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0 d efhg
n ihj G ihkhlhmhnhohphq (c1, c2, · · · , cn), rts ci ohj G sul g i ihkhvhwxjy s{z}|}~}�}�}�}�}� y k}l}m}n}~}�}w��}�}� 1973 � R.C.Entringer �}�}�}�}�}~}k}l}m}n

(c1, c2, · · · , cn) � c1 = c2 = 0, ci = 1(i = 3, 4, · · · , n) ihj (� [1], P.247, �h� 10).1975 �h�
P.Erdös �h�h�h�h~hkhlhmhn (c1, c2, · · · , cn) � ci ≤ 1(i = 1, 2, · · · , n) ihjhih�h�h�h�hih�hv
( � [1],P.247, �}� 11). �}�}�}�}�}�}o}�}~}�}�}�}�}�}i}w�� [2,3,4,5]  }¡}¢}�}�}�}�}£}¤}¥� y wx¦}§}¨}©}�xª}«}k}l}m}n (c1, c2, · · · , cn) i}j G ¬}}¦}�x®}¯}¦}�±°³²}i}�}�}o}´hµ}¶i}j}o¸·{¹}i}k}l}m}n}�h�hi [6]. � [7] º{»¸¼{¥ G = Kn,r − A(A ⊆ E(Kn,r), | A |≤ 1, n ≤

r ≤ min{n + 6, 2n− 3} o¸·{¹}i}k}l}m}n}�}�}i}w¾½}�}¿}� [7] i}À}Á}¡}£}¦}Â}Ã}Ä Kn,r s{ÅÆ �}Ç}�}È}É}Ç}�}i}Ê}Ë}wx½}�}»¸¼{¥ G = Kn,r − A(| A |= 2, n ≤ r ≤ min{n + 6, 2n − 5}) È
G = Kn,r − A(| A |= 3, n ≤ r ≤ min{n + 6, 2n − 7}) o¸·{¹}Ì}i}k}l}m}n}�}�}i}wx½}�}Í}� yÎ}Ï}Ð j}Ñ}Ò}� A ⊆ E(Kn,r).

1 Ó%Ô%d%ÕÖ
G o Î}Ï}Ð j}Ñ V (G) = X

⋃

Y � G i}×}Ç}�}i}¦}�}Ø}Ù}¿ X s{�xÚ}¦}�}Ø}Ù}¿ Ys{wx½}�}Ò}� | X |= n, | Y |= r Ñ n ≤ r.
Ö

S ⊆ A, Û µi(S) Ü}Ý Kn,r s{Þ}ß S s{à}~}�}il g i i}k}i}v±á³w µi(∅) Ü}Ý Kn,r i}l g i i}k}i}v±á³wÖ
Xj = {G|G = Kn,r − A, | A |= j} . Û c4(G) Ü}Ý}j G i 4 k}v}wâ
mj = minG∈Xj

c4(G) È Mj = maxG∈Xj
c4(G).ã ¢}ä}å 1 æ}£}¥}� [9] s{�}å 1.çVè�éëê
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mj =

(

n

2

)(

r

2

)

− j

(

n − 1

1

)(

r − 1

1

)

+

(

j

2

)

,

Mj =
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+

(
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)

(r − 1).

�
	 �
�
G ∈ Xj , � G = Kn,r − A, | A |= j .

Ö
S ⊆ A , h²
� | S |= 1 �h�

µ4(S) =
(

n−1
1

)(

r−1
1

)

; � | S |= 2 �h� µ4(S) =

{

1, � Kn,r[S] = 2K2,

n − 1 � r − 1, � Kn,r[S] = K1,2.
; �

| S |= 3 �}� µ4(S) ≤ 1 Ñ����������}Ñ���� Kn,r[S]
g l g 3 i������ | S |= 4 �}� µ4(S) ≤ 1Ñ����������}Ñ���� Kn,r[S]

g
4 k�� | S |≥ 5 �}� µ4(S) = 0 ,

â
a4k =

∑

S⊆A,|S|=k µ4(S),

� a40 =
(

n
2

)(

r
2

)

, a41 = j
(

n−1
1

)(

r−1
1

)

,
(

j
2

)

≤ a42 ≤
(

j
2

)

(r − 1), 0 ≤ a43 ≤
(

j
3

)

, 0 ≤ a44 ≤
(

j
4

)

, a45 =

a46 = · · · = a4j = 0.�
a44 6= 0, � Kn,r[A] s��}¿ 4 k}w���� Kn,r[A] s{×}� 4 k��� }Þ}ß 4 Ç}¬
!}i}l g

3 i��}w Ö Kn,r[A] s{~ l �}¬�!}i 4 k}��� Kn,r[A] s�"�#}~ 4l Ç}¬�!}i}l g 3 i��}��$�%
a43 − a44 ≥ 4l − l = 3l > 0.�

a44 = 0, � a43 − a44 ≥ 0.&�'
a43 − a44 ≥ 0 (����}w)�*�+�,�- å c4(G) =

∑4
k=0(−1)ka4k, .

c4(G) =

(
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)

− j
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1

)

+ a42 − a43 + a44

≤

(

n

2
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2

)
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1
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r − 1

1

)

+ a42

≤

(

n

2

)(

r

2

)

− j

(

n − 1

1
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r − 1

1

)

+

(

j

2

)

(r − 1).

· G i �
/
0 �h� Mj ≤
(

n
2

)(

r
2

)

− j
(

n−1
1

)(

r−1
1

)

+
(

j
2

)

(r − 1). 1t·32
�h¿ G? ∈ Xj , �
G? = Kn,r − A?, Kn,r[A

?] ∼= K1,j Ñ K1,j s j Ç}�}i}Ø}Ù}¿ X s{w
}² c4(G

?) =
(

n
2

)(

r
2

)

− j
(

n−1
1

)(

r−1
1

)

+
(

j
2

)

(r − 1) ≤ Mj . ®}¯
Mj =
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2
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2

)

− j
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n − 1

1
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r − 1

1

)

+
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)

(r − 1).

1 c4(G) =
(

n
2

)(

r
2

)

− j
(

n−1
1

)(

r−1
1

)

+ a42 − a43 + a44 ≥
(

n
2

)(

r
2

)

− j
(

n−1
1

)(

r−1
1

)

+ a42 − a43.�
a43 = 0, � c4(G) ≥

(

n
2

)(

r
2
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− j
(

n−1
1

)(

r−1
1

)

+ a42 ≥
(

n
2

)(

r
2
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− j
(

n−1
1

)(

r−1
1

)

+
(

j
2

)

.�
a43 6= 0.

Ö
Kn,r[A] s{~ l Ç}¬�!}i 2 �}wx 54{�}i}¦}Ç 2 �}�}|}~ j − 2 Ç 3 �}Þß}�}Ç 2 �}��6 Kn,r[A] s 3 �}v t ≤ (j − 2)l . 7�8�9}��: 3 �¸s�;�:�<�=�>�?�@}�x® g ×Ç 3 �
< 2 Çh¬
!hi 2 �
AhÛh�x®h¯ Kn,r[A] su¬
!hi 3 �hv t1 ≤ (j−2)l

2 , $
% l ≥ 2
j−2 t1.®h¯ a42 − a43 ≥ [

(

j
2

)

− l + l(n − 1)] − t1 =
(

j
2

)

+ l(n − 2) − t1 ≥
(

j
2

)

+ (n − 2) 2
j−2 t1 − t1 >

(

j
2

)

+ 2(n−2)
n−2 t1 − t1 >

(

j
2

)

.

6 c4(G) >
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r−1
1

)

+
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c4(G) ≥
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+
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· G i ��/�0 �}� mj ≥
(

n
2

)(

r
2

)

− j
(

n−1
1

)(

r−1
1

)

+
(

j
2

)

.

1 ·I2J� ¿ G? ∈ Xj � G? = Kn,r−A?, Kn,r[A
?] ∼= jK2, Ñ c4(G

?) =
(

n
2

)(

r
2

)

−j
(

n−1
1

)(

r−1
1

)

+
(

j
2

)

≥ mj . ®}¯ mj =
(

n
2

)(

r
2

)

− j
(

n−1
1

)(

r−1
1

)

+
(

j
2

)

. 2·{ä}å 1 K�L�M�N ã ¢���
2

[9]
Ö

j ≥ 2, n ≥ 1
2j(j + 1) + 2, � Mj+1 < mj .g ¥ ã�O �}å}i}»¸¼{��P}Ì�Q�R ã ¢���

3
[7]
Ö

G = Kn,r − A, | A |= j, r ≥ n ≥ j + 2, � G i}k}l}m}n (c1, c2, · · · , cn+r) s
c2n 6= 0.

2 SUTUVUW
X��

1
Ö

n ≤ r ≤ min{n + 6, 2n− 5}, � G = Kn,r −A(| A |= 2) o¸·{¹}i}k}l}m}n}�}�i}w ��	 ·{�}å}i}Ç�Y�� n ≥ r − n + 5 ≥ 5.  �2 n = r i}Ê}Ë}¿}� [8] s}º{»}��Z}Í�Q}»
n < r ≤ min{n + 6, 2n− 5} i}Ê}Ë}w + ����[ Kn,r[A] �}~}j 1 à}Ý}i}É�\}j}Ë}w

j 1 Kn,r[A] i}É�\}j}Ë] �}É�\}j}Ë}m�^�_ g H1, H2, H3, Ñ}�}j 1 à}Ý�`}×}�}j}i�a}Ù�b�chwxrts xi ∈ X È yi ∈

Y (i = 1, 2). ¯
�h¬ �
@h� Kn,r i 4 khv g (

n
2

)(

r
2

)

; Kn,r suß Hi su¦hÇh�hi 4 khv g
(

n−1
1

)(

r−1
1

)

; Kn,r suß Hi s3dhÇh�hi 4 khv
_ g µ(Hi) , � µ(H1) = 1, µ(H2) = n − 1,

µ(H3) = r − 1. Û c4(Gi) Ü}Ý Gi = Kn,r − E(Hi) i 4 k}v}w )�*�+�,�- å�N�9
c4(G1) =

(

n

2

)(

r

2

)

− 2

(

n − 1

1

)(

r − 1

1

)

+ 1,

c4(G2) =

(

n

2

)(

r

2

)

− 2

(

n − 1

1

)(

r − 1

1

)

+ n − 1,

c4(G3) =

(

n

2

)(

r

2

)

− 2

(

n − 1

1

)(

r − 1

1

)

+ r − 1.

}² c4(G1) < c4(G2) < c4(G3) . �}Ü¸¼{  G = Kn,r − A(| A |= 2), ¬�!}i G �}~}¬�!}ik}l}m}n}we ã »¸¼{  ��/ G′ 6= G = Kn,r −A(| A |= 2),G′ � G �}~}¬�!}i}k}l}m}n}wD��� G′ �}�~ ã q}É�\}Ê�f}wg
h
1 G′ ∈ {Kn,r − A | 0 ≤| A |≤ 1 � | A |≥ 3}. ·u� [7] ºu» G′ = Kn,r, G

′ =

Kn,r −A(| A |= 1) o¸·{¹}Ì}i}k}l}m}n}}¦}�}�}i}wi1�� G′ = Kn,r −A(| A |≥ 3) �}� ·{ä}å
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2 � max c4(G

′) < min c4(G). ®}¯}  G′ ∈ {G | G = Kn,r − A, | A |6= 2},G′ � G �}~}¬�!}i}kl}m}n}wg�h
2 G′ ∈ {Kn+k,r−k−A| | A |= j, 0 ≤ j ≤ n+k−2, 1 ≤ k ≤ [ r−n

2 ]}. ¯�� n+k ≥ j+2,·{ä}å 3 �}� C2n+2k(G′) 6= 0, % C2n+2k(G) = 0. ®}¯ G′ � G �}~}¬�!}i}k}l}m}n}wgJh
3 G′ ∈ {Kn+k,r−k−A| | A |= j ≥ n+k−1, 1 ≤ k ≤ [ r−n

2 ]}.
â

G′′ ∈ {Kn+k,r−k−A ||

A |= j = n + k − 1, 1 ≤ k ≤ [ r−n
2 ]}, � c4(G

′) ≤ max c4(G
′′).â

f(k) = max c4(G
′′), �¸·{ä}å 1 �

f(k) =

(

n + k

2

)(

r − k

2

)

− (n + k − 1)

(

n + k − 1

1

)(

r − k − 1

1

)

+

(

n + k − 1

1

)

(r − k − 1).

e ã »¸¼ f(k) < c4(G1) < c4(G2) < c4(G3).Í�Q}» f(k) < c4(G1) =
(

n
2

)(

r
2

)

− 2
(

n−1
1

)(

r−1
1

)

+ 1.â
Hk(r) = f(k) −

(

n
2

)(

r
2

)

+ 2
(

n−1
1

)(

r−1
1

)

− 1.·�2 n < r ≤ min{n + 6, 2n− 5}, j 1 ≤ k ≤ [ r−n
2 ], M}� 2 ≤ 2k ≤ r − n ≤ 6 j r ≤ 2n− 5,£}¦}Â}~ 1 ≤ k ≤ 3, n ≥ r − n + 5.

2}o�� k = 1 �}� H1(r) = f(1)−
(

n
2

)(

r
2

)

+ 2
(

n−1
1

)(

r−1
1

)

− 1 = 1
4 [(−4r + 6)n2 + (2r2 + 2r −

2)n + (−8r + 4)]. ¯�� 2 ≤ r − n ≤ 6, . n + 2 ≤ r ≤ n + 6.
]

r = n + 2, n + 3, · · · , n + 6 m�^k�l
H1(r), m�n�o n i}Ç�Y�. n ≥ r − n + 5, P}Ì}~�p

H1(n + 2) =
1

4
[−2n(n2 − 4n − 1) − 12] < 0 (n ≥ 7),

H1(n + 3) =
1

4
[−2n(n2 − 4n − 7) − 20] < 0 (n ≥ 8),

H1(n + 4) =
1

4
[−2n(n2 − 4n− 15) − 28] < 0 (n ≥ 9),

H1(n + 5) =
1

4
[−2n(n2 − 4n − 25)− 36] < 0 (n ≥ 10),

H1(n + 6) =
1

4
[−2n(n2 − 4n − 37)− 44] < 0 (n ≥ 11).

� k = 2 �}� H2(r) = f(2) −
(

n
2

)(

r
2

)

+ 2
(

n−1
1

)(

r−1
1

)

− 1 = 1
4 [(−6r + 12)n2 + (4r2 − 14r +

28)n + (2r2 − 22r + 28)]. ¯�� 4 ≤ r − n ≤ 6, . n + 4 ≤ r ≤ n + 6.
]

r = n + 4, n + 5, n + 6 m
^ k�l H2(r), m�n�o n i}Ç�Y}��P}Ì}~�p

H2(n + 4) =
1

4
[−2n(n2 − 4n− 15) − 28] < 0,

H2(n + 5) =
1

4
[−2n(n2 − 5n− 28) − 32] < 0,

H2(n + 6) =
1

4
[−2n(n2 − 6n− 45) − 32] < 0.

� k = 3 �}� H3(r) = f(3) −
(

n
2

)(

r
2

)

+ 2
(

n−1
1

)(

r−1
1

)

− 1 = 1
4 [(−8r + 20)n2 + (6r2 − 38r +

92)n + (6r2 − 62r + 124)]. ¯�� r − n = 6,
]

r = n + 6
k�l

H3(r), m�n�o n i}Ç�Y�. n ≥ 11,

P}Ì}~�p
H3(n + 6) =

1

4
[−2n(n2 − 6n− 45) − 32] < 0.
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®}¯ f(k) < c4(G1) < c4(G2) < c4(G3). 2}o c4(G
′) < c4(G), ��q G ∈ {G1, G2, G3}.®}¯ G′ � G �}~}¬�!}i}k}l}m}n}w�2}o}�}å����}w 2X��

2
Ö

n ≤ r ≤ min{n + 6, 2n − 7}, � G = Kn,r − A(| A |= 3) o¸·{¹}i}k}l}m}n}��}i}w ��	 ·{�}å}i}Ç�Y�� n ≥ r − n + 7 ≥ 7.  �2 n = r i}Ê}Ë}¿}� [8] s}º{»}��Z}Í�Q}»
n < r ≤ min{n + 6, 2n − 7} i}Ê}Ë}w + ����[ Kn,r[A] �}~}j 2 à}Ý}i�r�\}j}Ë}w ] ��r�\}jË}m�^�_ g H1, H2, H3, H4, H5, H6, Ñ}�}j 2 à}Ý�`}×}�}j}i�a}Ù�b�c}w

j 2 Kn,r[A] i�r�\}j}Ër¸s xi ∈ X È yi ∈ Y (i = 1, 2, 3). ¯��}¬}��@}� Kn,r i 4 k}v g (

n
2

)(

r
2

)

; Kn,r s{ß Hi s{¦}Ç�}i 4 k}v g (

n−1
1

)(

r−1
1

)

; Kn,r s{ß Hi s�d}Ç}�}i 4 k}v�_ g µ(Hi) , � µ(H1) = 3, µ(H2) =

2+(n−1), µ(H3) = 2+(r−1), µ(H4) = (n−1)+(r−1)+1, µ(H5) = 3(n−1), µ(H6) = 3(r−1).

Kn,r s{ß Hi s{É}Ç}�}i 4 k}v�s�t g 0,0,0,1,0,0. Û c4(Gi) Ü}Ý Gi = Kn,r − E(Hi) i 4 kv}w )�*�+�,�- å�N�9
c4(G1) =

(

n

2

)(

r

2

)

− 3

(

n − 1

1

)(

r − 1

1

)

+ 3

c4(G2) =

(

n

2

)(

r

2

)

− 3

(

n − 1

1

)(

r − 1

1

)

+ 2 + (n − 1)

c4(G3) =

(

n

2

)(

r

2

)

− 3

(

n − 1

1

)(

r − 1

1

)

+ 2 + (r − 1)

c4(G4) =

(

n

2

)(

r

2

)

− 3

(

n − 1

1

)(

r − 1

1

)

+ (n + r − 1) − 1

c4(G5) =

(

n

2

)(

r

2

)

− 3

(

n − 1

1

)(

r − 1

1

)

+ 3(n − 1)

c4(G6) =

(

n

2

)(

r

2

)

− 3

(

n − 1

1

)(

r − 1

1

)

+ 3(r − 1).
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}² c4(G1) < c4(G2) < c4(G3) < c4(G4) < c4(G5) < c4(G6) . �}Ü¸¼{  G = Kn,r − A(|

A |= 3), ¬�!}i G �}~}¬�!}i}k}l}m}n}we ã »¸¼{  ��/ G′ 6= G = Kn,r −A(| A |= 3),G′ � G �}~}¬�!}i}k}l}m}n}wD��� G′ �}�~ ã q}É�\}Ê�f}wg
h
1 G′ ∈ {Kn,r − A | 0 ≤| A |≤ 2 � | A |≥ 4}. ·u� [7] jh�hå 1 ºu» G′ =

Kn,r, G
′ = Kn,r − A(| A |= 1), G′ = Kn,r − A(| A |= 2) o¸·{¹}Ì}i}k}l}m}n}}¦}�h�}ihw�1

� G′ = Kn,r − A(| A |≥ 4) �}� ·{ä}å 2 � max c4(G
′) < min c4(G). ®}¯}  G′ ∈ {G | G =

Kn,r − A, | A |6= 3},G′ � G �}~}¬�!}i}k}l}m}n}wg�h
2 G′ ∈ {Kn+k,r−k−A || A |= j, 0 ≤ j ≤ n+k−2, 1 ≤ k ≤ [ r−n

2 ]}. ¯�� n+k ≥ j+2.·{ä}å 3 �}� C2n+2k(G′) 6= 0, % C2n+2k(G) = 0. ®}¯ G′ � G �}~}¬�!}i}k}l}m}n}wg�h
3 G′ ∈ {Kn+k,r−k−A || A |= j ≥ n+k−1, 1 ≤ k ≤ [ r−n

2 ]}.
â

G′′ ∈ {Kn+k,r−k−A ||

A |= j = n + k − 1, 1 ≤ k ≤ [ r−n
2 ]}, � c4(G

′) ≤ max c4(G
′′).â

f(k) = max c4(G
′′), �¸·{ä}å 1 �

f(k) =

(

n + k

2

)(

r − k

2

)

− (n + k − 1)

(

n + k − 1

1

)(

r − k − 1

1

)

+

(

n + k − 1

2

)

(r − k − 1).

e ã »¸¼ f(k) < c4(G1) < c4(G2) < c4(G3) < c4(G4) < c4(G5) < c4(G6).Í�Q}» f(k) < c4(G1) =
(

n
2

)(

r
2

)

− 3
(

n−1
1

)(

r−1
1

)

+ 3.â
Hk(r) = f(k) −

(

n
2

)(

r
2

)

+ 3
(

n−1
1

)(

r−1
1

)

− 3.·�2 n < r ≤ min{n + 6, 2n− 7}, j 1 ≤ k ≤ [ r−n
2 ], M}� 2 ≤ 2k ≤ r − n ≤ 6 j r ≤ 2n− 7,£}¦}Â}~ 1 ≤ k ≤ 3, n ≥ r − n + 7.

2}o�� k = 1 �}� H1(r) = f(1)−
(

n
2

)(

r
2

)

+ 3
(

n−1
1

)(

r−1
1

)

− 3 = 1
4 [(−4r + 6)n2 + (2r2 + 6r −

6)n − 12r]. ¯�� 2 ≤ r − n ≤ 6, . n + 2 ≤ r ≤ n + 6.
]

r = n + 2, n + 3, · · · , n + 6 m�^ k�l
H1(r), m�n�o n i}Ç�Y�. n ≥ r − n + 7, P}Ì}~�p

H1(n + 2) =
1

4
[−2n(n2 − 6n − 1) − 24] < 0, H1(n + 3) =

1

4
[−2n(n2 − 6n − 9) − 36] < 0,

H1(n + 4) =
1

4
[−2n(n2 − 6n − 19) − 48] < 0, H1(n + 5) =

1

4
[−2n(n2 − 6n − 31)− 60] < 0,

H1(n + 6) =
1

4
[−2n(n2 − 6n− 45) − 72] < 0.

� k = 2 �}� H2(r) = f(2) −
(

n
2

)(

r
2

)

+ 3
(

n−1
1

)(

r−1
1

)

− 3 = 1
4 [(−6r + 12)n2 + (4r2 − 10r +

24)n + (2r2 − 26r + 24)]. ¯�� 4 ≤ r − n ≤ 6, . n + 4 ≤ r ≤ n + 6.
]

r = n + 4, n + 5, n + 6 m
^ k�l H2(r), m�n�o n i}Ç�Y}��P}Ì}~�p

H2(n + 4) =
1

4
[−2n(n2 − 6n− 19) − 48] < 0,

H2(n + 5) =
1

4
[−2n(n2 − 7n− 34) − 56] < 0,

H2(n + 6) =
1

4
[−2n(n2 − 8n− 53) − 60] < 0.
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� k = 3 �}� H3(r) = f(3) −
(

n
2

)(

r
2

)

+ 3
(

n−1
1

)(

r−1
1

)

− 3 = 1
4 [(−8r + 20)n2 + (6r2 − 34r +

88)n + (6r2 − 66r + 120)]. ¯�� r − n = 6,
]

r = n + 6
k�l

H3(r), m�n�o n i}Ç�Y�. n ≥ 13,

P}Ì}~�p
H3(n + 6) =

1

4
[−2n(n2 − 8n− 53) − 60] < 0.

®}¯ f(k) < c4(G1) < c4(G2) < c4(G3) < c4(G4) < c4(G5) < c4(G6). 2}o c4(G
′) < c4(G), ��q

G ∈ {G1, G2, G3, G4, G5, G6}.®}¯ G′ � G �}~}¬�!}i}k}l}m}n}w�2}o}�}å����}w 2
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Uniqueness of Cycle Length Distribution of Certain Bipartite Graphs

Kn,r − A (| A |≤ 3)

Wang Min, Shi Yong-bing
(Mathematics and Science College, Shanghai Normal University, Shanghai 200234, China )

Abstract: The cycle length distribution of a graph of order n is (c1, c2, · · · , cn), where ci is the number
of cycles of length i. Let A ⊆ E(Kn,r). In this paper, we obtain the following results: (1) If | A |= 2 4
and n ≤ r ≤ min{n + 6, 2n − 5}, then G = Kn,r − A is determined by its cycle length distribution. (2)
If | A |= 3, and n ≤ r ≤ min{n + 6, 2n − 7}, then G = Kn,r − A is also determined by its cycle length
distribution.

Key words: cycle; cycle length distribution; bipartite graph; a bipartite graph determined by its cycle
length distribution.


