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1 e a}[W�r'w^%B�X���viXjkv��fD%{�� C�W0% Ascoli,{�2�;%B�X�TQ&`"�t�1/�XY#x/�X%fUB�X��� �}[r'w^�vk+% ℵ0 =�%vS�Michael ��� [1]: ! X, Y E ℵ0 w^��� X " Y $% �}[r'& C(X, Y ) girB�1 ℵ0 w^� Paul O’Meara ��� [2]: ! X E ℵ0 w^� Y E8i% ℵ w^��� X " Y $% �}[r'& C(X, Y ) girB�18i% ℵw^� Guthrie ��� [3]: ! X E ℵ0 w^� Y E cs− σ w^��� X " Y $% �}[r'& C(X, Y ) girB�1 cs − σ w^�Kb Michael %gJ�H"D�%fyr'& —)i�}[W�r'& Ck(X, Y ) $�$"�T?%g��Z����! X, Y E ℵ0 w^��)i�}[W�r'& Ck(X, Y ) girB�E ℵ0 w^�
2 C9 Ck(X, Y ) g>�VKZ/6*_nK��B�w^ X, Y q1Æ� T1 %�Y mX EB�w^ X " Y $%:vW�r'&�
Ck(X, Y ) E X " Y $%:v)i�%}[W�r'&�K�I,n%4}O=NqkKR [4]E!�) f ∈ Y mX , 0 A ⊂ X , [ f(A) =

⋃
x∈A f(x); 0 B ⊂ Y , [

f+(B) = {x ∈ X : f(x) ⊂ B};

f−(B) = {x ∈ X : f(x) ∩ B 6= ∅}.1 1 ) f ∈ Y mX , x0 ∈ X , � f �) x0 $�}[1��0x Y %	Br$W U , �d f(x0) ⊂ U , .�� x0 %r�~ V , /$! x ∈ V .�v f(x) ⊂ U ; f �) x0 N�}[1Q3NM: 2005-04-26; <RNM: 2005-11-267=^J: M�,6_�tb�-l:# (02010180).



934 7 ℄ ` m { � � 27p��0 Y %	Br$W U , �d f(x0) ∩ U 6= ∅, .�� x0 %r�~ V , /$! x ∈ V .�v
f(x) ∩ U 6= ∅; f �) x0 }[1�� f � x0 \$�}[wN�}[� J f � X %	B).
($��N�) }[��� f 1 ($��N�) }[W�r'�Q��f 1}[%�d>a1�0x Y %	Br$W U , f+(U)O f−(U).1 X %rW�0x X %$W K, Y %$W U , V , [

W+[K, U ] = {f ∈ Y mX : f(x) ⊂ U, x ∈ K};

W−[K, V ] = {f ∈ Y mX : f(x) ∩ V 6= ∅, x ∈ K}.1 2
[5] k:vW W+[K, U ], W−[K, V ] %WE$U*� Y mX %B� Tk �EirB���� K E X %i$W� U , V E Y %r$W�K�� Ck(X, Y ) $?y%B�q�irB��1F 1 Ck(X, Y ) 1Æ� T1 %�lI ) f ∈ Ck(X, Y ), K EX %i$W�U E Y %rW�! f ∈ W+[K, U ],� f(K) ⊂ U ,�20x�m x ∈ K, �� Y %rW Ux, /$ f(x) ⊂ Ux ⊂ Ux ⊂ U �ux f 1}[r'��2�� x %r�~ Vx, /$ Vx ⊂ f+(Ux), 
 {Vx : x ∈ K} >A K, �2��vS$>A

{Vxi
}n

i=1 �u Vxi
⊂ f+(Uxi

), v K ⊂
⋃n

i=1 Vxi
⊂ f+(

⋃
n
i=1Uxi

) ⊂ f+(
⋃n

i=1 Uxi
) ⊂ f+(U), 2

⋃n
i=1 Uxi

E�W�� Y −
⋃n

i=1 Uxi
ErW�2� f ∈ W+[K,

⋃n
i=1 Uxi

] = Ck(X, Y )−W−[K, Y −
⋃n

i=1 Uxi
] ⊂ W+[K, U ] �oE Ck(X, Y ) − W−[K, Y −

⋃n

i=1 Uxi
] E Ck(X, Y ) %�W��2

W+[K,
⋃n

i=1 Uxi
] E�W�woE W+[K,

⋃
n
i=1Uxi

] ⊂ W+[K,
⋃n

i=1 Uxi
], :k W+[K,

⋃n
i=1 Uxi

]E f %��~�! f ∈ W−[K, U ], �0x�m x ∈ K, v f(x) ∩ U 6= ∅, ) yx ∈ f(x) ∩ U , ��� yx %r�~ Ux, /$ Ux ⊂ Ux ⊂ U . ux f 1}[r'��2�� x %r�~ Vx, /$ Vx ⊂ f−(Ux),
 {Vx : x ∈ K} >A K, �2��vS$>A {Vxi
}n

i=1. 0x�m x ∈ K, �� Vxi
, Uxi

, /$ x ∈ Vxi
, Vxi

⊂ f−(Uxi
), �2 K ⊂

⋃n

i=1 Vxi
⊂ f−(

⋃
n
i=1Uxi

) ⊂ f−(
⋃n

i=1 Uxi
) ⊂ f−(U), 2

⋃n

i=1 Uxi
E�W�� Y −

⋃n

i=1 Uxi
ErW�2� f ∈ W−[K,

⋃n

i=1 Uxi
] = Ck(X, Y )−W+[K, Y −

⋃n
i=1 Uxi

] ⊂ W−[K, U ]. oE Ck(X, Y ) − W+[K, Y −
⋃n

i=1 Uxi
] E Ck(X, Y ) %�W��2

W−[K,
⋃n

i=1 Uxi
] E�W�woE W−[K,

⋃
n
i=1Uxi

] ⊂ W−[K,
⋃n

i=1 Uxi
], :k W−[K,

⋃n

i=1 Uxi
]E f %��~�) W E Ck(X, Y ) �K f %rW����W W+[K, U ]O W−[K, U ]%$UrWWi(1 ≤

i ≤ n),/$⋂n
i=1 Wi ⊂ W ,u�
%�����0q%��~ Bi�/$ f ∈ Bi ⊂ Wi(1 ≤ i ≤ n),�2 ⋂n

i=1 Bi ⊂
⋂n

i=1 Wi �� B =
⋂n

i=1 Bi, � B E f %��~�2� f ∈ B ⊂ W .%P$5� Ck(X, Y ) EÆ�%�) f, g ∈ Ck(X, Y ), � f 6= g, �7)�� x ∈ X , y ∈ Y , /$ y ∈ f(x) − g(x). o g(x)1i%�� y 6∈ g(x), ��� y %r�~ Uy, /$ Uy ∩ g(x) = ∅. o� g 6∈ W−[{x}, Uy],2 f ∈ W−[{x}, Uy]; w�� g(x) r�~ Ug(x) /$ y 6∈ Ug(x), � g ∈ W+[{x}, Ug(x)], 2
f 6∈ W+[{x}, Ug(x)]. G f, g ∈ Ck(X, Y ) ;���R��K%r�~�o� Ck(X, Y ) 1 T1 %�dF 1 ) K E X %i$W�,nW�r' φ : X ×Ck(X, Y ) → Y E φ(x, f) = f(x), �
φ | K × Ck(X, Y ) 1}[%�lI ) (x, f) ∈ K × Ck(X, Y ), 0x Y %rW U , ! φ(x, f) ⊂ U , Z f(x) ⊂ U , �oE f(x) EiW����K f(x) %rW W , /$ f(x) ⊂ W ⊂ W ⊂ U . oE f 1}[r'�



4� |(��X�s(x_�jsC�O& ℵ0 Y� 935:k�� K %r$W V , /$ x ∈ V , �v f(V ) ⊂ W , �2u V ⊂ f+(W ) ⊂ f+(W ), f+(W )1�W�v V ⊂ f+(W ) ⊂ f+(W ) = f+(W ), Z f(V ) ⊂ W ⊂ U , 2 V 1 K %i$W��
V × (W+[V , U ]) E K × Ck(X, Y ) � (x, f) %�~�2�0x�m (x′, f ′) ∈ V × (W+[V , U ]),v φ(x′, f ′) ⊂ U �G φ 1$�}[�! φ(x, f) ∩ U 6= ∅, Z f(x) ∩ U 6= ∅, ) y ∈ f(x) ∩ U , ����K y %rW W �/$ y ⊂ W ⊂ W ⊂ U �oE f 1}[r'�:k�� K %r$W V , /$! x ∈ V .�
f(x)∩W 6= ∅,Z V ⊂ f−(W ), �2u V ⊂ f−(W ) ⊂ f−(W ), f−(W )E�W�v V ⊂ f−(W ) ⊂

f−(W ) = f−(W ) ⊂ f−(U), G f(V ) ∩ W 6= ∅. o V 1 K %i$W�� V × (W−[V , U ]) E
K × Ck(X, Y ) � (x, f) %�~�0x�m (x′, f ′) ∈ V × (W−[V , U ]), v φ(x′, f ′) ∩ U 6= ∅ �G
φ 1N�}[� 2dF 2 ) L ⊂ Ck(X, Y ) EiW�,nW�r' L(x) =

⋃
{f(x) : f ∈ L}. ! X E k w^�� L(x) 1}[%�lI ) K E X %9wi$W�� LK E L � K $%S��Z LK = L|K , N
P� LK1}[%�) U E Y %rW� x0 ∈ K, /$ LK(x0) ⊂ U . 0x f ∈ L, oE φ � (x0, f) �}[�up{ 1, �� x0 � K �%r�~ Vf , f � Ck(X, Y ) �%r�~ Wf , /$0x�m% x′ ∈ Vf ,

f ′ ∈ Wf , v φ(x′, f ′) ⊂ U , Z f ′(x′) ⊂ U . oE L ⊂
⋃

f∈L Wf , �2� {Wf : f ∈ L} �u�vSB� Wf1
, Wf2

, . . . , Wfn
>A L �Tq'�v Vf1

, Vf2
, . . . , Vfn

. � V =
⋂n

i=1 Vfi
, � V E

x0 %r�~��20x�m x′ ∈ V , f ′ ∈ L, �� Wfi
, /$ f ′ ∈ Wfi

, 2�v x′ ∈ Vfi
, �2

f ′(x′) ⊂ U , Z LK(x′) =
⋃
{f(x′) : f ∈ L} ⊂ U , G LK(x) $�}[����) LK(x0)∩U 6= ∅,��� f ∈ L, / f(x0) ∩ U 6= ∅, ux f 1}[% (e� K $1}[%), �2�� x0 � K �r�~ V , 0x�m x′ ∈ V , v f(x′) ∩ U 6= ∅, Z LK(x′) ∩ U 6= ∅, G LK(x) N�}[���� L1}[%�0x Y �%�m�W B, X �%�miW K, u L+(B)∩K = L+

K(B)Y L−(B) ∩ K = L−

K(B), $" L+(B) ∩ K O L−(B) ∩ K � K �1�W�ux X E k w^�� L 1}[%� 2dF 3 ) L ⊂ Ck(X, Y ) EiW�K E X %9wi$W�� L(K)1 Y %9wi$W�lI 0x L(K) =
⋃
{L(x) : x ∈ K} %�mr>A P , ) x ∈ K, f ∈ L, oE f(x) 1iW��2�� P %vSB�F�%$& Pf(x) >A f(x), Z f(x) ⊂

⋃
{U : U ∈ Pf(x)}. u f %}[X� Vf(x) = f+(

⋃
{U : U ∈ Pf(x)}) EK x %rW�G {Vf(x) : x ∈ K} E K %r>A�:k��vS$>A {Vf(xi) : 1 ≤ i ≤ k}, /$ K ⊂

⋃k

i=1 Vf(xi) =
⋃

k
i=1f

+(
⋃
{U : U ∈ Pf(xi)}),�2 f(K) ⊂

⋃
{U : U ∈

⋃k

i=1 Pf(xi)} = Uf , 
 {W+[K, Uf ] : f ∈ L} E L %r>A�:k��vS$>A {W+[K, Ufj
] : 1 ≤ j ≤ n}, �2 L ⊂

⋃
{W+[K, Ufj

] : 1 ≤ j ≤ n}, Z
L ⊂ W+[K,

⋃n

j=1 Ufj
], o� L(K) ⊂

⋃
n
j=1Ufj

, 2	B Ufj
E P %vSB�F�%$&%vSB���2 ⋃

n
j=1Ufj

1 P %vSB$&%vSB�%��G L(K) 1 Y %9wi$W� 2

3 C9 Ck(X, Y ) g>�VKZ/ ℵ0 Sk1 3
[1] w^ X %$W& P 1 X %GU1�� K E X %9wi$W� U E X %rW�! K ⊂ U , ��� P ∈ P , /$ K ⊂ P ⊂ U .1 4
[1] !w^ X ovu6GU�� X �E ℵ0 w^�



936 7 ℄ ` m { � � 27p1F 2 ! X, Y E ℵ0 w^�� X E k w^� A,B ;�E X, Y %u6GU�!0x
Ck(X, Y ) %�miW L, X %9wiW K, Y %rW U , /$ L ⊂ W+[K, U ], ��� A ∈ A,

B ∈ B, /$ L ⊂ W+[A, B] ⊂ W+[K, U ].lI �-f
X�) A �vSeN1<�%�L ⊂ Ck(X, Y )EiW�� L ⊂ W+[K, U ],up{ 2, L(x) 1}[%� L(K) ⊂ U , � V = {x ∈ X : L(x) ⊂ U} ⊃ K E X %9wrW��
A1 = {Ai} = {A ∈ A : K ⊂ A ⊂ V };

A′

n =
n⋂

i=1

{Ai : Ai ∈ A1}.

B1 = {Bi} = {B ∈ B : B ⊂ U}.G�Z	"B n, / L(A′

n) ⊂ Bn, �2 L ⊂ W+[A′

n, Bn] ⊂ W+[K, U ]. ℄)0	B n ∈ N , �� xn ∈ A′

n, / L(xn) 6⊂ Bn, � A = K ∪ {x1, x2, . . .}, � A Ei%�
1oE0x A %�mr>A P (e1 K %r>A), ��SB� P1, P2, . . . , Pl ∈ P , /$�� ⋃l

i=1 Pi >A K. o XE ℵ0 w^��2��fB A′

m, /$ K ⊂ A′

m ⊂
⋃l

i=1 Pi. oE xm ∈ A′

m, 2 A′

m+1 ⊂ A′

m, :k! i ≥ m .� xi ∈ A′

m, o� {xi : i ≥ m} ⊂
⋃l

i=1 Pi. 
0 x1, x2, . . . , xm−1, Tq'��
P ′

1, P
′

2, . . . , P
′

m−1 ∈ P , /$ xi ∈ P ′

i , i = 1, 2, . . . , m − 1, :k {P1, P2, . . . , Pl, P
′

1, P
′

2, . . . , P
′

m−1}>A A ��2up{ 3, L(A) e1i%�! x ∈ K, �u L(K) ⊂ U , v L(x) ⊂ U , :k x ∈ V ;! x = xi, � xi ∈ A′

i, 2 A′

i ⊂ V , �2 L(xi) ⊂ U , :k x ∈ V , G A ⊂ V , � L(A) ⊂ U , �2�� Bn ⊂ B1, / L(A) ⊂ Bn, =�' L(xn) ⊂ Bn, �1� 21F 3 X, Y E ℵ0 w^�� X E k w^�A,B;�E X, Y %u6GU�!0x Ck(X, Y )%�miW L, X %9wiW K, Y %rW U , /$ L ⊂ W−[K, U ], ��� A ∈ A, B ∈ B, /$ L ⊂ W−[A, B] ⊂ W−[K, U ].lI ) A �vSeN1<�%� L ⊂ Ck(X, Y ) EiW�� L ⊂ W−[K, U ], up{ 2,

L(x) 1}[%�� V = {x ∈ X : L(x) ∩ U 6= ∅} ⊃ K E X %9wrW��
A1 = {Ai} = {A ∈ A : K ⊂ A ⊂ V };

A′

n =
n⋂

i=1

{Ai : Ai ∈ A1}.

B1 = {Bi} = {B ∈ B : B ⊂ U}.G�Z	"B n,/$0�m x ∈ A′

n, L(x)∩Bn 6= ∅,�2 L ⊂ W−[A′

n, Bn] ⊂ W−[K, U ]. ℄)0	B n, �� xn ∈ A′

n, / L(xn)∩Bn = ∅, � A = K ∪{x1, x2, . . .}, �u,{ 2%��u� AEi%�! x ∈ K, �u L ⊂ W−[K, U ],v L(x)∩U 6= ∅;! x = xi, � xi ∈ A′

i,2 A′

i ⊂ V ,u V%F�u��L(xi)∩U 6= ∅. 
0x	B x ∈ A,v L(x)∩U 6= ∅. 0 x ∈ A,) yx ∈ L(x)∩U , ��� yx%r�~ Uyx
⊂ Uyx

⊂ U ,� L−(Uyx
)E x%r�~��2 {L−(Uyx

) : x ∈ A, yx ∈ L(x)}>A A, o���vSB U1, U2, . . . , Up, /$ A ⊂
⋃p

k=1 L−(Uk) = L−(
⋃p

k=1 Uk). oEup{
3 �� L(A) Ei%�G L(A) ∩ [

⋃p

k=1 Uk] 1 L(A) %�$W��21i%�� Bn ⊂ B1, /
L(A) ∩ [

⋃p

k=1 Uk] ⊂ Bn ⊂ U , ux0	B x ∈ A, �� Uk(1 ≤ k ≤ p), /$ x ∈ L−(Uk), �2
L(x)∩Uk 6= ∅,G ∅ 6= L(x)∩Uk ⊂ L(x)∩(

⋃p

k=1 Uk) ⊂ L(x)∩(
⋃p

k=1 Uk) ⊂ L(A)∩(
⋃p

k=1 Uk) ⊂ Bn,:k0	B x ∈ A, v ∅ 6= L(x) ∩ Uk ⊂ L(x) ∩ Bn, =�'� L(xn) ∩ Bn 6= ∅. �1�



4� |(��X�s(x_�jsC�O& ℵ0 Y� 937dF 4 ! f : S → X 1i>Ar'�� Ck(X, Y ) ?�x Ck(S, Y ) %fB$w^�lI ,n Φf : Ck(X, Y ) → Ck(S, Y ) E Φf (g) = g ◦ f , N
��� Φf 1 Ck(X, Y ) "
Ck(S, Y ) �%ff}[rr'�

(1) Φf 1ffr'�! Φf (g1) = Φf (g2), Z g1 ◦ f = g2 ◦ f , �0x�m s ∈ S, qv g1[f(s)] = g2[f(s)], ux
f : S → X 1i>Ar'�:k0x�m x ∈ X , �� s ∈ S, /$ f(s) = x, o� g1(x) = g2(x),G g1 = g2, lZ Φf 1ffr'%�

(2) Φf 1}[%�0x�m g ∈ Ck(X, Y ),! Φf (g) ∈ W+[K, U ],�� K E S %i$W�U E Y %r$W�� g(f(K)) = Φf (g)[K] ⊂ U , �2 g ∈ W+[f(K), U ]; 4�! g ∈ W+[f(K), U ], �u g(f(K)) ⊂

U , v Φf (g)[K] = g(f(K)) ⊂ U , Z Φf (g) ∈ W+[K, U ]. u (1), 
mJ Φ−1
f (W+[K, U ]) =

W+[f(K), U ]. oE f 1}[r'�:k f(K) E X %i$W�o� W+[f(K), U ] E Ck(X, Y )%K g %rW�y9'�! Φf (g) ∈ W−[K, U ], �0�m s ∈ K, v g(f(s)) ∩ U 6= ∅, Z0�m s ∈ f(K), v g(x) ∩ U 6= ∅, � g ∈ W−[f(K), U ]; 4�! g ∈ W−[f(K), U ], �0�m
s ∈ K, v g(f(s)) ∩ U = Φf (g)(s) ∩ U 6= ∅, Z Φf (g) ∈ W−[K, U ]. 
mJ" Φ−1

f (W−[K, U ]) =

W−[f(K), U ],�2 W−[f(K), U ]eE Ck(X, Y )%K g %rW�G Φf 1 Ck(X, Y )" Ck(S, Y )�%}[r'�
(3) Φf 1 Ck(X, Y ) " Ck(S, Y ) �%rr'�3P) W+[K ′, U ] E Ck(X, Y ) %$U�%rW��� K ′ E X %i$W� U E Y %r$W�ux f : S → X 1i>Ar'�:k�� S %i$W K, /$ f(K) = K ′, :ku (1)v Φf (W+[K ′, U ]) = W+[f(K), U ]; y9'�v Φf (W−[K ′, U ]) = W−[f(K), U ]. ��) W E

Ck(X, Y ) %U�%rW����$U�%� W1, W2, . . . , Wn, /$ W =
⋂n

i=1 Wi, u (1), Φf 1ffr'�� Φf (W ) = Φf (
⋂n

i=1 Wi) =
⋂n

i=1 Φf (Wi), 2	B Φf (Wi) 1 Ck(X, Y ) %$U�%rW��2 Φf (W ) ErW�o� Φf 1 Ck(X, Y ) " Ck(S, Y ) �%rr'�%P$5� Ck(X, Y ) ?�x Ck(S, Y ) %fB$w^� 21F 4 ! X Eu;%/�w^� Y E ℵ0 w^�� Ck(X, Y ) E ℵ0 w^�lI oE X Eu;%/�w^�:k X E ℵ0 w^O k w^�) A, B ;�E X, Y %u6GU����vSeOvS�N1<�%��
C+ = {W+[A, B] : A ∈ A, B ∈ B};

C− = {W−[A, B] : A ∈ A, B ∈ B};

C = C+ ∪ C−;

P1E C %�%:vvSe%&;

PE P1 %�%:vvS�%&.�� F E Ck(X, Y ) $%W W+[K, U ], W−[K, V ] %:vvSe%&��� K E X %iW� U, V E Y %rW�� F E Ck(X, Y ) %U�) W EK L ⊂ Ck(X, Y ) %rW�0x	B
f ∈ L, u,{ 1, �� Ef , Ff ∈ F , /$ f ∈ Ef ⊂ Ef ⊂ Ff ⊂ W . o L 1i%����vSB
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, Ef2

, . . . , Efn
, T0q'�v Ff1

, Ff2
, . . . , Ffn

, /$
L ⊂

n⋃

i=1

Efn
⊂

n⋃

i=1

Efn
⊂

n⋃

i=1

Ffn
⊂ W.� Lfi

= L ∩ Efi
, �	B Lfi

1iW���v
L = Lf1

∪ Lf2
∪ · · · ∪ Lfn

, Lfi
⊂ Ffi

, i = 1, 2, . . . , n.�2u,{ 2 O,{ 3, �� P1 %� H1, H2, . . . , Hn, /$
Lfi

⊂ Hi ⊂ Ffi
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ℵ0-Property of Multifunction Spaces under Compact-Open Topology

LI Zu-quan
(Department of Mathematics, Hangzhou Teachers College, Zhejiang 310036, China )

Abstract: In this paper, we discuss some properties of the point-compact continuous multifunction
spaces with compact-open topology and show that if X, Y are ℵ0-space, then the point-compact con-
tinuous multifunction space with compact-open topology is an ℵ0-space, which is a generalization of a
corresponding result concerning continuous single-valued function spaces proved by E.Michael[1].
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