest eyolves
differently from the phase speed of the trough, with
the result that the trough catches up with the crest and
the wave adopts a backward breaking shape which is
asymmetric about both the north—south and the east—
west axes. At large amplitude vortex pairs are formed.
These separate from the main front, even when 8 = 0,
in contrast with Ikeda’s (1981) result. This discrepancy
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is because in Ikeda’s quasigeostrophic model 8 terms
dominated the vorticity dynamics, whereas in the pres-
ent model vortex stretching is much stronger, and is
sufficient to induce vortex separation regardless of .
In fact in our model the S-effect tends to trap the cy-
clonic (but not the anticyclonic) vortex near the front.

The mean flows induced by the disturbance are
driven both by horizontal Reynolds stress divergence
and by the Coriolis acceleration due to the cross-stream
flow. The deep mean flows have a double jet structure,
which bears a striking resemblance to Schmitz’s (1977)
observations under the Gulf Stream. These jets are in
fact barotropic and can be seen in the surface flows;
one may speculate that large-scale baroclinic forcing
mechanisms not present in our model could tend to
restore the original frontal jet near the surface while
leaving the deep flows unaffected. The jets are some-
what barotropically unstable, particularly at wave-
lengths longer than the initial wavelength, and this
barotropic instability results in a slight spreading of the
Jets.

The double jet may in fact be an artifact of the pe-
riodic boundary condition, in the sense that it results
from the self-interaction of the cyclonic vortex. None-
theless our results remain relevant to the Gulf Stream
as quasi-periodic trains of meanders are frequently seen
(Hansen 1970). It would be interesting to study the

. spatial growth of an isolated meander (as in Ikeda and

Apel 1981); however this would be both technically
difficult (because of the need to develop a suitable open
boundary condition at the ends of the channel) and
computationally expensive (because of the large do-
main required).

The B-effect is important in determining the position
of the eastward iet to the south of the front; both this
and the trapping of the cyclonic eddy can be understood
if we think of the cyclonic eddy as acting as a large-
scale diffuser of the lower layer potential vorticity (as
explained in section 6), but similar arguments do not
explain the behavior of the anticyclonic eddy.

As noted by Hogg (1983), the deep velocities in eddy
resolving general circulation models (EGCMs) show
an eastward mean flow directly below the Gulf Stream
axis, with recirculation to the north and south. Ikeda
(1981) obtained similar results in his quasi-geostrophic
channel model. Our results are, however, closer to what
is observed in the ocean, with the eastward flow dis-
placed to the south as observed. The explanation -for
this discrepancy between the models is not clear. The
major differences between our model and Ikeda’s are
our use of primitive equation rather than quasi-geo-
strophic dynamics and our asymmetric initial state with
a front (as opposed to Ikeda’s symmetric jet), so we
conclude that the existence of a strong front (which
precludes quasi-geostrophic dynamics) can lead to
qualitative changes in the induced flow. It would be
interesting to know whether asymmetry alone could
produce the same change in the quasi-geostrophic
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model. It is not straightforward to compare our results
with the time-mean flows from EGCMs, in which there
is large-scale forcing both by wind stress and by re-
motely generated wave motions. However it may still
be pertinent to point out that EGCM results published
to date (e.g., Semtner and Mintz 1977; Holland 1978;
Cox 1985) have horizontal grid intervals of order 20~
40 km, scarcely sufficient to resolve the Rossby radius
a in the vicinity of the Gulf Stream, and that while the
dominant length scale of the eddies is rather greater
than this, a is still an important scale in the cross-stream
direction and eddy dynamics at this scale could influ-
ence the mean flow.

Our results show no sign of the deep westward re-
circulation south of the Gulf Stream observed in the
ocean by Schmitz (1977) and in EGCMs, for example,
by Semtner and Mintz (1977) and by Holland, Keffer
and Rhines (1984). It has recently been proposed
(Marshall and Nurser 1986; Greatbatch 1987) that this
recirculation may be interpreted as part of a quasi-
inertial gyre, closed by inertial boundary currents at
the northern, eastern and western boundaries, and re-
stricted, for layers not exposed to wind stress curl forc-
ing, to a region of uniform potential vorticity. Since
our model does not have meridional boundaries we
would not expect to see such a gyre in our results. The
results do however show how, even when the common
restriction to quasigeostrophy is relaxed, instabilities
of the highly inertial eastward jet tend to homogenize
the potential vorticity in the subsurface layers and
hence drive the deep flow.
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