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Abstract: Let R be an arbitrary commutative ring with identity. Denote by t the Lie algebra
over R consisting of all upper triangular n by n matrices and let b be the Lie subalgebra of t
consisting of all matrices of trace 0. The aim of this paper is to give an explicit description of
the derivation algebras of the Lie algebras t and b, respectively.
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1. Introduction

Let R be a commutative ring with identity and R* the group of invertible elements of R.
Let M, (R) be the R-algebra of n by n matrices over R that has a structure of a Lie algebra over
R with the bracket [z, y] = zy — yz. We denote by t (resp., n) the subset of M, (R) consisting of
all upper triangular (resp., strictly upper triangular) matrices. When n > 1, let b be the subset
of t consisting of all matrices of trace 0. Caol'~3! described the automorphism groups of t, n and
b respectively, when they are viewed as Lie algebras. Jendrupl* gave a complete description of

the derivations of t, when t is viewed as a ring.

2. Preliminaries

Following the notations in [1] mainly, we denote by F the identity matrix in M, (R) and by
E,; the matrix in M, (R) whose sole nonzero entry is 1 in the (4, j) position. Let L denote t or
b and let DerL be the derivation Lie algebra of the Lie algebra L. Let

n; =n, np=[n,n;], nzg=[nns),...

be the lower central series of n. Every ny is a characteristic ideal of t, which is stable under
the action of any derivation of t. Let RE be the set {rE | r € R} of scarlar matrices in t. We
denote by Z(L) the center of the Lie algebra L. The following three lemmas are trivial.

Lemma 2.1 Ifn > 1, and n € R*, then both b and RE are ideals of t and t = b & RE.
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Lemma 2.2 Let d be the subset of t consisting of all diagonal matrices in t. Then d is a Lie
subalgebra of t and t =d @ n.

We denote by Homp(d, R) the set consisting of all homomorphisms o : d — R of R-modules.
It forms a new R-module. If 1 < i < n, then x; : d — R, defined by x;(diag(dy,ds,...,d,)) = d;,

is a standard homomorphism in Hompg(d, R).

Lemma 2.3 Homgpg(d, R) is a free R-module of rank n with a basis: x1,X2,- .-, Xn- In other
words,
Homp(d,R) = Rx1 ® Rx2 @ --- ® Rxn.

3. The Standard Derivations of t

We now construct some standard derivations as follows.
(A) Central derivations
Any homomorphism ¢ : d — R of R-modules may be extended to a derivation ¢’ of the Lie
algebra t by:
o' (D+x)=0(D)E,
for all D € d,z € n. ¢’ is called a central derivation of t induced by o. Let ® denote the set

consisting of all central derivations of t. Then ® forms an R-submodule of Dert.
Lemma 3.1 & is a Lie subalgebra of Dert.
Proof Let
o1 =71X1+rax2 + -+ raxn € Homg(d, R),
and
02 = s1X1 + S2X2 + - + SpXn € Homp(d, R).

Denote Y, r; by 7, Yi s; by s, and rs; — sr; by p;. Let o denote Y .- | p;x;. Then we have
that [0}, 05] = 0’ € &. We are done.

(B) Inner derivations

Let T € t, then ad T : x — [T, z],z € t, is a derivation of t, called the inner derivation of t
induced by T. Let adt denote the set consisting of all ad7’, with T" € t, which forms an ideal of
Dert. We see that adt is isomorphic to the quotient Lie algebra of t to Z(t).

Lemma 3.2 (1) adt C ®, whenn =1; (2) ®Nadt =0, when n > 2.

Proof If n = 1, we see that t = RE. Then adt =0 C ®. If n > 2, let 0/ = adT € ® N adt,
for some T € t, where 0 : d — R is a homomorphism of R-modules. Then ¢’'(n) = (adT")(n) =
[T,n] =0, forcing T € Z(t). Thus we have that ¢/ = adT = 0.

4. The Derivation Algebra of t

Ifn>1, for 1 <k <n-—1, weassume that n = kq+r with ¢ and r two non-negative integer
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numbers and r < k — 1. Let Dy = diag(Fx,2F%,...,qF, (¢+ 1)E,) ed, k =1,2,...,n—1

where Ej, denotes the n x n identity matrix.

Theorem 4.1 Let R be an arbitrary commutative ring with identity. Then
(1) Dert = ®, when n = 1.
(2) Dert = ® @ adt, when n > 2.

Proof If n =1, it is obvious that Dert = ®. From now on, we assume that n > 1. Let 7 denote
the set ® ¢ adt. For any ¢ € Dert, we will show that ¢ € .
Firstly, we will prove that there exists some 7' € t such that

(adT + ¢)(d) C d.

For any H € d, suppose that

p(H)=( Y ay(H)E;)(mod d),

1<i<j<n

where a;;(H) € R is relative to H. By [Dy, H] = 0, we have that

[H,¢(D1)] = [D1, p(H)],

which follows that
> (a(H) = xi(H)aij(DN)E; = Y (xi(D1) = x3(D1))as; (H)Eij.
1<i<j<n 1<i<j<n
ThlS y1elds that (XZ(H) — XJ(H))CL” (Dl) = (X’L(Dl) — Xj(Dl))aij(H), fOI‘ any 1 S 7 < ] S n—1.
In particular, we have that

aiiv1(H) = (Xit+1(H) = xi(H))a;iv1(D1), i =1,2,...,n— 1.

Let T1 = E?;ll ai1i+1(D1)Ei7i+1. Then ((p — adTl)(d) g d “+ ns. By replacing (2 with » — adTl,
then we may assume that ¢(d) € d + np. If n = 2, this step is completed. If n > 2, for any
H € d, we now suppose that

p(H)=( Y. bijpi(H)E;j41)(mod d),

1<i<j<n—1

where b; j11(H) € R is relative to H. By [Dy, H] = 0, we have that [H, ¢(D2)] = [D2, p(H)]
which follows that

> CalH) = xg (H)bijia(D)Eijin = > (xi(D2) = xj41(D2))bij1 (H)Ei 1.

1<i<j<n—1 1<i<j<n—1

This yields that

(xi(H) = xj+1(H))bi j+1(D2) = (xi(D2) = Xj+1(D2))bi j+1(H),
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for any 1 <i < j <n — 1. In particular, we have that
biiv2(H) = (Xit2(H) = Xi(H))bi,iv2(D2), i=1,2,...,n—2.

Let Ty = 307 biiva(D2)E; ivo. Then (¢ —adTy)(d) C d + n3. By replacing ¢ with ¢ — adTs,
then we may assume that ¢p(d) € d + ns. If n = 3, this step is completed. If n > 3, we
repeat above replacement. After n — 2 steps, we may assume that ¢(d) C d + n,_;. For any
H € d, suppose that o(H) = ¢1,(H)F1 ,(modd), where ¢1 ,,(H) € R is relative to H. By
[Dp—1, H] =0, we have that [H, ¢(Dn—1)] = [Dn—1,9(H)], which follows that

(XI(H) - Xn(H))Cl,n(Dn—l) = (Xl(Dn—l) - Xn(Dn—l))cl,n(H)'

So we have that
cin(H) = (Xn(H) — x1(H))e1,n(Dp—1).
Let T,, = c1,n(Dn—1)E1 . Then (p —adT),)(d) C d. By replacing ¢ with ¢ + adT;,, then we
may assume that ¢(d) C d.
Secondly, we will prove that there exists some D € d such that (¢ + adD)(E; ;+1) = 0, for
i=1,2,...,n— 1, under the assumption that ¢(d) C d.
For 1 <i <n —1, suppose that

o(Eiiv1) = Z I;(Jl)Ekl
1<k<l<n

with :1:,(;[) € R. Let D € d. By applying ¢ on the the two sides of

[D, Eiiv1] = (Xi(D) = Xi+1(D)) Eiit1,
we have that

[p(D), Eiiv1] + [D, ¢(Eiit1)] = (Xi(D) = xi+1(D))p(Ei iv1)-

It follows that

(i = xi+) (D) Eiapr + > i) (D) = xi(D) Bt = (xi (D) = xi1 (D)) > al) By,
1<k<i<n 1<k<i<n

So
Xi(p(D)) = xi+1(p(D)),
and
233 (e (D) = (D)) = 2] ((D) = xi41 (D)),

forany 1 <k <1l <n.If (k1) # (i,i+1), we may choose D € d such that x;(D) = x;+1(D) and
xx(D) = xi(D) + 1, then we see that :C,(;l) = 0. This implies that ¢(F; ;4+1) = 7 E; ;+1 for some
r; € R. Let D = diag(0,ry,71 + 72, .. .,Z?;ll r;). Then we have that (¢ + adD)(F;+1) = 0,
1 =1,2,...,n — 1. The fact that n is generated by all F; ;11,7 = 1,2,...,n — 1 forces that
(¢ +adD)(n) = 0. By replacing ¢ with ¢ + adD, we may assume that ¢(n) = 0 and ¢(d) C d.
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Now we intend to prove that ¢ is a central derivation of t. Let D € d,1 <i <n —1. By
applying ¢ on the two sides of

[D, Eiiv1] = (xi(D) = Xiy1(D)) Ei iq1,

we have that (x; — xi+1)(¢(D)) = 0. This means that ¢(D) = rpFE for a unique rp € R. Thus
we get a homomorphism o : d — R of R-modules, defined by o(D) = rp. It is obvious that
o(D +x) =0(D)E for z € n,D € d. Hence ¢ is the central derivation ¢’ of t induced by o. O

5. The derivation algebra of b

We now use the result on the derivation algebra of t to discuss the derivations of the Lie
subalgebra b of t. In this section, we assume that n > 1 and n € R*. It is obvious that
the restriction of an inner derivation of t to b is a derivation of b, which is also called an inner
derivation of b. For a derivation ¢ of t, we denote by ¢p the map b — t defined by ¢p(x) = p(z),
for all x € b.

Theorem 5.1 Letn > 1 and let R be a commutative ring with identity in which n € R*. Then
Derb = (adt)p.

Proof For any v € Der b, 9 can be lifted to a derivation of t, by acting trivially on RE. The
lift of ¢» € Derb to t is denoted by ;. By 4.1, we may assume that ¢y = adT + ¢, for suitable
T €t and o0 € Hompg(d, R). Then ¢ = (¢¢)p = (adT + ¢’)p = (adT)p + (¢/)p. This means that
(¢')p is a derivation of b, forcing (¢/)p = 0. Hence ¢ = (adT)p. O
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