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1. Introduction

The notion of fuzzy topological linear space was first introduced by Katsaras and Liu[3]. But,

since there exist certain difficulties in their work, they have not been able to achieve much in this

respect. Consulting the strengthened definition of fuzzy topology by Lowen[4], Wu Congxin[5]

proposed a new definition of fuzzy topological linear space and discussed the following problems:

the criteria of the fuzzy topological linear space by F-open neighborhood of θλ, fuzzy topological

linear space of type (L), the algebraic and topological properties of the convex fuzzy set. Wu

Congxin used fuzzy points introduced by Pu Baoming and Liu Yingming[6] as his tool in his

work.

M.S.Ying[2] introduced fuzzifying topology and elementarily developed fuzzy topology from

a new direction with the semantic method of continuous valued logic. On the basis of M.S.Ying’

theory, we use semantic method of continuous-valued logic to develop fuzzy topological linear

space from a completely different direction in this paper and thereby establish elementary fuzzi-

fying topological linear space which is dual to the existing fuzzy topological linear space.

The reader is assumed to be familiar with Ying’s paper[2].

First, we display the fuzzy logical and corresponding set-theoretical notations used in this

paper:

(1) For any formula ϕ, the symbol [ϕ] means the truth value of ϕ, where the set of truth

values is the unit interval[0,1]. A formula ϕ is valid, we write |= ϕ, if and only if [ϕ] = 1 for
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every interpretation.

(2) [¬α] := 1− [α]; [α ∧ β] := min([α], [β]); [α∧· β] := [α]⊗ [β] = max(0, [α] + [β]− 1);

[α −→ β] := [α] ∝ [β] = min(1, 1− [α] + [β]); [∀xα(x)] := inf
x∈X

[α(x)]; [x ∈ A] := A(x),

where X is the universe of discourse.

(3) α ∨ β := ¬(¬α ∧ ¬β); α←→ β := (α −→ β) ∧ (β −→ α); ∃xα(x) := ¬∀x¬α(x);

A ⊆ B := (∀x)(x ∈ A −→ x ∈ B); A ≡ B := (A ⊆ B) ∧ (B ⊆ A).

Throughout this paper Na will denote a neighborhood system of a over K where K is the

number field and a ∈ K. That is M ∈ Na := (∃δ > 0)(∀b)(b ∈M −→ |b− a| < δ).

2. Fuzzifying topological linear space

Definition 2.1[2] Let X be a universe of discourse, τ ∈ F(P(X)) satisfy the following conditions:

(T1) |= X ∈ τ ;

(T2) For any A1, A2, |= (A1 ∈ τ) ∧ (A2 ∈ τ) −→ A1 ∧ A2 ∈ τ

(T3) For any {Aλ|λ ∈ Λ} ⊆ P (X),

|= ∀λ(λ ∈ Λ −→ Aλ ∈ τ) −→
⋃

λ∈Λ

Aλ ∈ τ.

Then τ is called a fuzzifying topology and (X, τ) a fuzzifying topological space.

Definition2.2[2] Let (X, τ) be a fuzzifying topological space and x ∈ X . The neighborhood

system of x is denoted by Nx ∈ F(P(X )) and defined as A ∈ Nx := ∃B((B ∈ τ)∧ (x ∈ B ⊆ A)),

i.e.,

Nx =

∫

P (X)

sup
x∈B⊆A

τ(X)/A.

Proposition 2.1[2] Let Nx be a fuzzifying neighborhood system of x, then

(1) ∀A, |= A ∈ Nx −→ x ∈ A;

(2) ∀A, B, |= (A ∈ Nx) ∧ (B ∈ Nx) −→ (A ∩ B ∈ Nx);

(3) ∀A, B, |= (A ⊆ B) −→ (A ∈ Nx −→ B ∈ Nx);

(4) ∀A, |= (A ∈ τ) ←→ ∀x(x ∈ A −→ (∃B)((B ∈ Nx) ∧ (B ⊆ A))) ←→ ∀x(x ∈ A −→ A ∈

Nx).

Definition 2.3 Let X be a linear space over K. A fuzzifying topological space (X, τ) is called

a fuzzifying topological linear space if it has the following properties:

(L1) ∀x, y ∈ X, A ∈ P (X),

|= (A ∈ Nx+y) −→ (∃B)(∃C)((B ∈ Nx) ∧ (C ∈ Ny) ∧ (B + C ⊆ A)).

(L2) ∀x ∈ X, a ∈ K, A ∈ P (X),

|= (A ∈ Nax) −→ (∃B)(∃M)((B ∈ Nx) ∧ (M ∈ Na) ∧ (∀b)(b ∈M −→ bB ⊆ A)).

Theorem 2.1 Let (X, τ) be a fuzzifying topological linear space and let Nx be a fuzzifying

neighborhood system of x. For any x, y, A we have
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(1) |= A ∈ Nx −→ y + A ∈ Nx+y;

(2) |= A ∈ Nx −→ aA ∈ Nax (a ∈ K, a 6= 0);

(3) |= A ∈ Nx−y −→ (∃B)(∃c)((B ∈ Nx) ∧ (C ∈ Ny) ∧ (B − C ⊆ A));

(4) |= A ∈ τ −→ x + A ∈ τ ;

(5) |= A ∈ τ −→ aA ∈ τ (a ∈ K, a 6= 0);

Proof (1) According to (L1),

Nx(A) = N(x+y)+(−y)(A) ≤ sup
B+C⊆A

min(Nx+y(B), N(−y)(C))

≤ sup
B+(−y)⊆A

min(Nx+y(B), N(−y)(C)) ≤ sup
B⊆A+y

Nx+y(B) = Nx+y(y + A).

(2) According to (L2), for any a ∈ K, a 6= 0,

Nx(A) = N 1
a

ax(A) ≤ sup
M⊆K

inf
b∈M

sup
bB⊆A

min(Nax(B), N 1
a
(M)

≤ sup
M⊆K

sup
1
a

B⊆A

min(Nax(B), N 1
a
(M)) ≤ sup

B⊆aA

Nax(B) = Nax(aA).

(3)

[A ∈ Nx−y] = Nx+(−y)(A) ≤ sup
B+(−C)⊆A

min(Nx(B), N( − y))

≤ sup
B−C⊆A

min(Nx(B), Ny(C))

= [(∃B)(∃C)((B ∈ Nx) ∧ (C ∈ Ny) ∧ (B − c ⊆ A))].

(4)

τ(x + A) = inf
y∈x+A

Ny(x + A) = inf
y−x∈A

Nx+(y−x)(x + A) = inf
z∈A

Nx+z(x + A)

≥ inf
z∈A

Nz(A) = τ(A).

(5) τ(aA) = infax∈aA Nax(aA) = infx∈A Nax(aA) ≥ infx∈A Nx(A) = τ(A)(a ∈ K.a 6= 0).

Corollary 2.1 Let (X, τ) be a fuzzifying topological linear space and let θ be the zero element

of X , then

(1) |= A ∈ Nθ ←→ x + A ∈ Nx; (2) |= A ∈ Nθ ←→ aA ∈ Nθ (a 6= 0).

Corollary 2.2 Let (X, τ) be a fuzzifying topological linear space and let θ be the zero element

of X , then

(1) |= x ∈ Ā←→ ∀B(B ∈ Nθ −→ x ∈ A + B);

(2) ∀B |= A ∈ τ −→ B + A ∈ τ ;

(3) |= x ∈ Å←→ ∃B(B ∈ Nθ ∧ x + B ⊆ A).

Definition 2.4 Let (X, τ) be a fuzzifying topological linear space. The neighborhood system

Nθ of zero element θ in X is called fuzzifying zero element neighborhood system of (X, τ).

Theorem 2.2 If Nθ is the zero neighborhood system of (X, τ),then
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(E1) ∀A, |= A ∈ Nθ −→ θ ∈ A;

(E2) ∀A, B, |= (A ∈ Nθ) ∧ (B ∈ Nθ) −→ (A ∩ B ∈ Nθ) ;

(E3) ∀A, B, |= (A ⊆ B) −→ ((A ∈ Nθ) −→ (B ∈ Nθ));

(E4) ∀A, |= (A ∈ Nθ) −→ (∃B)(∃C)((B ∈ Nθ) ∧ (C ∈ Nθ) ∧ (B + C ⊆ A));

(E5) ∀A, ∀a 6= 0, |= (A ∈ Nθ) −→ (∃B)((B ∈ Nθ) ∧ (aB ⊆ A));

(E6) ∀x, A, |= (A ∈ Nθ) −→ (∃M)((M ∈ N0) ∧ (∀a ∈M)(ax ∈ A));

(E7) ∀x, A, |= (A ∈ Nθ) −→ (∃B)((B ∈ Nθ) ∧ (x + B ⊆ A)).

Proof We prove only (E6) and (E7) since (E1), (E2) and (E3) have a clear meaning from (1),(2)

and (3) in Proposition 2.1, and (E4), (E5) are well-known from (L1) and (L2), respectively.

(E6) : [A ∈ Nθ] =Nθ(A) = N0x(A) ≤ sup
B

sup
M⊆K

inf
a∈M

min(Nx(B), N0(M), [aB ⊆ A])

≤ sup
B

sup
M⊆K

inf
a∈M

min(B(x), N0(M), [aB ⊆ A]) ≤ sup
M⊆K

inf
a∈M

min(N0(M),

[aB ⊆ A]) = [(∃M)((M ∈ N0) ∧ (∀a ∈M)(ax ∈ A))];

(E7) : [(∃B)((B ∈ Nθ) ∧ (x + B ⊆ A))] = sup
C⊆A

Nθ(C − x) (x + B = C)

≥ sup
C⊆A

min(Nθ(C), Nθ(C − x)) ≥ sup
C⊆A

min(Nθ(C), inf
x∈C

Nθ(C − x))

= sup
C⊆A

min(Nθ(C), inf
x∈C

Nx(C)) = sup
C⊆A

min(Nθ(C), τ(C)) = sup
C⊆A

τ(C)

≥ sup
θ∈C⊆A

τ(C) = Nθ(A) = [A ∈ Nθ].

Definition 2.5 Let X be a universe of discourse. A unary fuzzy predicate σ ∈ F(P(X )) , called

fuzzy balance, is given as follows: A ∈ σ := aA ⊆ A (∀a ∈ K, |a| ≤ 1).

Theorem 2.3 Let X be a linear space and N ⊆ σ be a normal fuzzy subset on P(X ). If N

satisfies (E1), (E2), (E3) and (E5), then τ is a fuzzifying topology on X , which is defined as

A ∈ τ := (∀x)((x ∈ A) −→ (∃B)((B ∈ N) ∧ (x + B ⊆ A))). Specially, if N satisfies (E4),

(E6) and (E7) also, then (X, τ) is a fuzzifying topological linear space, and N is the balanced

neighborhood system of the zero element with respect to τ .

Proof First,

τ(A) = inf
x∈A

sup
x+B⊆A

N(B)

and from (E1), for any ¬(θ ∈ A), N(A) = 0.

(1) Because N is normal, there exists B ∈ P (X) such that N(B) = 1. Hence,

τ(X) = inf
x∈X

sup
x+B⊆X

N(B) = 1.

(2) From (E2) and (E5), we have |= (A ∈ N)∧ (B ∈ N) −→ (∃C)((C ∈ N)∧ (C ⊆ A∩B)).
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Therefore,

min(τ(A), τ(B)) = min(inf
x∈A

sup
x+C⊆A

N(C), inf
x∈B

sup
x+D⊆B

N(D))

≤ min( inf
x∈A∩B

sup
x+C⊆A

N(C), inf
x∈A∩B

sup
x+D⊆B

N(D))

= inf
x∈A∩B

min( sup
x+C⊆A

N(C), sup
x+D⊆B

N(D))

≤ inf
x∈A∩B

min( sup
(x+C)∩(x+D)⊆A∩B

N(C), sup
(x+C)∩(x+D)⊆A∩B

N(D))

= inf
x∈A∩B

min( sup
x+(C∩D)⊆A∩B

N(C), sup
x+(C∩D)⊆A∩B

N(D))

= inf
x∈A∩B

sup
x+(C∩D)⊆A∩B

min(N(C), N(D)) ≤ inf
x∈A∩B

sup
x+(C∩D)⊆A∩B

sup
U⊆(C∩D)

N(U))

≤ inf
x∈A∩B

sup
(x+U)⊆(A∩B)

N(U) = τ(A ∩B).

(3)

τ(
⋃

λ∈Λ

Aλ) = inf
x∈

⋃

λ∈Λ
Aλ

sup
x+B⊆

⋃

λ∈Λ
Aλ

N(B) = inf
λ∈Λ

inf
x∈Aλ

sup
x+B⊆

⋃

λ∈Λ
Aλ

N(B)

≥ inf
λ∈Λ

inf
x∈Aλ

sup
x+B⊆Aλ

N(B) = inf
λ∈Λ

τ(Aλ).

(4) If N satisfies (E4), (E6), (E7) also, then for any x ∈ X, Nx is the fuzzifying neighborhood

system of (X, τ), where Nx ∈ F (P (X)) is defined as follows: A ∈ Nx := A− x ∈ N.

In fact,

sup
x∈B⊆A

τ(B) = sup
x∈B⊆A

inf
x∈B

sup
x+C⊆B

N(C) ≤ sup
x∈B⊆A

sup
x+C⊆B

N(C) = sup
θ∈B−x⊆A−x

sup
C⊆B−x

N(C)

= sup
θ∈B−x⊆A−x

N(B − x) = N(A− x) = Nx(A).

Conversely,

Nx(A) = N(A− x) ≤ inf
y∈A−x

sup
y+B⊆A−x

N(B) = inf
z−x∈A−x

sup
z−x+B⊆A−x

N(B)

= inf
z∈A

sup
z+B⊆A

N(B) = inf
z∈A

N(A− z) = sup
z∈D⊆A

inf
z∈D

N(D − z)

= sup
z∈D⊆A

inf
z∈D

sup
z+C⊆D

N(C) = sup
z∈D⊆A

τ(D).

Therefore, Nθ(A) = N(A− θ) = N(A).

Then the hypothesis of N ⊆ σ implies that N is the balanced neighborhood system of the

zero element with respect to τ .

(5) Finally, we will show that (X, τ) is the fuzzifying topological linear space, that is that

Nx(x ∈ X) satisfies (L1) and (L2).

Nx+y(A) = N(A− x− y) ≤ sup
E+F⊆A−x−y

min(N(E), N(F )) ≤ sup
E+F⊆A−x−y

min( sup
x+B−x⊆E

N(B),

sup
y+C−y⊆F

N(C)) = sup
E+F⊆A−x−y

sup
x+B−x⊆E

sup
y+C−y⊆F

min(N(B), N(C)) ≤ sup
(x+B)+(y+C)⊆A

min(N(B),
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N(C)) = sup
B+C⊆A

min(N(B − x), N(C − y)) = sup
B+C⊆A

min(Nx(B), Ny(C));

Na0x(A) = N(A− a0x) ≤ [(∃B)((B ∈ N) ∧ (B ⊆ A− a0x))]

≤ [(∃B)(∃C)(∃D)((C ∈ N) ∧ (D ∈ N) ∧ (C + (1 + |a0|)D ⊆ B) ∧ (B + a0x ⊆ A)))]

≤ [(∃B)(∃C)(∃D)(∃M)((D ∈ N) ∧ (M ∈ N0) ∧ (∀(a− a0) ∈M)((a− a0)x ∈ C)∧

(
a

1 + |a0|
D ⊆ D) ∧ (C + (1 + |a0|)D ⊆ B) ∧ (B + a0x ⊆ A))]

≤ [(∃B)(∃C)(∃D)(∃M)((D ∈ N) ∧ (M ∈ N0) ∧ (∀(a− a0) ∈M)((a− a0)x ∈ C)∧

(aD ⊆ (1 + |a0|)D) ∧ (C + (1 + |a0|)D ⊆ B) ∧ (B + a0x ⊆ A))]

≤ (∃C)(∃D)(∃M)((D ∈ N) ∧ (M ∈ N0) ∧ (∀(a− a0) ∈M)((a− a0)x ∈ C)∧

(aD ⊆ (1 + |a0|)D) ∧ (C + (1 + |a0|)D + a0x ⊆ A))]

≤ [(∃C)(∃D)(∃M)((D ∈ N) ∧ (M ∈ N0)∧

(∀(a− a0) ∈M)((a− a0)x ∈ C) ∧ (C + aD + a0x ⊆ A))]

≤ [(∃D)(∃M)((D ∈ N) ∧ (M ∈ N0) ∧ (∀(a− a0) ∈M)((a− a0)x + aD + a0x ⊆ A))]

≤ [(∃D)(∃M)((D ∈ N) ∧ (M ∈ Na0) ∧ (∀a ∈M)(a(x + D) ⊆ A))]

≤ [(∃D)(∃M)((D ∈ Nx) ∧ (M ∈ Na0) ∧ (∀a ∈M)(aD ⊆ A))].

In the following examples, K can be any non-discrete field; for instance, the field p-adic

numbers, or the field of quaternions with their usual absolute values, or any subfield of these

such as the rational, real or complex number field (with the respective induced absolute).

Example 2.1 Let A be any non-empty set, KA the set of all mappings α −→ ξα of A into

K; we write x = (ξα), y = (ηα) to denote elements x, y of KA. Defining addition by x + y =

(ξα + ηα) and scalar multiplication by λx = (λξα), it is immediate that KA becomes a linear

space over K . For any finite subset H ⊆ A and any real number ε > 0, let VH.ε be the subset

{x : |ξα| ≤ ε if α ∈ H} of KA. Consider the fuzzy subset N on P(KA) defined as follows:

N(VH.ε) =

{

1, if ε ≥ 1,
ε, if ε < 1,

then it is clear that N is a balance neighborhood system of the zero element for a unique fuzzifying

topology under which KA is a fuzzifying topological linear space.

Example 2.2 Let X be any non-empty topological space; the set of all continuous functions f on

X into K such that sup
x∈X
|f(t)| is finite is a subset of KA, which is a linear space CK(X) under

the operations addition and scalar multiplication induced by the linear space KX (Example 2.1).

Let Un be the set {f : supt∈X |f(t)| ≤ n−1}(n ∈ N). It is clear that the fuzzy set N defined

as N(Un) = n−1(n = 1, 2, 3, . . . . . .) is a balance neighborhood system of the zero element for a

unique fuzzifying topology under which CK(X) is a fuzzifying topological linear space.

Example 2.3 Let K[t] be the ring of polynomials f [t] = Σnαntn over K in one indeterminate

t. With multiplication to left multiplication by polynomials of degree 0, K[t] becomes a linear
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space over K. Let r be a fixed real number such that 0 < r ≤ 1 and denote by Vε the set of

polynomials for which Σn|αn|
r ≤ ε(ε > 0). Consider the fuzzy subset N defined as follows :

N(Vε) =

{

1, if ε ≥ 1,
ε, if ε < 1,

then it is clear that N is a balance neighborhood system of the zero element for a unique fuzzifying

topology under which K[t] is a fuzzifying topological linear space.

Definition 2.6[9] Let Σ be a class of fuzzifying topological spaces. A unary predicate T3 ∈ F(Σ),

called fuzzy regular, is given as follows:

T3(X, τ) := (∀x)(∀A)((x ∈ A) ∧ (A ∈ τ) −→ (∃B)((B ∈ Nx) ∧ (B̄ ⊆ A))),

Theorem 2.4 Let (X, τ) be a fuzzifying topological linear space, then |= T3(X, τ).

Proof For any x, A and x ∈ A,

τ(A) ≤ Nx(A) = Nx−θ(A) ≤ sup
B−C⊆A

min(Nx(B), Nθ(C)) = sup
B

sup
B−C⊆A

min(Nx(B),

Nθ(C)) = sup
B

min(Nx(B), sup
B−C⊆A

Ny(C + y)).

Since ∀y ∈ AC , (AC + C) ∩ B = Φ (if (AC + C) ∩ B 6= Φ, there exist z ∈ AC , c ∈ C and

b ∈ B such that z = b − c ∈ B − C ⊆ A. This contradicts the fact that z ∈ AC), which means

that (AC + C) ⊆ BC).

Hence,

∀y ∈ AC , Ny(y + C) ≤ Ny(AC + C) ≤ Ny(B
C), sup

B−C⊆A

Ny(y + C) ≤ inf
y∈AC

Ny(B
C),

which implies that

τ(A) ≤ sup
B

min(Nx(B), inf
y∈AC

Ny(BC)), [A ∈ τ ] ≤ [(∃B)((B ∈ Nx) ∧ (B̄ ⊆ A)].

This completes the proof.

3. Fuzzifying convex sets

Definition 3.1 Let X be a linear space. A unary fuzzy predicate ϑ ∈ F(F(X)) , called fuzzy

convex, is given as follows:

A ∈ ϑ := (∀x)(∀y)((x ∈ A) ∧ (y ∈ A) −→ (λx + (1− λ)y) ∈ A), ∀λ ∈ [0, 1].

Example 3.1 Let X = R2, A ∈ F(R2) and

A((x, y)) =















1, if x = y = 0
α− 1

2 , if x > 0, y = αx, 1
2 ≤ α ≤ 1,

1− α
2 , if x > 0, y = αx, 1 ≤ α ≤ 2,

0, elsewhere.
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By routine calculations it follows that [A ∈ ϑ] = 1.

Theorem 3.1 Let X be a linear space, A ∈ F(X), and x0 ∈ X, then

|= A ∈ ϑ←→ x0 + A ∈ ϑ.

Proof

[A ∈ ϑ] = inf
x,y

min(1, 1−min(A(x), A(y)) + A(λx + (1− λ)y))

= inf
x,y

min(1, 1−min((A + x0)(x + x0), (A + x0)(y + x0))+

(A + x0)(λ(x + x0) + (1− λ)(y + x0)))

= inf
x1,y1

min(1, 1−min((A + x0)(x1), (A + x0)(y1)) + (A + x0)(λ(x1) + (1− λ)(y1)))

= [x0 + A ∈ ϑ].

Theorem 3.2 Let X be a linear space. For any a1, a2 ∈ R+, we have

|= A ∈ ϑ←→ (a1 + a2)A ≡ a1A + a2A.

Proof

[(a1 + a2)A ≡ a1A + a2A] = inf
z∈X

(1− |(a1 + a2)A(z)− (a1A + a2A)(z)|)

= inf
z∈X

(1− sup
a1x+a2y=z

|A(
a1x + a2y

a1 + a2
)−min(A(x), A(y))|)

= inf
x,y∈A

(1− |min(A(x), A(y)) −A(λx + (1− λ)y)|)

= [A ∈ ϑ]. (λ =
a1

a1 + a2
).

Theorem 3.3 Let X be a linear space, A, B, Aλ ∈ F(X )(λ ∈ ∗), then

(1) |= A ∈ ϑ −→ aA ∈ ϑ ∀a ∈ R+;

(2) |= (A ∈ ϑ) ∧ (B ∈ ϑ) −→ ((A + B) ∈ ϑ);

(3) |= (∀κ)((κ ∈ Λ) −→ ϑ(Aκ)) −→ ϑ(
⋂

κ∈Λ Aκ).

Proof (1) The proof is easy.

(2)

[(A + B) ∈ ϑ] = inf
x,y

min(1, 1−min((A + B)(x), (A + B)(y)) + (A + B)(λx + (1− λ)y))

≥ inf
x,y

min(1, 1−min( sup
x1+x2=x

min(A(x1), B(x2)), sup
y1+y2=y

min(A(y1), B(y2)))+

sup
x1+x2=x,y1+y2=y

(A + B)((λx1 + (1− λ)y1) + (λx2 + (1− λ)y2)))

≥min(1, 1− sup
x1,x2,y1,y2

min(min(A(x1), A(y1)), min(B(x2), B(y2)))+

sup
x1,x2,y1,y2

min(A(λx1 + (1− λ)y1), B(λx2 + (1− λ)y2)))

≥min( inf
x1,y1

min(1, 1−min(A(x1), A(y1))+

A(λx1 + (1− λ)y1)), inf
x2,y2

min(1, 1−min(B(x2), B(y2))+

B(λx2 + (1− λ)y2))) = [(A ∈ ϑ) ∧ (B ∈ ϑ)] (λ ∈ [0, 1]).
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(3)

[ϑ(
⋂

κ∈Λ

Aκ)] = inf
x,y

min(1, 1−min((
⋂

κ∈Λ

Aκ)(x), (
⋂

κ∈Λ

Aκ)(y)) + (
⋂

κ∈Λ

Aκ)(λx + (1− λ)y))

= inf
x,y

min(1, 1−min(inf
κ∈Λ

Aκ(x), inf
κ∈Λ

Aκ(y)) + inf
κ∈Λ

Aκ(λx + (1− λ)y))

≥ inf
x,y

min(1, 1− inf
κ∈Λ

min(Aκ(x), Aκ(y)) + inf
κ∈Λ

Aκ(λx + (1− λ)y))

≥ inf
κ∈Λ

inf
x,y

min(1, 1−min(Aκ(x), Aκ(y)) + Aκ(λx + (1− λ)y))

= inf
κ∈Λ

[ϑ(Aκ)] = [(∀κ)((κ ∈ Λ) −→ (ϑ(Aκ)))].

Theorem 3.4 Let X and Y be two linear spaces, A, B ∈ F(X × Y ),and C = {(y, z)|y ∈ X, z ∈

Y, (y, z1) ∈ A, (y, z2) ∈ B, z1 + z2 = z}, then |= (A ∈ ϑ) ∧ (B ∈ ϑ) −→ C ∈ ϑ.

Proof

[C ∈ ϑ] = inf
y1,y2,z1,z2

min(1, 1−min(C(y1, z1), C(y2, z2)) + C(λ(y1, z1) + (1− λ)(y2, z2)))

= inf
y1,y2,z1,z2

min(1, 1−min(C(y1, z
1
1 + z2

1), C(y2, z
1
2 + z2

2))+

C(λ(y1, z
1
1 + z2

1) + (1− λ)(y2, z
1
2 + z2

2)))

= inf
y1,y2,z1,z2

min(1, 1−min(min(A(y1, z
1
1), B(y1, z

2
1)), min(A(y2, z

1
2), B(y2, z

2
2)))+

min(A(λy1 + (1− λ)y2, λz1
1 + (1− λ)z1

2), B(λy1 + (1− λ)y2, λz2
1 + (1− λ)z2

2)))

≥min( inf
y1,y2,z1,z2

min(1, 1−min(A(y1, z
1
1), A(y2, z

1
2))+

A(λy1 + (1− λ)y2, λz1
1 + (1− λ)z1

2)),

inf
y1,y2,z1,z2

min(1, 1−min(B(y1, z
2
1), B(y2, z

2
2)) + B(λy1 + (1− λ)y2, λz2

1 + (1− λ)z2
2)))

= min( inf
y1,y2,z1,z2

min(1, 1−min(A(y1, z
1
1), A(y2, z

1
2)) + A(λ(y1, z

1
1) + (1− λ)(y2, z

1
2))),

inf
y1,y2,z1,z2

min(1, 1−min(B(y1, z
2
1), B(y2, z

2
2)) + B(λ(y1, z

2
1) + (1− λ)(y2, z

2
2))))

=[(A ∈ ϑ) ∧ (B ∈ ϑ)].

Theorem 3.5 Let X and Y be two linear spaces and f : X −→ Y a linear map. If A ∈ F(X)

and B ∈ F(Y ), then

(1) |= ϑ(A) −→ ϑ(f(A)); (2) |= ϑ(B)←→ ϑ(f−1(B)).

Proof (1)

[ϑ(f(A))] = inf
x1,x2∈Y

min(1, 1−min(f(A)(y1), f(A)(y2)) + f(A)(λy1 + (1− λ)y2))

= inf
y1,y2∈Y

min(1, 1−min( sup
x1∈f−1(y1)

A(x1), sup
x2∈f−1(y2)

A(x2))+

sup
x1∈f−1(y1),x2∈f−1(y2)

A(λx1 + (1− λ)x2))

≥ inf
y1,y2∈Y

inf
x1∈f−1(y1),x2∈f−1(y2)

min(1, 1−min(A(x1), A(x2)) + A(λx1 + (1− λ)x2))

= inf
x1,x2∈X

min(1, 1−min(A(x1), A(x2)) + A(λx1 + (1− λ)x2)) = [ϑ(A)].
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(2)

[ϑ(f−1(B))] = inf
x1,x2∈X

min(1, 1−min(f−1(B)(x1), f
−1(B)(x2)) + f−1(B)(λx1 + (1− λ)x2))

= inf
x1,x2∈X

min(1, 1−min(B(f(x1)), B(f(x2))) + B(f(λx1 + (1− λ)x2)))

= inf
x1,x2∈X

min(1, 1−min(B(f(x1)), B(f(x2))) + B(λf(x1) + (1− λ)f(x2)))

= inf
y1,y2∈Y

min(1, 1−min(B(y1), B(y2)) + B(λy1 + (1− λ)y2)) = [ϑ(B)].

Theorem 3.6 Let (X, τ)be a fuzzifying topological linear spaces, then |= A ∈ ϑ −→ Ā ∈ ϑ.

Proof We only need to prove that, for any x, y ∈ X, Ā(λx + (1− λ)y) ≥ min(Ā(x), B̄(y)).

In fact,from NA
x (Φ) = sup

B∩A=Φ Nx(B) = sup
B⊆AC Nx(B) = Nx(AC) we have

Ā(λx + (1− λ)y) = 1−Nλx+(1−λ)y(AC) = 1−NA

λx+(1−λ)y(Φ)

≥ 1− sup
λB+(1−λ)C⊆Φ

min(NA

λx(λB), NA

(1−λ)y((1− λ)C))

= 1− sup
λB+(1−λ)C⊆Φ

min(NA

x (B), NA

y (C)) ≥ 1−max(NA

x (Φ), NA

y (Φ))

= 1−max(Nx(AC), Ny(AC)) = min(1−Nx(AC), 1−Ny(AC))

= min(Ā(x), Ā(y)).

Theorem 3.7 Let (X, τ) be a fuzzifying topological linear spaces, then |= A ∈ ϑ −→ Å ∈ ϑ.

Proof Notice that, for any x, y ∈ X,

min(Å(x), Å(y)) = min(Nx(A), Ny(A)) = min(Nθ(A− x), Nθ(A− y))

= min( sup
θ∈aB⊆A−x

τ(aB), sup
θ∈bB⊆A−y

τ(bB)) ≤ min( sup
x∈x+aB⊆A

τ(B), sup
y∈y+bB⊆A

τ(B))

≤ sup
x∈x+aB⊆A,y∈y+bB⊆A

τ(B) ≤ sup
λx+(1−λ)y∈λx+(1−λ)y+(λa+(1−λ)b)B⊆A

τ(B)

≤ sup
λx+(1−λ)y∈λx+(1−λ)y+(λa+(1−λ)b)B⊆A

τ(λx + (1− λ)y + (λa + (1− λ)b)B)

= Nλx+(1−λ)y(A) = Å(x + (1− λ)y).

Therefore, min(1, 1−min(Å(x), Å(y)) + Å(λx + (1− λ)y)) = 1.

Theorem 3.8 Let (X, τ)be a fuzzifying topological linear spaces, then |= A ∈ ϑ −→ (y ∈

Ā∧· x ∈ Å −→ (1− λ)x + λy ∈ Å).

Proof Applying Corollary 2.2(1) and (3) we have

[y ∈ Ā] = inf
B

min(1, 1−Nθ(B) + [y ∈ A + B]), [x ∈ Å] = sup
B

min(Nθ(B), [x + B ⊆ A]).

If [B ∈ Nθ] = 0, the result holds. Now, we suppose [B ∈ Nθ] = 1. Then for all 0 <

ε < 1, [y ∈ Ā] = [y ∈ A + εB] ≤ [(1 − λ)x + λy + εB ⊆ (1 − λ)x + λ(A + εB) + εB] =

[(1 − λ)x + λy + εB ⊆ (1 − λ)(x + ε(1 + λ)(1 − λ)−1B) + λA] and for some sufficiently small

ε > 0, [x ∈ Å] = [x + ε(1 + λ)(1− λ)−1B ⊆ A].
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Therefore,for sufficiently small ε > 0,

[(1− λ)x + λy + εB ⊆ A]

≥ [(1− λ)x + λy + εB ⊆ (1− λ)(x + ε(1 + λ)(1− λ)−1)B + λA]+

[(1− λ)(x + ε(1 + λ)(1− λ)−1B + λA ⊆ (1− λ)A + λA]− 1 ≥ [(y ∈ Ā)∧· (x ∈ Å)],

i,e.,

[(1− λ)x + λy ∈ Å)] = min(Nθ(B), [(1− λ)x + λy + εB ⊆ A]) ≥ [(y ∈ Ā)∧· (x ∈ Å)].

Theorem 3.9 Let (X, τ) be a fuzzifying topological linear spaces, z ∈ X , then

|= A ∈ ϑ −→ (∀x(x ∈ Å −→ ((1− µ)x + µz ∈ A −→ z ∈ Å))) (µ > 1).

Proof By Theorem 3.8, we have

[∀x((x ∈ Å)⊗ ((1− µ)x + µz ∈ A))] = inf
x

max(0, Å(x) + A((1− µ)x + µz)− 1)

≤ inf
x

max(0, Å(x) + Ā((1− µ)x + µz)− 1) = inf
x

max(0, Å(x) + Ā(y)− 1)

≤ Å((1− λ)x + λy) = Å(z),

where y = (1− µ)x + µz, λ = µ−1.

Theorem 3.10 Let (X, τ)be a fuzzifying topological linear spaces and z ∈ X , then |= A ∈

ϑ −→ (Ā ≡ ¯̊A).

Proof Firstly, we know that [ ¯̊A ⊆ Ā] = 1 for any A ∈ F(X ). Secondly, we will show that

|= A ∈ ϑ −→ (Ā ⊆ ¯̊A). If [x ∈ Ā] > t, from Theorem 6.1(2)[2(1)], there exists a net S∗ such that

[(S∗ ⊆ A) ∧ (S∗ . x)] > t. Now, we take xS∗ from S∗, and set S∗∗ as follows:

S∗∗ = {(1− λ)xS∗ + λy| xS∗ ∈ S∗, y ∈ Å}.

It is clear that S∗∗ is also a net and [(1 − λ)xS∗ + λy ∈ Å] ≥ [xS∗ ∈ A] from Theorem 3.8. In

other words, [S∗∗ ⊆ Å] ≥ [S∗ ⊆ A].

Since S∗∗ 6
⊂
∼ A implies S∗ 6

⊂
∼ A, where

⊂
∼ is the binary crisp predicates “almost in”, we have

[S∗∗ . x] = 1− sup
S∗∗ 6

⊂
∼B

Nx(B) ≥ 1− sup
S∗ 6

⊂
∼B

Nx(B) = [S∗ . x].

Therefore,

[x ∈ ¯̊A] = [∃S((S ⊆ Å) ∧ (S . x))] ≥ [(S∗∗ ⊆ Å) ∧ (S∗∗ . x)] ≥ [(S∗ ⊆ Å) ∧ (S∗ . x)] > t.

Since t is arbitrary, it holds that [A ∈ ϑ −→ (Ā ⊆ ¯̊A)] = 1.
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