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1 l mnpopqprpspt
Liénard upv

x′′ + f(x)x′ + g(t, x) = e(t) (1.1)

wpxpypzp{
Duffing upv

x′′ + Cx′ + g(t, x) = e(t) (1.2)|p}p~
[0, 2π] � yp�p�p�p�p�p�p���

x(0) − x(2π) = x′(0) − x′(2π) = 0 (1.3)

�p� �p�p�
Liénard upv����p�p�p� ��� sp�p�p�p�p� yp�p�p� Liénard upvp� � � �p�p�� up� �¢¡ x np£p¤p¥p¦p§ yp¨p©pªp«p¬® � up�p¯ �p°p±p²p³ y upvp´ �®µpµp¶p· �p¸p¹pºp»¼p½p¼p¾

Liénard upv yp¿pÀ ²p³pÁp��Â yÃ��ÄÃÅ Liénard upv � ¾pÆ �pÇpÈ �pÉÃÊ y �ÃËpÌÍ Î
[1].Ï ¡ Liénard upv �p�pÐpypÑ |pÒ Ó ¥p�Ã�pÔÃÕ �×ÖpØ �pÙÃÚÃÛpÜÃÝ Fucik Þpßpàpá wpÐypÑ |pÒ ��â o

[2]
¿p��ãpä Ï ¡ �p�pÐpypÑ |på � Ò ��æ Reissig çpèpépêpë ©pìpípîpïpð �

Liénard upv |pñpòpópôpõpöp÷pøpù ÔpÕ ��ú up� ypûpü õpýpþpÿ [3].Å��p�
Reissig[4] ����� upv

x′′ + f(x)x′ + g(x) = e(t) (1.4)

��� ¥ �pË �p�pÐp¬ Mawhin
w

Ward[5] �	��� upv x′′ + f(x)x′ + g(t, x) = 0
Ñ | �p�pÐp¬o

[3] çÃè ��
��Ã© à� � Liénard uÃv | f(x) ≡ C � ��� Duffing uÃv �Ã�ÃÐÃyÃÑ |Ãå �
�������

: 2004-06-09; ��� ��� : 2005-07-16�������
: �������� �!�"�#�$�% (200507)
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[6] çpè�.�/�0pÛ Ò  � � Liénard upv (1.4)
�p�pÐpypÑ |pÒ ¬�ä�1 ¡ Liénard uv x′′ + f(x)x′ + g(x) = 0

| ��2 øpù�3 çpè Poincare-Bendixson 4�5 2 © ����6�7 4 Ñ | � ã8�9 çpè�:�;pÛ�<�/ y�= ;pÛ�>�?�@ y�A�B Û ����6�7 4 å � ��â�C�D�E [7]
¿�Fnpo�G è î�H�I <�/ © à ûÃü sÃt Liénard upv (1.1),(1.3)

�p�pÐpypÑ |på � Ò �  � �Ñ |på ��J y�K Û øpù F8ä�1 ° zp{ Duffing upv (1.2),(1.3)
�p�pÐpypÑ |på � Ò Ô à �ML Ó �y �p¸ ÔpÕ â o [8]

¿�N ¥p��O�P F
2 QSRSTSU

V�W
1

[9] X Cn×n
w

Cn Û�Y�Z�[ n \�]pu�^ w n _�]�`�a � A : [0, 2π] → Cn×n b�c �1�C�d b�c y g : [0, 2π] → Cn,
A Ò �p� ÉpÊ

w′(t) = A(t)w(t) + g(t), (2.1)

w(0) = w(2π) (2.2)¥ å � Ðpy�Kp� øpù�e I − W (2π) :�f ��ú�g W (t)
e

(2.1), (2.2)
1 G y�h�i upv

w′(t) = A(t)w(t), (2.3)

w(0) = I (2.4)y�j n Ð�k ^ F�Å���A Ò ÉpÊ (2.1), (2.2)
ypÐ

w(t) = W (t){[I − W (2π)]−1W (2π)

∫ 2π

0

W−1(s)g(s)ds +

∫ t

0

W−1(s)g(s)ds} (2.5)

l | qpr B�k ^ z�mp��L�n�op� � ~ y Ï É FV�W
2
X Ai, i = 1, 2, · · · , n p Æ u�^ �+q�r

n∏

i=1

min σ(Ai) ≤ |λ(

n∏

i=1

Ai)| ≤

n∏

i=1

maxσ(Ai),

ú�g
σ(Ai) Z�[ Ai

y�n�op�p�
λ(

∏n

i=1 Ai) Z�[ B�k ^ ∏n

i=1 Ai

ypz�mp��F
s�t ��/ ��u /�v �py Ô à �

ρ(

n∏

i=1

Ai) ≤ ‖

n∏

i=1

Ai‖2 ≤

n∏

i=1

‖Ai‖2 =

n∏

i=1

max σ(Ai)

°�w
ρ(

∏n

i=1 Ai) Z�[ ∏n

i=1 Ai

y Þ�x�y � � �
|maxλ(

n∏

i=1

Ai)| ≤

n∏

i=1

max σ(Ai). (2.6)

P ©
ρ((

n∏

i=1

Ai)
−1) ≤ ‖(

n∏

i=1

Ai)
−1‖2 ≤

n∏

i=1

‖A−1
i ‖2 ≤

n∏

i=1

max σ((Ai)
−1).
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� �
|min λ(

n∏

i=1

Ai)| ≥

n∏

i=1

min σ(Ai). (2.7)

� (2.6), (2.7) 
n∏

i=1

min σ(Ai) ≤ |λ(

n∏

i=1

Ai)| ≤

n∏

i=1

maxσ(Ai). (2.8)

V�W
3

[10] X X, Y
Æ

Banach | ~ � N : D(L) ⊂ X → Y
e b�c Frechet }�~ ��Ñ |

K > 0, ��
‖N ′(u)v‖Y ≤ K‖v‖X , ∀u, v ∈ D(L).

� X L : D(L) ⊂ X → Y
e A Ò�� 2 }�~ F â Õ L+N ′(u)

|
Y ������:�f ���pÑ |pý / C > 0

��
‖(L + N ′(u))−1y‖X ≤ C‖y‖Y , ∀u ∈ D(L), y ∈ Y,

q�r
L + N

e
D(L)

�
Y � y P�� F

3. �S�S�S�
X C[0, 2π] Z�[ [0, 2π] � y b�c <�/�| ~ ¬ C2[0, 2π] = {w|[0, 2π] → C2

�
w b�c }, ��/Æ

‖w‖ = sup{‖w(t)‖|t ∈ [0, 2π]};

C̃2[0, 2π] = {w ∈ C2[0, 2π]‖w(0) = w(2π)},

� ã
C̃2[0, 2π]

e
C2[0, 2π]

w y ?�~�| ~ F� X
(H1) f : R → R b�c � g : R × R → R

Ï ¡ t b�c � � 2π
Æ �p�p� Ï ¡ x b�c :�; � eÏ ¡ t b�c �p�p� Æ 2π.

(H2)
Ñ |pý / b > 0 �� f(x) ≥ 2b, ∀x ∈ C[0, 2π]; � Ñ |pý / b < 0 �� f(x) ≤ 2b, ∀x ∈

C[0, 2π].

(H3) −|b| < −g′

x(t, x) + bf(x) − b2 + 1 < |b|, ∀x ∈ C[0, 2π].

(H2)
w

(H3) :p�pè 3 ����� y øpù u����
(H4) � Ñ |pý / b

w
c1 < 0, ��

∫ 2π

0

[−f(x) +
√

(f(x) − 2b)2 + a2(t)]dt ≤ c1, ∀x ∈ C[0, 2π];

� Ñ |pý / b
w

c2 > 0, ��
∫ 2π

0

[−f(x) −
√

(f(x) − 2b)2 + a2(t)]dt ≥ c2, ∀x ∈ C[0, 2π],

ú�g
a(t) = −g′

x(t, x(t)) + bf(x(t)) − b2 + 1.
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w
(H3)

¾�� ��� � Ñ |pý / b > 0, �� f(x) ≥ 2b
w

a2(t) ≤ b2, �
∫ 2π

0

[−f(x) +
√

(f(x) − 2b)2 + a2(t)]dt ≤

∫ 2π

0

(−b)dt = −2πb < 0;

��� Ñ |pý / b < 0 �� f(x) ≤ 2b
w

a2(t) ≤ b2, �
∫ 2π

0

[−f(x) −
√

(f(x) − 2b)2 + a2(t)]dt ≥

∫ 2π

0

(−b)dt = −2πb > 0.

�
(H4)

¾�� F
3 � qpr �p� (1.1),(1.3)

�p�pÐpypÑ |på � Ò F�
F (x) =

∫ 2π

0 (f(s) − b)ds, � »�� u = x, v = x′ + F (x), �pÉpÊ (1.1)
¿pÀ ¡

{
u′ = −F (u) + v,

v′ = −g(t, u) + bF (u) − bv + e(t).

�
w = (u, v)T , E(t) = (0, e(t))T ,

w
R(t, w) =

(
−F (u) + v

−g(t, u) + bF (u) − bv

)
, (3.1)

� (1.1), (1.3)
¿pÀ ¡ {

w′ = R(t, w) + E(t),
w(0) = w(2π).

(3.2)

� (3.1)  �
∂R

∂w
(t, w) =

(
−f(u) + b 1

−g′u(t, u) + bf(u) − b2 −b

)
.

��� 2 y w0 ∈ C2[0, 2π], 2��
A(t) =

∂R

∂w
(t, w0(t)) =

(
−f(u0) + b 1

−g′u(t, u0) + bf(u0) − b2 −b

)
. (3.3)

qpr A Ò upv
w′ = A(t)w + E(t). (3.4)� ßpà (3.4)

1 G y�h�ip�p�
w′(t) = A(t)w(t). (3.5)� ã

(3.5)
¥ �pË j n Ð�k ^ W (t)

ñpò
{

W ′(t) = A(t)W (t),
W (0) = I.

(3.6)

��W
1
� X (H1)–(H3)

¾�� ��q�r
I−W (2π) :�f ��� ‖(I−W (2π))−1‖ ≤ C,

ú�g
C > 0e �pË ý / Fs�t � ��  }×~

[0, 2π] N
¿ Û �¢¡ Ë ~ }×~ y�£�� h = 2π

N
, ¤�¥ tj = jh, j = 0, 1, 2, · · · , N.

(3.6)
y�¦�§ upv Æ

W (tj+1) − W (tj)

h
= A(tj)W (tj), j = 0, 1, 2, · · · , N − 1.
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� Å 
W (tN ) =

N−1∏

j=0

(I + A(tj)h). (3.7)

° i�¨�©
W (tN ) = W (2π)

ypz�mp�p� X AH(tj)+A(tj)
ypz�mp� Æ

λ(tj), j = 0, 1, 2, · · · , N −1,ú�g
AH(tj)

e
A(tj)

y ö�ª ½�« k ^ � � (3.3)
�

AH(tj) + A(tj) =

(
−2f(u0) + 2b a(tj)

a(tj) −2b

)
,

°�w
a(tj) = −g′u(tj , u0(tj)) + bf(u0(tj)) − b2 + 1. � (H3)

�
a2(tj) < b2. (3.8)

¡ e
λ(tj) = −f(u0) ±

√
(f(u0) − 2b)2 + a2(tj). (3.9)G è (H2),

â Õ
f(u0) ≥ 2b > 0,

q�r
b2 ≤ 2bf(u0) − 3b2. (3.10)

� (3.8)(3.9)
w

(3.10), 
max λ(tj) < −f(u0) +

√
(f(u0) − 2b)2 + 2bf(u0) − 3b2

= −f(u0) +
√

(f(u0) − b)2 = −b < 0. (3.11)â Õ
f(u0) ≤ 2b < 0,

q�r
b2 ≤ 2bf(u0) − 3b2. (3.12)

� (3.8)(3.9)
w

(3.12), 
min λ(tj) > −f(u0) −

√
(f(u0) − 2b)2 + 2bf(u0) − 3b2

= −f(u0) −
√

(f(u0) − b)2 = −b > 0. (3.13)

9 X µ(tj)
e

(I + A(tj)h)H (I + A(tj)h)
ypz�mp�p� �

(I + A(tj)h)H(I + A(tj)h) = I + (AH (tj) + A(tj))h + AH(tj)A(tj)h
2

�p�+¬
h
K Û��� � µ(tj) = 1 + λ(tj)h + o(h2). � (3.11)(3.13)  �+¬ f(u0) ≥ 2b > 0 � �

maxλ(tj) < −b < 0, ¡ e
maxµ(tj) ≤ 1 − bh, 0 < |h| � 1;¬

f(u0) ≤ 2b < 0 � � min λ(tj) > −b > 0, ¡ e
min µ(tj) ≥ 1 − bh, 0 < |h| � 1.

® d �
I +(AH(tj)+A(tj))h

Æ
Hermitian

k ^ �°¯ G è�± © 2  �°¬ max λ(tj) < −b < 0 � �
|λ(W (2π))| ≤

N−1∏

j=0

(1 − bh)
1

2 = exp(−
1

2

N−1∑

j=0

bh) + o(h) = exp(−πb) + o(h). (3.14)
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min λ(tj) > −b > 0 � �
|λ(W (2π))| ≥

N−1∏

j=0

(1 − bh)
1

2 = exp(−
1

2

N−1∑

j=0

bh) + o(h) = exp(−πb) + o(h). (3.15)

� (3.14),(3.15)
�p��¬

h → 0 � � 0
O e

I −W (2π)
ypz�mp�p�¢ÄpÅ

I −W (2π) :�f �pÑ |pý
/ C > 0, �� ‖(I − W (2π))−1‖ ≤ C. 2��W

2
� X (H1)–(H3)

¾�� �+q�rp�p�
(1.1), (1.3)

Ñ |på � �p�pÐ�Fs�t X Lw = −w′, D(L) = {w ∈ C̃2[0, 2π]
�

w′ b�c }, ² � L
e

C̃2[0, 2π] � y � 2 ?
}�~ F 9 X N : C2[0, 2π] → C2[0, 2π], (Nw)(t) = R(t, w(t)), w ∈ C2[0, 2π], � f(x)

w
g(t, x)

y �
X �p� R(t, w)

|
w � y Frechet ³�/ ∂R

∂w
(t, w)

|
[0, 2π]×C2[0, 2π] � b�c �´�pÑ |pý / K > 0,

�� ‖∂R
∂w

(t, w)‖ ≤ K, ∀w ∈ C2[0, 2π], t ∈ [0, 2π], µ ä
(N ′(w)y)(t) =

∂R

∂w
(t, w)y(t), ∀w ∈ C2[0, 2π], ∀y ∈ C2[0, 2π],

�
N
e b�c Frechet :�; � ‖N ′(w)‖ ≤ K, ∀w ∈ C2[0, 2π].A Ò upv (3.4) :�¶�· Æ [L + N ′(w0)]w = −E(t). � 2 © 1

w ± © 1
�

[L + N ′(w0)]
−1
Ñ| �pÑ |pý / C > 0, ��

‖[L + N ′(w0)]
−1‖ ≤ C.¸ è�± © 3 : �p� (3.2)

Ñ |på � �p�pÐp��� spt Liénard upv (1.1), (1.3)
Ñ |på � �p�pÐ�F

2��W
3
� X (H1), (H4)

¾�� �+q�rp�p�
(1.1), (1.3)

Ñ |på � �p�pÐ�Fs�t ¹�º ¡ 2 © 1
y ��� � max λ(tj) = −f(u0) +

√
(f(u0) − 2b)2 + a2(tj), ¡ e

max µ(tj) = 1 + maxλ(tj)h + o(h2), 0 < |h| � 1.ä
min λ(tj) = −f(u0) −

√
(f(u0) − 2b)2 + a2(tj),

¡ e
min µ(tj) = 1 + min λ(tj)h + o(h2), 0 < |h| � 1.® d �

I + (AH(tj) + A(tj))h
Æ

Hermitian
k ^ �+¯ G è�± © 2

w
(H4) :� �

|λ(W (2π)| ≤
N−1∏

j=0

(max µ(tj))
1

2 = exp(
1

2

N−1∑

j=0

maxλ(tj)h) + o(h).

�
h → 0, 

|λ(W (2π)| ≤ exp(
1

2

∫ 2π

0

[−f(x) +
√

(f(x) − 2b)2 + a(t)2]dt) ≤ exp(
c1

2
). (3.16)

G è�± © 2
w

(H4)
� :� �

|λ(W (2π)| ≥
N−1∏

j=0

(min µ(tj))
1

2 = exp(
1

2

N−1∑

j=0

min λ(tj)h) + o(h).



3 � z�B�6M{ � N�O Liénard Q�/�R���S T�U�V�W�X�Y 589

�
h → 0, 

|λ(W (2π)| ≥ exp(
1

2

∫ 2π

0

[−f(x) −
√

(f(x) − 2b)2 + a(t)2]dt) ≥ exp(
c2

2
). (3.17)

� (3.16), (3.17)
�p�+¬

h → 0 � � 0
O e

I − W (2π)
ypz�mp�p��ÄpÅ

I − W (2π) :�f �pÑ |ý / C > 0, �� ‖(I − W (2π))−1‖ ≤ C,
� 2 © 1

¾�� � � 2 © 2
y ��� : �p� 2 © 3

¾�� F
»

1 � øpù (H4) �p¡ (H2)
w

(H3) ² �p� 2 © 2 :�¼�� 2 © 3
y�½ à FG è 2 © 2

� 3�¾ ½ à ¾�� F¿�À
1
X g(t, x)

Ï ¡ t b�c � � 2π
Æ �p�p� Ï ¡ x b�c :�; ¬ e(t)

Ï ¡ t b�c � � 2πÆ �p��F�â Õ
1 −

|C|

2
+

C2

4
≤ g′x(t, x) ≤ 1 +

|C|

2
+

C2

4
(C 6= 0),q�r

Duffing upv (1.2),(1.3)
Ñ |på � �p�pÐ�FG è 2 © 3

� 3�¾ ½ à ¾�� F¿�À
2
X g(t, x)

Ï ¡ t b�c � � 2π
Æ �p�p� Ï ¡ x b�c :�; ¬ e(t)

Ï ¡ t b�c � � 2πÆ �p��F�â Õ Ñ |
c1 < 0 ��

∫ 2π

0

(−C + | − g′

x +
C2

4
+ 1|)dt ≤ c1;

� Ñ | c2 > 0 �� ∫ 2π

0

(−C − | − g′

x +
C2

4
+ 1|)dt ≥ c2 (C 6= 0),

q�r
Duffing upv (1.2), (1.3)

Ñ |på � �p�pÐ�F»
2 ��Á (H1) − (H4)

w y
f(x) � ¾ f(x, x′), Á ∀x ∈ C[0, 2π] � ¾ ∀x ∈ C1[0, 2π], �2 © 2, 2 © 3

1�Â � Liénard upv
x′′ + f(x, x′)x′ + g(t, x) = e(t)P�Ãp¾�� F

3 � ð � �pË G è ¦ {�FÄ qpr upv x′′(t) + x′(t) + x(t) = e(t),
G è ½ à 1,

ú�g
C = 1,g(t, x) = x,

ñpòpøpù
1 −

|C|

2
+

C2

4
≤ g′x(t, x) ≤ 1 +

|C|

2
+

C2

4
,

¯pÑ |på � �p�pÐp¬ � o [8]
y 2 © 1, � Ñ |�Å Ë�Æ�Ç ��� b�c y ¦ <�/ a(t), b(t), ��
n2 ≤ a(t) ≤ g′

x(t, x) ≤ b(t) ≤ (n + 1)2� |
[0, 2π]

y �pË�È ��Ép� a(t) > n2, b(t) < (n + 1)2, �pupv (1.6)
Ñ |på � y 2π−

�p�pÐ�F{
1
w

g(t, x) = x
� ã O ñpò � ¾pøpù �ËÊp{ 1

1�C�d b�c ¤p¥ 2π
�p�py <�/ e(t)

� ãpÑ |å � �p�pÐ�F
ÌSÍSÎSÏSÐ
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Abstract: By using global inverse function theorems this paper proves the existense and uniqueness of
periodic solution of forced Liénard equation

x
′′ + f(x)x′ + g(t, x) = e(t).

The results generalize and improve some known results.
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