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2 ä2å2æ2ç
è

M
Ô

n + p
Æ � � � �

Nn+p(c)
�½· ¸ ¹ º ¹ »¼�½�¼¾½� �

n
Æ � � � ��é

Nn+p(c)�½ê ¤ ë ì í î ï ð ñ
e1, · · · , en+p, ò ¥ ó ô é M

Þ õ �
e1, · · · , en

�
M
Õ ö �

ω1, · · · , ωn+pÔ Ä ÷ � � «�ø ù ú û ü ý¼þ½ÿ ��� ��� ï ¤������½À ù��
1 ≤ i, j, k, · · · ≤ n, 1 ≤ A, B, C, · · · ≤ n + p, n + 1 ≤ α, β, γ, · · · ≤ n + p

	 ∑ 
 ù���� � ï��� é Õ Ö������½² É « é M
Þ ¸

ωα = 0, ωαi =
∑

hα
ijωj , É

dωi = −
∑

ωij ∧ ωj , ωij + ωji = 0, (2.1)

dωij = −
∑

ωik ∧ ωkj +
1

2

∑
Rijklωk ∧ ωl, (2.2)

dωαβ = −
∑

ωαγ ∧ ωγβ +
1

2

∑
Rαβklωk ∧ ωl, (2.3)
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Rijkl = c(δikδjl − δilδjk) +
∑

(hα
ikhα

jl − hα
ilh

α
jk), (2.4)

Rαβkl =
∑

(hα
ikhβ

il − hα
ilh

β
ik), (2.5)

Ü¼�
ωij ,ωαi,ωαβ

Ô
Nn+p(c)

��4�5
1-
� � é

M
Þ � ó ô �

B =
∑

hα
ijωiωjeα

Ô
M
��6�7

8 × � � �
Rijkl É Rαβkl 9 ü Ô M

�¼�½��: � É�; �½��: � � 9 � «Ä�<�=
α,
â

Hα

���>�?
(hα

ij),M
� ¹ »¼�½�¼¾½�

h = 1
n

∑
hα

iieα = 1
n

∑
(TrHα)eα,

¹ »
�½�

H = ‖h‖ = 1
n

√∑
(TrHα)2,

6�7�8 × � ��@ � ¹�A
‖B‖2 =

∑
Tr(Hα)2, B R

��
M
�

Ý �¼�½� ��C
R =

∑
Rijij = n(n − 1)c + n2H2 − ‖B‖2, (2.6)

â
hα

ijk É hα
ijkl 9 ü �� B

� Í�D É 7�D ��E�F Ý ��C ¸ [9]: hα
ijk = hα

ikj É
∆hα

ij =
∑

hα
ijkk =

∑
hα

klRlijk +
∑

hα
liRlkjk −

∑
hβ

kiRαβjk , (2.7)

1

2
∆(‖B‖2) = ‖ 5 B‖2 +

∑
hα

ij∆hα
ij , (2.8)

Ü¼�
∇,4 9 ü �� M G�H�I F � � g

� ��E�F Ý É Laplacian J � «K Ò�L ° À ù�M�N��
O�P

1
[5]
è

A1, · · · , Ap

Ô
p
=

n
D Ä�Q�>�? ��C

−
∑

tr(AαAβ − AβAα)2 +
∑

[tr(AαAβ)]2 ≤ [1 +
1

2
sgn(p − 1)](

∑
trA2

α)2, (2.9)

Ü¼�
sgn
Ô�R 
�S Ý «

O�P
2[6]

è
A1, A2

Ô�T =
n
D Ä�Q�>�? ��U

trA1 = trA2 = 0,
	

A1A2 = A2A1,
C

| tr(A2
1A2) |≤

n − 2√
n(n − 1)

tr(A2
1)

√
tr(A2

2), (2.10)

ù È�L â À ù T =�V�W �
X�Y

1
è

M
Ô

Nn+1(c)
�½· ¸ ¹ º ¹ »¼�½�¼¾½� �

n
Æ � � � ��C

1

2
∆(‖B‖2) ≥ ‖∇B‖2 + n(c + H2)‖B‖2 − n2cH2 − [1 +

1

2
sgn(p − 1) +

n − 2

2
√

n − 1
]‖B‖4. (2.11)

Z�[ \
(2.4),(2.5),(2.7) É (2.8) ]�^ � J ¥
1

2
∆(‖B‖2) =‖∇B‖2 + nc‖B‖2 − n2cH2 +

∑
tr(HαHβ − HβHα)2−

∑
[tr(HαHβ)]2 +

∑
tr(H2

αHβ)trHβ , (2.12)

_ é�` � � ∑
tr(H2

αHβ)trHβ.ê ¤
en+1

�
h a ¾½��b h

é ;�c �½¹ º ��d
HαHn+1 = Hn+1Hα, (2.13)
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trHα = 0(α 6= n + 1), trHn+1 = nH .

∑
tr(H2

αHβ)trHβ =
∑

tr(H2
αHn+1)trHn+1

=
∑

α6=n+1

tr(H2
αHn+1)trHn+1 + trH3

n+1trHn+1, (2.14)

B A = Hn+1 − HI ,
Ü¼�

I
Ô�g�h >�? ��C

trA = 0,
	

AHα = HαA,
Ö â M�N

2
¥

|tr(AH2
α)| ≤ n − 2√

n(n − 1)
trH2

α

√
tr(A2) (2.15)

i b ´
tr(A2) = tr(H2

n+1) − nH2,
d
√

nH
√

tr(A2) ≤ 1

2
tr(H2

n+1). (2.16)

H Ô Ä α 6= n + 1,
¸

tr(H2
αHn+1)trHn+1 ≥ nH2tr(H2

α) − n − 2

2
√

n − 1
tr(H2

α)tr(H2
n+1), (2.17)

j�k�l

tr(A3)trHn+1 ≤ n − 2√
n(n − 1)

tr(A2)
√

tr(A2)tr(Hn+1) ≤
n − 2

2
√

n − 1
tr(A2)tr(H2

n+1)

=
n − 2

2
√

n − 1
[tr(H2

n+1) − nH2]tr(H2
n+1), (2.18)

m
tr(A3) = tr(H3

n+1) − 3Htr(H2
n+1) + 2nH3. (2.19)

d

tr(H3
n+1)trHn+1 ≥ 3nH2tr(H2

n+1) − 2n2H4 − n − 2

2
√

n − 1
[tr(H2

n+1) − nH2]tr(H2
n+1), (2.20)

n
(2.17),(2.20) o�p (2.14)

¥
Σtr(H2

αHβ)trHβ ≥nH2‖B‖2 + 2nH2tr(H2
n+1) − 2nH4−

n − 2

2
√

n − 1
‖B‖2trH2

n+1 +
n(n − 2)H2

2
√

n − 1
tr(H2

n+1)

≥nH2‖B‖2 − n − 2

2
√

n − 1
‖B‖4, (2.17)

n
(2.21) o Ë (2.12),

à á â M�N
1 q ¥ (2.10). 2X�Y

2
è

M
Ô

Nn+p(c)
�½· ¸ ¹ º ¹ »¼�½�¼¾½� �

n
Æ � � � ��C

(∇‖B‖2)2 ≤ 4n

n + 2
‖B‖2‖∇B‖2. (2.22)
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Z�[ B ‖Bα‖2 =
∑

i,j(h
α
ij)

2, r m ‖B‖2 =
∑ ‖Bα‖2.

Ä H�s�t Í�u x ∈ M É�v Í�w½� �
α,
K Ò�x ê ¤ ë ì ï ð ñ � ò ¥ é x

¸
hα

ij = 0(i 6= j), H Ô
(∇‖B‖2)2 = 4

∑

k

(
∑

hα
ijh

α
ijk)2 = 4

∑

k

(
∑

i

hα
iih

α
iik)2

≤
∑

i

(hα
ii)

2
∑

i,k

(hα
iik)2 = 4‖Bα‖2

∑

i,k

(hα
iik)2, (2.23)

y Í�A È ��z t�{ hα
ijk = hα

ikj ,
¸

∑
(hα

ijk)2 ≥ 3
∑

i6=k

(hα
iik)2 +

∑
(hα

iii)
2 = 2

∑

i6=k

(hα
iik)2 +

∑
(hα

iik)2, (2.24)

Ä H�v Í�w½� ��� ï k,
\ ¹ »¼�½�¼¾½� ¹ º ¥

∑

i

(hα
iik)2 =

∑

i6=k

(hα
iik)2 + (hα

kkk)2 ≤
∑

i6=k

(hα
iik)2 + (n − 1)

∑

i6=k

(hα
iik)2 = n

∑

i6=k

(hα
iik)2, (2.25)

r m ∑

i6=k

(hα
iik)2 ≥ 1

n

∑

i

(hα
iik)2, (2.26)

n
(2.26) o�p (2.24)

¥
∑

(hα
ijk)2 ≥ n + 2

n

∑
(hα

iik)2, (2.27)

| ©�}
(2.23), q ¸

(∇‖B‖2)2 ≤ 4n

n + 2
‖B‖2

∑
(hα

ijk)2 =
4n

n + 2
‖B‖2‖∇B‖2. (2.28)

3 ~������
è

M
Ô

Nn+P (c)
�½· ¸ ¹ º ¹ »¼�½�¼¾½� �

n
Æ � � � «

g
Ô

M
� I F � � � R

Ô G
H g
� Ý �¼�½� �

a
Ô���� ù Ï���� ��� Ý ���

c ≥ 0
õ �

a ≥ 1 + [(n − 1)(2 + sgn(p − 1)) +

(n− 2)
√

n − 1− 1]−1;
�

c < 0
õ �

a < 1− [2(n− 1)(2+ sgn(p− 1))+2(n− 2)
√

n − 1− 1]−1. B
ρ = n(n − 1)ac + n2H − R (3.1)

C \
(2.6)

�
ρ = ‖B‖2 + n(n − 1)(a − 1)c. (3.2)�

c = 0
õ ����� �

M
§ Ô���� l � ��d

ρ > 0, ��� é M
Þ���x M p � � � � g̃ = ρg.K Ò ° Ú Û G�H � � g̃

� Ý �¼�½� � Þ ß � � �cÑ�x���� Í�=
Riemann

� �
M � · ¸ ¹ º ¹»¼�½�¼¾½��� p Nn+p(c)

� Í������ ��� ° ��� «
��P

1
è

M
Ô

Nn+p(c)
�½· ¸ ¹ º ¹ »¼�½�¼¾½� �

n
Æ � � � �

g
Ô

M
� I F � � �

R
Ô G�H g

� Ý��¼�½� �
a
Ô���� ù Ï���� ��� Ý

�
c ≥ 0

õ �
a ≥ 1 + [(n − 1)(2 + sgn(p − 1)) + (n − 2)

√
n − 1 − 1]−1;
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c < 0
õ �

a < 1 − [2(n − 1)(2 + sgn(p − 1)) + 2(n − 2)
√

n − 1 − 1]−1,C
M
Þ � � � �

g̃ = [n(n − 1)ac + n2H2 − R]g
� Ý �¼�½�

R̃
���

R̃ ≤ (n − 1)(2 + sgn(p − 1)) + (n − 2)
√

n − 1 − 1. (3.3)

Z�[ ´ ¦�A������ � B δ = (2 + sgn(p − 1) + n−2√
n−1

), b = n(n − 1)(a − 1)c,
C \

(3.2)
�

ρ = ‖B‖2 + b (b ≥ 0). (3.4)

À � � �
g̃
� Ý �¼�½�

R̃
���

[7]

ρR̃ = R − (n − 1)∆ log ρ − 1

4
(n − 1)(n − 2)‖∇ log ρ‖2

= R − (n − 1)
4ρ

ρ
− 1

4
(n − 1)(n − 6)

‖∇ρ‖2

ρ2
. (3.5)

n
(2.10) É (3.4) o�p (3.5)

¥
−ρ2R̃ ≥[1 − (n − 1)δ]ρ2 + [2(n − 1)δb + n(n − 1)(2 − a)c+

n(n − 2)H2]ρ − (n − 1)δb2 − 2n(n − 1)(c + H2)b−

2n2(n − 1)cH2 + 2(n − 1)‖∇B‖2 +
1

4
(n − 1)(n − 6)

‖∇ρ‖2

ρ2
. (3.6)

y Í�A È ��z t�{ ρ ≥ ‖B‖2,
\ V�W

2
� �

‖∇B‖2 ≥ n + 2

4n

‖∇ρ‖2

ρ
. (3.7)

d
2(n − 1)‖∇B‖2 +

1

4
(n − 1)(n − 6)

‖∇ρ‖2

ρ
≥ n − 1

4n
(n − 2)2

‖∇ρ‖2

ρ
≥ 0. (3.8)

n
(3.8) o�p (3.6),

¥
−ρ2R̃ ≥ [1 − (n − 1)δ]ρ2 + L(ρ), (3.9)Ü¼�

L(ρ) =[2(n − 1)δb + n(n − 1)(2 − a)c + n(n − 2)H2]ρ−
(n − 1)δb2 − 2n(n− 1)(c + H2)b − 2n2(n − 1)cH2. (3.10)

_��
L(ρ) ≥ 0.

L′(ρ) = 2(n − 1)δb + n(n − 1)(2 − a)c + n(n − 2)H2

= [2(n − 1)δ(a − 1) + 2 − a]n(n − 1)c + n(n − 2)H2 ≥ 0, (3.11)

L(nH2 + b) = (n − 1)δb2 − n(n − 1)acb + [2(n − 1)δb − nb + n(n − 2)H2 − n(n − 1)ac]nH2

≥ [(n − 1)δ(a − 1) − a]n(n − 1)cb + [(2(n − 1)δ − n)(a − 1) − a]n(n − 1)c

≥ 0, (3.12)
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m
ρ ≥ nH2 + b,

d
L(ρ) ≥ 0,

| \
(3.9) q ¥ (3.3). 2� � N

1
Ô Ø

[4] (
� N

1) G�H � � � � � Õ Ö © ª R̃ ≤ 2(n− 1)(2− 1
p
)− 1

� µ ¶ «��
n = 2

õ ��� N
1  �H�¡ © ª «¢�£

1
[3]
è

M
Ô

N3(c)
�½· ¸ ã Ý ¹ »¼�½�

H
�¼�½È �

g
Ô I F � � � K

Ô
M G�H� �

g
��¤�¥¼�½� �

a
Ô���� ù Ï���� ��� Ý �

�
c ≥ 0

õ �
a ≥ 2;

�
c < 0

õ �
a ≤ 2

3 .C � � � �
g̃ = (ac + 2H2 − K)g

��¤�¥¼�½�
K̃
���

K̃ ≤ 1.

4 ¦�§�¨©~���ª«~¬¯®±°¯²¯³±´
_ é � K Ò á â � N

1
` � ¡ � � � �¼�½ã ¹ »¼�½� Ç¼�½È � � � � � «

è
M
Ô

Nn+1(c)
�½· ¸ ã ¹ »¼�½�

H
� Ç¼�½È � è

D ⊂ M
Ô

M
�½· ¸�µ�¶�·

D
��¸

¹ � 	 · ¸�º�»�¼ ß
∂D.

K Ò ý
D
Ô � � � � �

[1,2],
À ª

ID(f) =

∫

D

[‖∇f‖2 − (n2c + n2H2 − R)f2]∗1 > 0 (4.1)

Ä � ¸ ò f |∂D = 0
�

D
Þ ��½�¾���� S Ý���¿ «

À ® ��U
H = 0,

� � � ��Á�Â ´ � � � � � � � � � «
��P

2
è

M
Ô

Nn+1(c)
�½· ¸ ã ¹ »¼�½�

H
� Ç¼�½È �

g
Ô

M
Þ � I F � � � R

Ô
Ý �¼�½� «

c̃ = max{n2c,
4n − 6 + 2(n − 2)

√
n − 1

4n − 5 + 2(n − 2)
√

n − 1
n(n − 1)c} (4.2)

U � � � �
g̃ = (c̃ + n2H2 − R)g

��Ã È¼�½� ´ ã Ý � 	 Ä
M
Þ g�Ä�Å ¸�¹

D
¸

∫

D

(c̃ + n2H2 − R)∗1g <
ωn

2
[
2n − 3 + (n − 2)

√
n − 1

n(n − 1)
]−

n

2 , (4.3)

Ü¼�
ωn = 2Π

n+1

2 /Γ(n+1
2 )
��

n
Æ g�h�Æ È

Sn(1) ⊂ Rn+1
�

n
Æ�Ç�È ��C

D
Ô � � � � «

Z�[ � è
D
§ Ô � � � � � \

(4.1), É é S Ý f : D → [a, +∞), f |∂D = 0, ò ¥
∫

D

[‖∇f‖2 − (n2c + n2H2 − R)f2]∗1g ≤ 0.

©�}
(4.2)

¸
∫

D

[(c̃ + n2H2 − R)f2]∗1g ≥
∫

D

(‖∇f‖2)∗1g . (4.4)

B ρ Ê c̃+n2H2−R,
\ � N � è �

ρ > 0,
	

M
Þ GËH ���� g̃ = ρg

�ËÇËÈËÌ
∗1g̃ = (ρ

n

2 )∗1g.d
∫

D

(f2)∗1
g̃

=

∫

D

(ρ
n

2 f2)∗1g ≥ ρ
n

2
−1

∫

D

(‖∇f‖2)∗1g =

∫

D

(‖∇f‖2)∗1g̃. (4.6)

\ û�Í � � ��Î
-
� ��Ï N ��¥

λ̃1(D) ≤ 1, (4.7)Ü¼�
λ̃1(D)

��
D
Þ G�H g̃

�
Laplacian

6 Í
Dirichlet

û�Í � «
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b

g̃
¸ ã Ý�Ã È¼�½� ��U�Ð ´

K̃,
C G�H g̃

� Ý �¼�½�
R̃ = n(n − 1)K̃,

\ � N
1
¥

K̃ ≤ 1

n(n − 1)
[2n − 3 + (n − 2)

√
n − 1]. (4.8)

n
D
� ² � � � �

Nn(K̃)
� Í�=�¸�¹ ��Ü I F � � ´ g̃,

C \
Faber Ñ Krahn

§ Ê � [8],
¥

λ̃1(D) ≥ λ̃1(Ω), (4.9)

Ω
Ô

Nn(K̃)
� Í�= � l�Ò � ò Ω

��Ç�È
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Curvature Estimation and Stability of Submanifolds with Parallel

Mean Curvature Vactor

SUN Hong-an, ZHONG Ding-xing
(Dept. of Math., Gannan Teachers’ College, Ganzhou 341000, China )

Abstract: In this paper, we estimate the scalar curvature of a conformal metric on a submanifold with
parallel mean curvature vactor in the space form. By use of the estimation, we study the stability of the
domains of hypersurfaces with constant mean curvature in the space form.

Key words: parallel mean curvature; curvature estimation; stability.


