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1. Introduction

The notion of fuzzy topological linear space was first introduced by Katsaras and Liul®l. But,
since there exist certain difficulties in their work, they have not been able to achieve much in this
respect. Consulting the strengthened definition of fuzzy topology by Lowen!*), Wu Congxin!®!
proposed a new definition of fuzzy topological linear space and discussed the following problems:
the criteria of the fuzzy topological linear space by F-open neighborhood of 8, fuzzy topological
linear space of type (L), the algebraic and topological properties of the convex fuzzy set. Wu

[6] as his tool in his

Congxin used fuzzy points introduced by Pu Baoming and Liu Yingming
work.

M.S.Ying!? introduced fuzzifying topology and elementarily developed fuzzy topology from
a new direction with the semantic method of continuous valued logic. On the basis of M.S.Ying’
theory, we use semantic method of continuous-valued logic to develop fuzzy topological linear
space from a completely different direction in this paper and thereby establish elementary fuzzi-
fying topological linear space which is dual to the existing fuzzy topological linear space.

The reader is assumed to be familiar with Ying’s paper!?.

First, we display the fuzzy logical and corresponding set-theoretical notations used in this
paper:

(1) For any formula ¢, the symbol [¢] means the truth value of ¢, where the set of truth

values is the unit interval[0,1]. A formula ¢ is valid, we write = ¢, if and only if [p] = 1 for
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every interpretation.

(2) [ma]:=1=la]; [a A B :=min([a], [5]); [eA f] := [a] @ [B] = max(0, [a] + [5] — 1);

[@ — B] == [a] o [f] = min(L, 1~ [a] + [f]); [Vea(z)] = nf[a(@)]; [z A]:= Al),

where X is the universe of discourse.
(8) aVBi=~(~aA=B); ac Bi=(a — B) A (B — a); Fra(z) i= ~Va—a(a);
ACB:=WVz)(r€eA—zxeB); A=B:=(ACB)A(BCA).
Throughout this paper N, will denote a neighborhood system of a over K where K is the
number field and a € K. That is M € N, := (36 > 0)(Vb)(b € M — |b—a| < 9).

2. Fuzzifying topological linear space

Definition 2.11? Let X be a universe of discourse, 7 € F (P (X )) satisfy the following conditions:
(Th) EX e;
(T2) For any Ay, As, = (A1 eT)AN (A2 €T) — A1 NAyeT
(Ts) For any {Ax|\ € A} C P(X),

EVAAeA —Ayer) — |JArer
AEA

Then 7 is called a fuzzifying topology and (X, 1) a fuzzifying topological space.

Definition2.2[2 Let (X,7) be a fuzzifying topological space and x € X. The neighborhood
system of x is denoted by N, € F(P(X)) and defined as A € N, :=3IB((B € ) A (x € B C A)),

ie.,

Nz:/ sup 7(X)/A.
P(X) z€BCA

Proposition 2.11% Let N, be a fuzzifying neighborhood system of x, then

(1) VAJEAe N, — z € A;

(2) VA,B/=(Ae N,)AN(B€eN,) — (ANB € N,);

(3) VA,B,F(ACB) — (A€ N, — B € N,);

(4) VA= (Aer)—Ve(zxe A— (AB)((B€ N;)AN(BCA))) — Va(r e A— A€
N,.).

Definition 2.3 Let X be a linear space over K. A fuzzifying topological space (X, 1) is called
a fuzzifying topological linear space if it has the following properties:
(L) Vx,y € X, A e P(X),

= (A € Nuyy) — (3B)(3C)((B € N,) A (C € N,) A (B +C C A)).

(Ly) Vz € X,a € K,A € P(X),
E (A€ Ny) — (3B)EM)((B € Ny) AN(M € No) A (Vb)(be M — bB C A)).

Theorem 2.1 Let (X,7) be a fuzzifying topological linear space and let N, be a fuzzifying
neighborhood system of x. For any z,y, A we have
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(1) EAEN, — y+Ac Noyy;

(2) EAeN, — aA €Ny, (a€ K,a#0);

(3) EAeN,_, — (3B)(3c)((B € N;) A(C € Ny) A (B—-C C A));
(1) EAer—ax+AcT;

(5) EAer —aAder (a€e K,a#0);

Proof (1) According to (Ly),

N, (A) = N(w+y)+(—y)(A) < sup min(Nery(B)aN(—y)(C))

B+CCA

< sup min(Npyy(B), N_y)(C)) < sup Nyppy(B) = Npgy(y + A).

B+(-y)CA BCA+y

(2) According to (Ls), for any a € K,a # 0,

N;(A) = N1,,(A) < sup inf sup min(Ng,(B), N (M)
@ MCKYEM ppCa @
< sup sup min(Ny,(B), N1(M)) < sup Nggz(B) = Nyz(aA).
MCK %BQA @ BCaA
3)
[A € No—y] = Npi(—y)(A) < sup  min(Ny(B), N —y))
B4 (—0)CA
< sup min(Nx(B), Ny(C))
B-CCA
=[(AB)(3C)((B € N) A (C € Ny) A (B —cC A)).
(4)
T(e+A)= inf Nyr+A)= nf Nopy-oo+A)=inf Noi.(z+4)
> = .
2 inf N.(4) = 7(4)

(5) 7(ad) =infazeqa Noz(aA) =infreca Nyz(ad) > infrcq Np(A) = 7(A)(a € K.a #0).

Corollary 2.1 Let (X, 7) be a fuzzifying topological linear space and let 6 be the zero element
of X, then
() EAeNy——xz+AcN,; (2) EA€ Ny aAe Ny (a#0).

Corollary 2.2 Let (X, 7) be a fuzzifying topological linear space and let 6 be the zero element
of X, then

(1) FreA«—VB(B€E€Ny— x€A+B);

(2) VB=EAer— B+ A€

(3) ErecA«—3IB(BE NgAz+ BCA).

Definition 2.4 Let (X, 7) be a fuzzifying topological linear space. The neighborhood system

Ny of zero element 6 in X is called fuzzifying zero element neighborhood system of (X, 7).

Theorem 2.2 If Ny is the zero neighborhood system of (X, T),then
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(E1) VA=A e Ng — 0 € A;

(By) VA, B,l= (A€ Np) A (B € Ny) — (ANB € Np) ;

(E3) YA, B,lF (AC B) — ((A € Np) — (B € Np));

(E1) VA,|= (A € Ng) — (3B)(3C)((B € No) A (C € Ng) A (B+C C A));
(E5) YA, Va#0,}= (A € Ng) — (3B)((B € Np) A (aB C A));

(Es) Va, A, = (A € Ny) — (3M)((M € No) A (Ya € M)(azx € A));

(E7) Va,A, = (A€ Ny) — (3B)((B € Ny) A (z + B C A)).

Proof We prove only (Fg) and (E7) since (E;), (E2) and (E3) have a clear meaning from (1),(2)
and (3) in Proposition 2.1, and (E4), (Es) are well-known from (L;) and (Lg), respectively.

(Eg) : [A € Ny] =Ny(A) = Ny (A) <sup sup inf min(Ny(B), No(M), [aB C A])

B MCK %€M

<sup sup inf min(B(x), No(M), [aB C A]) < sup inf min(Ny(M),

B MCK aeM MCK aeM

[aB C A]) = [(AM)((M € No) A (Va € M)(az € A))];

(E7): [(3B)((B € Ng) A (z + B C A))] = sup Ng(C —z) (z+B=C)

cca
> sup min(Ny(C), Ng(C' — x)) > sup min(Ny(C), inf Ng(C — x))
CcCcA cCcA zeC
= sup min(Ny(C), inf N,(C)) = sup min(Ny(C), 7(C)) = sup 7(C)
CCA ze€C CCA CCA
> sup 7(C) = Ng(A4) =[A € Ny|.

6eCCA

Definition 2.5 Let X be a universe of discourse. A unary fuzzy predicate o € F(P (X)) , called
fuzzy balance, is given as follows: A € 0 :=aA C A (Va € K,|a| <1).

Theorem 2.3 Let X be a linear space and N C o be a normal fuzzy subset on P(X). If N
satisfies (E1), (Ez), (E3) and (Es), then 7 is a fuzzifying topology on X , which is defined as
Aer:=Vz)((r € A) — (IB)((B € N)A(x+ B C A))). Specially, if N satisfies (E4),
(Eg) and (E7) also, then (X, 7) is a fuzzifying topological linear space, and N is the balanced

neighborhood system of the zero element with respect to 7.

Proof First,

7(A) = inf sup N(B)
mEAgH_BgA

and from (Fy), for any =(6 € A), N(A) = 0.
(1) Because N is normal, there exists B € P(X) such that N(B) = 1. Hence,

7(X)=inf sup N(B)=1.
z€X 24+ BCX

(2) From (FE3) and (Es), we have = (A € N)A(B € N) — (3C)((C € N)A(C C AN B)).
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Therefore,

min(7(A),7(B)) = min(inf sup N(C),inf sup N(D))

mEAw+CgA xE€EB z+DCB
< min( inf sup N(C), inf sup N(D))
©€ANB L oca ©€ANB .\ pcp
= inf min( sup N(C), sup N(D))
z€ANB z+CCA z+DCB
< inf min( sup N(C), sup N(D))
z€ANB (z4+C)N(z+D)CANB (z4+C)N(z+D)CANB
= inf min( sup  N(C), sup  N(D))
z€ANB z+(CND)YCANB z+(CND)YCANB
= inf sup  min(N(C),N(D)) < inf sup sup N(U))
©€ANB 44 (CND)CANB ©€ANB 41 (CND)CANB UC(CND)

< inf sup N({U)=71(ANDB).

2€ANB (34U)C(ANB)

7( U Ax) = inf sup N(B) = inf inf sup N(B)
AEA ZGUAEA A I+B§UX€A Ax AR TEAN Z+B§U>\€A Ax
S inf g _ -
2 inf inf sup N(B) = fnf 7(4))
(4) If N satisfies (E4), (Eg), (E7) also, then for any z € X, N, is the fuzzifying neighborhood
system of (X, 1), where N, € F(P(X)) is defined as follows: A€ N, := A—xz € N.

In fact,
sup 7(B) = sup inf sup N(C)< sup sup N(C)= sup sup N(C)
z€BCA *€BCATEB s cCB 2€EBCA «+CCB 0eB—2CA—x CCB—x
= sup N(B-z)=NA-z)=N,(4).
0cB—2CA—x
Conversely,

N,(A)=NA—-2)< inf sup N(B)= inf sup N(B)

YEA—T  pCa s 2—w€A—w ,_,ipCA_g

=inf sup N(B)=inf N(A—2z)= sup inf N(D — z)
z€A

€A ,1pca .epCA Z€ED
= sup inf sup N(C)= sup 7(D).
zeDCA €D zycCD z€DCA

Therefore, Ng(A) = N(A —0) = N(A4).

Then the hypothesis of N C ¢ implies that N is the balanced neighborhood system of the
zero element with respect to 7.

(5) Finally, we will show that (X, 7) is the fuzzifying topological linear space, that is that
N, (z € X) satisfies (L1) and (Lz).

Nypy(A)=NA—-z—-y) < sup min(N(E),N(F)) < sup min( sup N(B),

E4+FCA—xz—y E4+FCA—xz—y z+B—xCE

sup N(C))=  sup sup sup min(N(B),N(C)) < sup min(N(B),

y+C—yCF E+FCA-z—yz+B—2CE y+C—yCF (z+B)+(y+C)CA
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N(C)) = sup min(N(B —z), N(C —y)) = sup min(N(B), N,(C));

Ny (A) = N(A - ayz) < [3B)((B € N) A (B C A - aya))]
< [BB)EC)ED)(C € N)A(D € N)A(CH+ (14 ao[)D € B) A (B +apr C A)))]
< [BB)(EC)ED)EM)((D € N) A (M & No) A (V(a — ao) € M)((a — ag)z € C)A
(3 +a|a0|D C D) A(C+ (1+ |ag))D € B) A (B +agz C A))]

< [(3B)(3C)(3AD)(IM)((D € N) A (M € No) A (V(a — ag) € M)((a — ag)z € C)A
(aD C (14 |ag])D) A (C + (1 +|ag])D C B) A (B + agz C A))]
< (3C)ED)EM)((D € N) A (M € No) A (V(a — ag) € M)((a — ag)z € C)A
(aD C (1 + [ao)D) A (C + (1 + |ao|)D + apz € A))]
[
(
[
[
[

IN

(3C)ED)EM)((D € N) A (M € No)A

V(a —ag) € M)((a —ag)x € C) A (C +aD + apx C A))]

(AD)(AM)((D € N) A (M € No) A (Y(a —ag) € M)((a — ag)x + aD + apz C A))]
(AD)(AM)((D € N)A (M € Ng,) A (Va € M)(a(z + D) C A))]

(3D)(3M)((D € Nu) A (M € Nay) A (Ya € M)(aD C A))].

INIA

IN

In the following examples, K can be any non-discrete field; for instance, the field p-adic
numbers, or the field of quaternions with their usual absolute values, or any subfield of these

such as the rational, real or complex number field (with the respective induced absolute).

Example 2.1 Let A be any non-empty set, K the set of all mappings o — &, of A into
K; we write = (£,),y = (1a) to denote elements x,y of K4. Defining addition by = + y =
(€4 + na) and scalar multiplication by Az = (A, ), it is immediate that K4 becomes a linear
space over K . For any finite subset H C A and any real number £ > 0, let V;;. be the subset
{x:|&] < e if a€ H} of KA. Consider the fuzzy subset N on P(K*) defined as follows:

1, if e>1,
g, if e<1,

NWVy.) = {

then it is clear that N is a balance neighborhood system of the zero element for a unique fuzzifying

topology under which K# is a fuzzifying topological linear space.

Example 2.2 Let X be any non-empty topological space; the set of all continuous functions f on
X into K such that sup,_, |f(t)] is finite is a subset of K, which is a linear space Cx (X ) under
the operations addition and scalar multiplication induced by the linear space K~ (Example 2.1).
Let U, be the set {f : sup,cx |f(t)] < n~'}(n € N). It is clear that the fuzzy set N defined
as N(Up) =n"t(n=1,2,3,...... ) is a balance neighborhood system of the zero element for a

unique fuzzifying topology under which Ck (X)) is a fuzzifying topological linear space.

Example 2.3 Let K[t] be the ring of polynomials f[t] = 3, a,t™ over K in one indeterminate

t. With multiplication to left multiplication by polynomials of degree 0, K[t] becomes a linear
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space over K. Let r be a fixed real number such that 0 < r < 1 and denote by V. the set of
polynomials for which ¥, |a,|” < e(e > 0). Consider the fuzzy subset N defined as follows :

1, if e>1,
g, if <1,

v = {

then it is clear that NV is a balance neighborhood system of the zero element for a unique fuzzifying

topology under which K[t] is a fuzzifying topological linear space.

Definition 2.6 Let ¥ be a class of fuzzifying topological spaces. A unary predicate T3 € F(X),

called fuzzy regular, is given as follows:

Ty(X,7) i= (va)(VA) (& € A) A (A € 7) — BB)(B € N,) A (B C A))),
Theorem 2.4 Let (X, 7) be a fuzzifying topological linear space, then |= T3(X, T).
Proof For any z,A and z € A,

7(A) < Ny (A) = N,_9(A) < sup min(N,(B), Ng(C)) =sup sup min(N,(B),

B—CCA B B-CCA

Ny(C)) = supmin(N;(B), sup Ny (C +y)).

B B-CCA
Since Yy € A°,(A° +C)NB = & (if (A° + C) N B # &, there exist z € A°, ¢ € C and
b € B such that z =b—c € B—C C A. This contradicts the fact that z € A¢), which means
that (A° 4+ C) C B9).

Hence,

Vy € A% Ny(y + C) < Ny(A 4+ C) < Ny(B), sup Ny(y+C) < inf N,(B),

B—CCA yeA

which implies that

7(A) < supmin(N,(B), inf N,(B°)), [Aer]<[3EB)(BeN,)A(BCA).

B yEAC
This completes the proof.

3. Fuzzifying convex sets

Definition 3.1 Let X be a linear space. A unary fuzzy predicate ¥ € F(F(X)) , called fuzzy

convex, is given as follows:
Aed:=NVr)(Vy)((ze AHA(ye A) — Az +(1—-Ny) € 4), VIe[0,1].

Example 3.1 Let X = R?, A € F(R?) and

—_

if t=y=0

if :c>0,y:oz:v,%§oz§1,
, if >0, y=ax,1 <a <2,
, elsewhere.

A(z,y)) =

=l )
I
[N][oryen
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By routine calculations it follows that [A € ¥] = 1.

Theorem 3.1 Let X be a linear space, A € F(X), and xy € X, then
FEAcd——xzy+Acd.
Proof
[Aedv] = izngmin(l, 1 —min(A(z), A(y)) + A(Az + (1 — N)y))
= ir;f min(1, 1 — min((A + zo)(z + x0), (A + 20)(y + 20))+

z,y

(A+z0)(Az +0) + (1 = M) (Y + 0)))

= inf min(1,1 — min((A + xo)(2z1), (A4 20)(y1)) + (A + z0)(A(z1) + (1 — A)(y1)))

Z1,Y1

=[zg+ A €.
Theorem 3.2 Let X be a linear space. For any a1,as € Ry, we have

EAcd— (a1 +a2)A=a1A+ azA.

Proof
[(a1 +a2)A=a1A+ a2A] = zlgl)f((l — (a1 + a2)A(z) — (a1 A + a2 A)(2)])
—inf(1—  sup AR min(A(), A))
z€X a1 r+asy=z ai a
= w};lgA(l — |min(A(z), A(y)) — Az + (1 = A)y)|)
=[Aed]. A= )

Theorem 3.3 Let X be a linear space, A, B, Ax € F(X)(\ € ), then
(1) EAe¥—aAded VaceRy;
(2 E(AeI)AN(BeV) — ((A+ B) €9);
(3) F (vr)((x € A) — F(Ax)) — D(Nep Ar)-

Proof (1) The proof is easy.
(2)
[(A+B) e = 1;15 min(1,1 — min((A+ B)(z), (A + B)(y)) + (A+ B)(Az + (1 — N)y))

zigﬁr}yfmin(l,l—min( sup min(A(z1), B(xz2)), sup min(A(y1), B(y2)))+

T1t+Toe=x Yy1t+y2=y

sup (A+B)((Az1 + (1 = MNy1) + (Az2 + (1 = Ny2)))
T1+T2=2,y1+y2=yY
>min(l,1— sup min(min(A(z1), A(y1)), min(B(z2), B(y2)))+
1,T2,Y1,Y2
sup min(A(Az1 + (1 — Ny1), BAxz + (1 = N)y2)))
T1,22,Y1,Y2

> min( inf min(1,1 — min(A(x1), A(y1))+

1,Y1

A(Az1 + (1 = Ny1)), inf min(1,1 — min(B(z2), B(y2))+

x2,Y2

B(Ara + (1= Ay2))) = [(Aed) A (B ed)] (Ael0,1]).
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(3)
() Aw)] = inf min(1, 1= min((() Ax) (@), (] A)) + (] A) Oz + (1 = A)y)

KEA KEA KREA KEA

= inf min(1,1 — min(inf A, (2), inf A.(y)) + inf A,(Ax + (1 — N)y))
KEA KREA

Z,Yy KREA

> ;ng min(1,1 — 1r61£ min(A,(x), Ax(y)) + gel/f\ Az + (1= Ny))
> ilelzf\ %Tng min(1,1 — min(A,(z), Ax(y)) + Ac(Az + (1 = N)y))
— i [9(A4,)] = [(VR)((x € A) — (9(AL))].

Theorem 3.4 Let X and Y be two linear spaces, A,B € F(X xY),and C = {(y,2)ly € X,z €
Y, (y,21) € A,(y,22) € B,z1 +20 =2z}, then E (A€d)A(Bed) — Ced.

Proof

[Ced]= inf min(l,1—min(C(y1,21),C(y2,22)) + C(A(y1,21) + (1 — X)(ya, 22)))

Y1,Y2,21,22

= inf min(la 1- min(c(yla le + Z%)a O(yQa Z% + Z%))_F

Y1,Y2,21,22
CA(y1, 21 +27) + (1 = N)(y2, 22 + 23)))
= inf min(la 1- mln(mln(A(ylaZ%)aB(ylvZ%))vmln(A(yQaZ%)aB(y27Z§)))+

Y1,Y2,21,22

min(AAy1 + (1= Nyz, Azl + (1= X)z3), BOws + (1= Nya, A27 + (1 = A)23)))
>min(  inf min(1,1 — min(A(y1, 21), A(y2, 23))+

Y1,Y2,21,22
Ay + (1= Nya, Azp + (1= N)z3)),
inf min(1,1—min(B(y:, 23), Bly2, 23)) + BOws + (1 — Nya, Az + (1 — N)z2)))

Y1,Y2,21,22

= min( inf min(L 1- min(A(yla Z%)v A(yQa Z%)) + A(A(ylaz%) + (1 - /\)(yQa Z%)))v

Y1,Y2,21,22

inf  min(1,1—min(B(y1, 27), B(yz, 23)) + BA(y1, 1) + (1 = A)(y2, 23))))

Y1,Y2,21,22

=[(A e d) A (Bed).

Theorem 3.5 Let X and Y be two linear spaces and f : X — Y a linear map. If A € F(X)
and B € F(Y), then
(1) E9(A) —3(f(A); (2 EIB)—I(fH(B)).

Proof (1)

[W(f(A)] = inf min(1,1 —min(f(A)(y1), f(A)(y2)) + F(A) 1 + (1 = A)yz2))

T1,22€Y

= inf min(l,1 —min( sup A(z1), sup A(z2))+

yy2€Y @1€f~ (y1) w26~ (y2)
sup Az + (1 = N)x2))
1 €f (Y1), w2€f 1 (y2)
> inf inf min(1,1 — min(A(z1), A(z2)) + AQx1 + (1 — N)a2))

y1,y2€Y z1€f 1 (y1),z2€f "1 (y2)

= inf min(1,1 — min(A(z1), A(z2)) + A(Az1 + (1 — N)z2)) = [9(A)].

z1,22€X
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(2)
[P (B)) = inf _min(1,1 = min(f~ (B)(er), £ (B) @) + S (B) s + (1= Naa)
— inf_min(L,1 - min(B(f(@1)), B (@2))) + B w1 + (1= V22)))
— inf_min(L,1 - min(B(f(@1)), B((@2)) + BOS(@1) + (1= M) f (z2))

inf  min(1,1 —min(B(y1), B(y2)) + B(Ay1 + (1 — N)y2)) = [H(B)].

Y1,Y2€Y

Theorem 3.6 Let (X, 7)be a fuzzifying topological linear spaces, then = A € ) — A € 9.

Proof We only need to prove that, for any z,y € X, A(Az + (1 — \)y) > min(A(x), B(y)).
In fact,from N2 (®) = sup,,,_o No(B) = sup,. o No(B) = N, (A°) we have

Az +(1-Ny)=1- N,\m+(1—/\)y(AC) =1- me+(1_x)y(q’)
>1- sup  min(Ng, (AB), N(j_y, (1 = AN)C))

AB+(1-\)CC®

=1—  sup  min(N;(B),N,;(C)) > 1 —max(N;(®), N, (P))

AB+(1-\)CC®

=1 — max(N,(A), Ny(A°)) = min(1 — N,(A),1 — N,(A))

= min(A(z), A(y)).
Theorem 3.7 Let (X, 7) be a fuzzifying topological linear spaces, then = A € 9 — Aew.
Proof Notice that, for any x,y € X,

min(A(z), A(y)) = min(N,(A), Ny (A)) = min(Np(A - z), No(A — y))
=min( sup 7(aB), sup 7(bB)) <min( sup 7(B), sup 7(B))

0caBCA—x 0ebBCA—y z€x+aBCA yEy+bBC A
< sup T(B) < sup 7(B)
z€z+aBCA,ycy+bBCA Az+(1=N)yEXrz+(1=N)y+(Aat+(1-A)b) BCA
< sup Az + (1 =Ny + (Aa+ (1= A)b)B)

Az+(1-A)yEAa+(1—N)yt(Aat(1-A)b)BCA

— Nuvrsan(4) = A+ (1= A\)y).
Therefore, min(1,1 — min(A(z), A(y)) + Az + (1 = N)y)) = 1.

Theorem 3.8 Let (X, 7)be a fuzzifying topological linear spaces, then = A € 9 — (y €
Anz e A — (1 =Nz + )y € A).

Proof Applying Corollary 2.2(1) and (3) we have
[y € Al = iréfmin(L 1 — Ng(B) + [y € A+ B]), [z € A] = supmin(Ng(B), [z + B C A]).
B

If [B € Ny] = 0, the result holds. Now, we suppose [B € Ng] = 1. Then for all 0 <
e<llye A =ye A+eB <[1-Nx+ X y+eB C (1 —Na+ AXA+¢eB)+¢eB] =
[(1=XNz+Xy+eB C (1—-N(x+e(1+A)(1—-N)"1B)+ A\ and for some sufficiently small
e>0,zcA=[x+e(1+N1-)N"1BCA|.
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Therefore,for sufficiently small € > 0,

[(1—=MNz+ A \y+eB C 4]
>[(1=Nz+My+eBC(1—=N)(z+e(1+A)(1—N"HB+ N+
(=N (z+e1+AN)A=NTTB+AC (1 -NA+I] —1>[(y € A)A(z € A),
ie.
[(1 =Nz + X y € A)] = min(Ng(B), [(1 = Nz + Xy +eB C A]) > [(y € DA (z € A)].
Theorem 3.9 Let (X, 7) be a fuzzifying topological linear spaces, z € X, then
EFAcY — (Ve(z e A — (1 —prt+puzc A— zcA)) (u>1).
Proof By Theorem 3.8, we have
Vz((z € A) @ (1 — p)x + pz € A))] = i]gfmaux(o7 Alz) + A((1 — p)z + pz) — 1)
< inf max(0, Alz) + A((1 — p)x 4+ pz) —1) = inf max(0, A(z) + A(y) — 1)
<AL= Nz +My) = A(2),
where y = (1 — p)x + pz, A = p~ L.
Theorem 3.10 Let (X, 7)be a fuzzifying topological linear spaces and z € X, then E A €
¥ — (A= A).

Proof Firstly, we know that [;1 C A] =1 for any A € F(X). Secondly, we will show that
EAcy — (AC A). If [x € A > t, from Theorem 6.1(2)[2(1)], there exists a net S* such that
[(8* C A) A (S*>x)] > t. Now, we take zg- from S*, and set S** as follows:

S = {(1 = Nag + \y| zs € S*,yec A}

It is clear that S** is also a net and [(1 — N)zs- + Ay € A] > [vs« € A] from Theorem 3.8. In
other words, [S** C A] > [S* C A].

Since S** % A implies S* % A, where S is the binary crisp predicates “almost in”, we have

[S**>x]=1— sup N,(B)>1-— sup N,(B)=[S*">uz].
52 B 5*2B

Therefore,
[r€A)=[3S((SCA)A(Sea)] > [(S™ CA)A(S™ba)] > [(S*CA)A (S ba)] >t

Since t is arbitrary, it holds that [A € ¥ — (A C ;1)] =1
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