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1 Intr0ducti0n 

In this paper we analyze successive quadratic programming methodsfor solving the equality 

constrained optimization problem 

min (z) subject to“z)一 0． n 1 

where f R 一 R and c： 一  are smooth nonlinear function．There are quite a few articles 

proposing sequential quadratic programming methods (SQP)． These methods generate a search 

direction at b̂y solving the quadratic programming 

min gTd+寺 subjectto +Afd一0． r1．2j 

whereg÷isthegradient otfat z1．A|一A{zl>一tVc3fz‘)一． ， c {z|)]isthe／,／xmJaeobimatrix 

of c(z)at z and L is the Lagrangian function defined for by 

L(x．柚：厂 j一∑ J． r1．3j 
1 

Let且 is a matrix that approximates the Hessian of the I agrangian function． 
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COLEMAN and CONN： ．NOCEDA1 and OVERTONE ]proposed separately similar quasi·Newton 

methods using approximate reduced Hessian．By constructing an orthonormal basis (Z ∈ R 一 ) 

for the tangent space of the constrains at the current point z they use the fact that the matrix 

ZFH ∈ R一 一⋯is positive definite．However．recent reports indicate that it might be difficult 

to find a basis z which changes continuously with k(see．for example[2])．Two basic approaches． 

namely the line search and the trust region．have been developed to ensure global convergence towards 

local minima(see[1]and[4])．However．all versions of these approaches enforce a monotone 

decrease of acertain merit function at each step．Recently．the nonmonotonic 1ine search technique for 

solving unconstrained optimization is proposed by GRIPPO et al in[4]．The 

motivates to further study the projected quasi·Newton methods with trust region 

In this paper we describe and analyze the projected quasi—Newton methods associated with 

nonmonotone trust region for problem (1_1)． we suggest to solve two subproblems rather than 

solving the continuous Ẑ with k．Section 2 presents the decompose of projected quasi·Newton method 

in association with nonmonotone trust region technique in detail．In section 3．we prove the global 

convergence properties of the proposed algorithm，while in section 4．we devote the loc al convergence 

rate of the algorithm． 

2 Algorithm 

W e first introduce some standard notations for this paper． 

Let II．1I be the Euclidean norm on R“．Let R 一 R be twice continuously differentiable with 

gradient R 一 R and Hessian matrix v f． I．et c．R“一 be the vector of twice 

continuouslydifferentiable constraint functions 0 fIj．for i一 1，⋯．， ．with the Hessian matrix of 

c Iz)denoted by 2 c。tz) andletAtz)bethe nbym matrix consisting ofthe column vectors口 Iz) 

for i = 1，⋯．，m． Denote the first order I．agrange multiplier estimates by r̂z) 一 

LAtz TAtz)3-1Atz)rgtz)． 

The projection matrix P )一 I—AIz)LAtz rAIz)3-,Atz 

In each iteration．we first solve the subproblem 

J rain g +{d 且d subject to ：。d一0 旧II≤4． 

where A  is a trust region radius．Let d be the solution of the subproblem (S )．1et be the solution 

of the second subproblem ( )． 

r ) min +A：stI subjectto I≤A． 

In orderto decidewhetherwe shouldtakezl“ 一 zI+ P ．where机一 dI+ sit．we adaptthel1 

·norm nondifferentiable exact penahy function f工， 一ffz)+PI f工) 】．set 

f 一 ． if 一 ≥ max(Il II ．fll Il+rj·IIÂ (ATAjI1II}+ r 
=

1m { 一 ．II ， ．ttA。f jAD-III)+ ． 0therwi e． 佗-̈ 
where r is a positive constant and constant口satisfies忙 川1≥ 口 川． 

The actual reduction in the penalty function in going from to +̂1 is thus given by 

Ared f )=^ 一， + P̂)+ {I1 IIl一 忙 + p̂jII1)． f2．2j 

Using these same approximations we can compote a prediction of the red uction 

Pred-r j一一gl。 一÷ 。Bkd。一 + {IIc I 一II 2 + It }． r2．3j 
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Relaxing the acceptability condition on ．we set 

{z ， m 一 max 缸}⋯ ， ＼． f2．4) 

Are也(PD 一 血，⋯． Ⅲj— r,o(x̂ 十 Ps． j． r2．5j 

where 7／．1 r0j一 0 and 0≤ 7／．1限J≤ min{7／．1伯一 1j+ 1．M}，k≥ 1．and M is a nonnegative integer． 

It is clearly to seek— f脚 ≤ r ≤ k． 

Algorithm 

Given ∈ r0 1)．叩∈ 似．1j， ． l and y2whichmust satisfy 0< y ≤ y1< l< ． 

Step 0：the starting point o2- f。and g。are given．as well as an initial trust region radius > 0 

and Bn．an initiaI approximation to the Hessian at the starting point．Set k一 0． 

Step 1 Solving the two su roblems(sI and(P respectively obtain steps ds and Ss． 

Step 2 Ifd^一 0 and = 0．then stop：else goto next step． 

Step 3：Compute P̂ 一 d + and given hy (2．1)． Compute Ared (PD ．Are ĵ and 

Pred· j given by (2．2)． (2．5)and (2．3)．respectively． 

Further．set 

一 面
Are

a

d dpD
．

and = 丽Are
a

d而,(PD
． r2．6) 

Step 4：Inthe ease， ≥ Theiterationis saidto he successfu1：set +1一 + P ．and choose 

+ l∈ [ ， ± ]，if仇≥ 叩：or + ∈ ． j．if玑<叩，Otherwise i e < Theiteration 

is said to be unsuccessful，let 2／-̂一 ̂and Â ∈EruAs， l )．Go to step 1． 

Step 5：Using the quasi Newton updating formulae to update for鼠+1．set m限 + 1)≤ min 

{ 限)+ 1．M )and +̂ + 1．return to step 1． 

This is a theoretical algorithm and many details should be added to specify a practical numerical 

procedure．In particular．as to the stopping criterion of the algorithm．in practical use we can check 

the condition ll以 + ≤ e for a small convergent tolerance e> 0． 

3 Global convergence 

W e make the following assumptions in the section． 

Assumption 1 Sequence{ẑ)generated by the algorithm is contained in a compact set on R ． 

Assumption 2 Matrix A{T 一 c{T)has full column—rank on x．There are constants p≥ 8 

> 0 suchthat ≤ lIA A 川 ≤ ，V ∈ ． 

Lemma 3．1 d̂ is a solution of subproblem (Ŝ )if and onlyifthere exist ≥ 0． ∈R such 

that (BI+ #s1)dI一 一 g|+ A 

Â = 0． r△̂ 一 lIdsllj一 0． r3．1j 

holds and Bs+ is positive semidelinite in N (As j． 

Lemma 3．2 Assumptions l～ 2 h0Id．If dk= 0 and Sk一 0 then J is a Kuhn—Tucker point of 

the Problem (1．1)． 

mma 3．3 If T is a Kuhn—Tucker point of the Problem (1．1)．and is positive definite in 

Ⅳ r  ̂j．then以 = 0is the solution of(Ŝ )and 一 0is the solution of(P J． 

Lemma 3．4 I et 一max(1IP 且P。 l 一 1⋯⋯k)+ 1．we have that 

一  以一吉 d。≥吉llRmIlmin{4，业 }． 慨 
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Lemrrm 3．5 If is updating by (2．1) we have that 

(Il “一 II +“II}一g： ≥ rmin{-Itc,lt， }， r3．3J 

where s1,solves(P and constant口satisfies忙 川】≥ 口陆 川． 

Proof Set 一 一 A rA A )I1“ we consider two cases： 

(1)IfIIs II≤ Ak．then 一 isthe solution of(P )f0r + 一0．We have 

{Ito,̈ 一 ItA~'s + l }一g{ ≥ IIc + ≥ mil0Ill (3．4J 

(2)If I> 4 -then Iisthefeasible s。luti。n ofthe subproblem ( )．s0 

tic,tl 一 It + A1,,tt ≥ ttc,tl 一 忙 + r ) } 训 ≥ ． f3．5) 

Therefore．we have that．using (2．1) 

{IIc II]一 IIA1s +“II }_ ≥ 一 [Ig,NA,／> rZ~． 『3．6) 

According to (3．4)and (3．6)．(3．3)is true． 口 

Combining the above two lemmas， we now state our main result 0n the model decrease at 

iteration k．for Pred̂ Ĵ． 

gemma 3．6 Under assumptions A1～ A2．we have that 

Pred f )≥告II g II {△J， }+rrnin{ 4)． r3．7) 

Proof Combining (3，2)and (3．3)， (2．3)implies that(3．7)is true． 口 

l~mma 3．7 Suppose that the assumptions A1～A2 hold．There exists玩> 0 such that 

一max州 。， 川 IIv 川Ii=1，2 ⋯．m．J=1．2．⋯，k)+ 1 

where￡̈  i一 0 1，⋯-，m belongstothelinesegmentfrom ．z-ito．72 + p containedinX．Thenwe have 

that IAred~ j—Pred (PD I≤ [6J+ f1+ )玩]A。． f3．8J 

Proof By the definitions of Aredj and Pred ．we have that 

IAred (PD—Pred )f≤寺f『d：B,d I+ 『户：’v ，f jAI J+ 

『∑tc,f )+V f J I+专∑I户 cif毫 ) I—ttAI'~ + 『≤ 
i f=i ‘=1 i 

[ + f1+ ) ]△ ． 口 f3．9) 

Because assumptions A1～ A2 hold there exists p> O such that 

—  forlarge enough k． r3．10) 

Assumption 3 There exists b> 0 such thatmax{b b )≤ b．V k．And v。f and c．． = 1． 

2，⋯．，m are Lipschitz continuous matrix functions on the set X． 

From (3．1O)and Assumption A3 we have that there exists > 0 such that (3．8)can be 

rewritten as follows I Ared f )一Pred fA)I≤ △l 

Theorem 3．8 Assume that assumptions A1～A3 hold．Let sequence{ )be generated by the 

algorithm．then 

lim inf州 II+ I II}一0． f3．11) 

Proof According to (3．7)．we have 

r +A， )--9r Ⅲ． Ⅲ)≤--FPre r )≤一~ltP,g,IIm n{4．』!： )一 min{ 口8“II}．r3．12) 
From (3．1o)．there is > 0 such that ．for large enough k． 

Taking into account that m{ + 1)≤ m{ + 1．we have 
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9(xm+1 ， r +t 
≤ 

m

《 

a x 

+ t 

{ +1一 · +卜，)) 
《 

m  a

m

x

+ t

{ 蚪l_ ’ +1一 一 Ⅲ m 。· 。 

for large enough k．Moreover．we can obtain that for all k> M  and large enough ． 

llP 

9(xⅢJ． m)≤ 9(xⅢ 

igl r̈ 

b 

{ ， 一 2 j一 

}一／rrmin{ Ⅲ一1，allc,Ⅲ一】 ． f3．14) 

Ifthe conclusion(3．11)is nottrue there exists an e>0 suchthatlIctll+lI nll≥2e． 一1．2⋯-r- 

llekII+lIPkgkll≥2e．k=1．2⋯⋯ and hence either lIc ≥c，k一1．2。⋯．or llP ll≥．k一 1．2⋯⋯ 

Therefore．we have that(3．14)can be written as follows．either 

9(xⅢJ． ㈣)一9(x Ⅲ-1_． m 】J)一导￡min{△rm }}． f3．15) 

or 9(xⅢ】 j≤ 9(x m一1J． 一】J)一 ~rmin{ae， —1)． f3·16) 

Since{9(xm 。 Ⅲj)is nonincreaslngforlarge enough k．solim  ㈣一1=0．For k> M ．as k—M ≤ 

^一 mf砷 ≤ z限)≤ k by updatingformula of ，we havethatfor any J 0≤ A+ ≤ ．then 0 

≤ A ≤ 4Ⅲ which meansl_mA = 0．On the other hand，if II II≥ e．from lemma 3．6 

when ≤ae。thenPred r )≥ if II P II≥t also from lemma 3．6．when÷≥ ．we have 

Pred r j≥昙A．As abore．we havethat if ≤min{ {}。then Pred f )≥ 。where — 

min{专，r)．when —o． 
- 一·I一坚  ≤ ～  

This implies 一 1，i e for large enough k。 ≥ 7．It also implies that trust region radius will be 

bounded awav from zero．which contradicts limz~一 0． 口 

4 Local Convergence 

In the following paragraph．we further discuss the local convergence of the proposed algorithm· 

Further。we assume that 

Assumption 4 z．is aKuhn--Tucker Point of problem (1．I)．i e．there exists a vector ．̂∈ 

R suchthatg．一 A． ．一 0 andf．一 0． 

As sumption 5 There exists z-1 such that 

． d≥ rt 0 d when d一0． r4．1j 

where W．一 ．。̂．j— f(x j一 ：t 。 ．)is the Hessian matrix of the Lagrangian 

function of problem (1．1)at ． 

船 umpti0rI 一  z 

From f4．2) it is easy to see that since P 以 = we haved：B,d 一 。W + 0 r II d II j． 

W e introduee a correction vector to improve local convergence rate of the algorithm． 

仉一一A fAlA 厂 cf +PD一 一  ̂]． r4．3) 

Therefore．in the algorithm．we take +l= ^+ P + instead of 321+l一 曲 + Pk．and revise 

the step of the algorithm． 

Lemma 4．1 l1 ll=OflI lI )． 
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Corollary 4．2 ll I1一OfA J． 

By lemma 4．1 or corollary 4．2．the algorithm which is revised by a correction step will also keep 

global convergence properties of the original algorithm in section 2．W e needn’t reprove here these 

because the proofs are similar to these of the original algorithm． 

As explained in the last section．we also assume P for all large enough k． 

Lemma 4．3 Assume that assumptions A1～A6 hold．then 

IAred r + 口̂ 一Pred̂r )I=o 0。+ Il I1 J． f4．4j 

Lemma 4．4 Assume that assumptions A1～ A6 hold．Then there exists > 0 such that for 

large enough k． 

Pred r J≥ d + ll i1 J． f4．5J 

Theorem 4．5 Under assumptions A1～ A6．For any large enough k．we have 

仉≥ 7／． f4．6) 

Proof Similar to the proof of(3．14)in theorem 3．8．using (4．5)．for large k．we have 

Ⅲ ．Pr㈣ ≤ 川Ⅲ ． Ⅲ̈ 一 f lI d㈨ 1 II + II Ⅲ ． j． f4．7) 

Byinduction，similartothe proof ofthetheoremin[4]．we havelira{ d̂ ll + )一0．From 

lemma 4．4 and lemma 4．3 we get that 

17．--1I一生  一o． 一+。。
． s， 

S0(4．6)istrue． 口 

Theorem 4．6 Under assumptions A1～ A6，we have 

lim{ll P gI I1+ )一0． r4．9j 

Proof Assume a subsequence{m }of this subsequence satisfies 

I P g II+ II II≥ 2e ． r4．1Oj 

for an e】∈ rO．1 ．Theorem 3．8 guarantees the existence of another subsequence{z。)such that 

II P】 +1gb+1 II+ II +1 I< Et I P g II+ II ĉ II)and II P谣|II+ II c II> Et II P g II+ 

II IIj m ≤k≤1 for any e．So atleast one of II II≥￡】eand II P II≥e】eholdsform。≤k≤ 

．

Applying(3．6)and(4．6) we obtain that either Ared。rAJ≥ 1 ￡】~-rain{ 
． A )or Ared fAJ 

≥ fir min{GE1E．4 )．No matter whether cases hold we have limA 一 0 which implies Ared f j≥ 

min{告 l E_7r}A一 ·，where let；一min{寺 E1 e． }．We use the triangle inequality to show that 

I■ II+II II≤f II g 一PI,+ 即  II+II 一e1 + II j+ef II II+I c llj．I r4．11) 

Itfollowsfrom (4．11)that 

r1一eJ r II g It+ II c II)≤ II g 一P ̈ gt + I+ II f_ 一 + I≤ 

2L II 一 +l II≤ 【 血m P 一 fz +】 101+1)】， f4．12) 

whereL is the Lipschkz constant of ll Pf )gf I1 and ll c j ．By f ．Pj being bound below we 

know that the last right—hand side of(4．12)approaches zero as i tends to infinity．This contradicts 

(4．i0)and hence proves the theorem． 口 

Theorem 4．7 Assume that assumptions A1～ A6 hold．Then the proposed algorithm is two— 

step Q—superfinear convergent，i e 

糖 -o- 
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Furthermore sequence{4 + P̂ )is one—step Q—superlinear convergent．i e 

坚 
Proof Since (4．6) holds． it means that for Large ． the trust region radius will be 

nondeereasing．i e△⋯ ≥ 4．Hence there exists > 0 such that4+】≥ ．for large孟．As 0．it 

means that for Large the trust region constraint of the subproblem ( )is inactive．i e d̂ II<4． 

So 0．and hence <4．forthe subproblem ( )whichmeans 一一 ÂfAIA)̂I1 and 
= 一 A CAI。A，厂 c + )．In addition￡≥ ≥ bythe rule ≥ inthe step4 ofthe algorithm． 

we have 4+l= +̂P，+ ．To summarize above．similar to the proof of theorem 4．5 in[6]，we 

have obtain that(4．1 3)and (4．14>hold． 口 

We have studied the convergence properties of the projected quasi-Newton algorithm in 

association with nonmonotone trust region technique for equality constrained optimization problems． 

W e also feel that the proposed algorithm needs a lot of numerical testing so that it can be applied in 

practice．These researches will be studied in coming papers． 

References 

BOGGS P T TOLLE J W W ANG P．On the locaI convergence of quasi-Newton method s for constrained 

optimization口]．SIAM J Control Opt．1982，20：161．171． 

BYRD R H．SCHNABLE R B．Continuity of the null space basis and constrained optimizationD']．Math Prog． 

1986 35-32—4l_ 

COLEMAN T F． CONN A R On the lozal convergence 0f a quasi—Newton method for the nonlinear 

programming problem口]．SIAM J Numer Ana1．1984．21 755—769． 

GRIPPO L，LAMPARIELLO．LUCIDI S．A Nonmonotone Line Search Technique for Newton’s Methods[J']． 

SIAM J Numer Ahal，1986．23：707—716． 

NOCEDAL J，OVERTON M L．Projected Hessian update algorithms for nonlinear constrained optimization 

[J]．s1AM J Numer Ahal，1985，22 821-850． 

ZHANG J，ZHU D．Projected quasi—Newton algorithm with trust region for constrained optimization[J]．J 

Oixim Thoery Appl，1990．67：269-393． 

等式约束优化的投影拟牛顿法的非单调信赖域算法 

钱纯青．傅 军．朱德通 

(上海师范大学 敷理信息学院．上海 200234) 

摘曩：提供了分解投影拟牛顿法结音非单调信赣域算法求解非线性等式约束优化问题．在音理的条件下．证明了算 

法的整体收敛性 通过引进二阶矫正步克服了MARATOS效应 使算法保持了局部超线性收敛速率． 

关■调：信赖域；非单调技术：约束优化 
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