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1 , (j�k`�Y+46q_gmqr>h�rg!&{n?w�$�D6��<Crg�PK�62�{`m [1−3] �Ys~��h�Irg4��Lr� t I`�EZ��L1Yn� xI`�\��q5SVN��P��K'�̀ CCK\)N��P;(n�qp6I�PK��*5+42� [4−7]. 0wC�SVN��P6h0(I�PK�kV62�GYj�D��Æ�/FT�,>�2�59)�SVN��P6M"+h0(I�PK�
ẋ(t) = θẋ(t − τ) + α(t)f(x(t)) + β(t)g(x(x(t))) + p(t) (E)6kV6(Y+�425kV(Y6!P	���Z#5�4�>6{X�.BF�\.�C�o�θ, τ ��s~�Z τ > 0�~ α, β, f, g, p ∈ C(R, R) ,�Z(Y�~ T > 0,t4a> t ∈ R, I α(t + T ) = α(t), β(t + T ) = β(t), p(t + T ) = p(t).

2 7*
���-.CKK� (E) 6=�6(Y+� _I�� f(Y�~ x0 ∈ R, t4Ca> t ∈ R I α(t)f(x0) + β(t)g(x0) + p(t) = 0 �0�[
x ≡ x0 �K� (E) 6PGkV��E2�K� (E) 69
 T kV6(Y+�z��>1~ f, g h9XI��9X��r6[&�1 f I�� g ��rI�� 1 o�7	��0

(I) Ca> t ∈ R, β(t) 6= 0;����: 2004-09-17��&�: iby
�#5u� (05EZ52)
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(II) (Y�~ M > 0, t4a> x ∈ R, I | f(x) |≤ M ;

(III) lim|x|→∞
g(x)

x
= ±r(Xh 0 < r < +∞).f 1 − 2 | θ | −r

∫ T

0
| β(t) | dt > 0. [K� (E) dk(Y9X T kV�3� Y%�> θ ≥ 0 r6[&�1 θ < 0 r��>h.F | θ | -� θ z$�Y%�Xo}�o X = {x ∈ C1(R, R)|x(t + T ) = x(t)}, Y = {y ∈ C(R, R)|y(t + T ) = y(t)}. Y X h^H~ ‖ x ‖= max{| x |∞, | ẋ |∞}, Xh | x |∞= maxt∈[0,T ]{| x(t) |}, | ẋ |∞= maxt∈[0,T ]{| ẋ(t) |}.Y Y h^H~ ‖ y ‖=| y |∞= maxt∈[0,T ]{| y(t) |}. HB X, Y �^� Banach %��o L : Dom(L) ∩ X −→ Y : x −→ Lx = d

dt
[x(t) − θx(t − τ)].�E�> L 6+f��";f Ker(L): o x ∈ KerL, z Lx = d

dt
[x(t) − θx(t − τ)] = 0, HB x(t) − θx(t − τ) = c ��~�_Ca> t ∈ R ?I

x(t) = c + θx(t − τ) = c + θ[c + θx(t − τ − τ)] = c(1 + θ) + θ2x(t − 2τ)

= · · · = c(1 + θ + θ2 + ... + θn−1) + θnx(t − nτ) = c
1 − θn−1

1 − θ
+ θnx(t − nτ).HK 1− 2θ − r

∫ T

0 | β(t) | dt > 0, 0 ≤ θ < 1, Z x ∈ X . _1 n → ∞ r�I x(t) = c
1−θ

∈ R. 89KE�a> x ∈ R��a~�[ Lx = 0,z x ∈ Ker(L),HB Ker(L) = R, dim(Ker(L)) = 1.X�>&x ImL: o y(t) ∈ImL, z(Y x ∈DomL∩X , t4 Lx = d
dt

(x(t)− θx(−τ)) = y(t), [∫ T

0
y(t)dt = 0 �HB ImL = {y ∈ Y |

∫ T

0
y(t)dt = 0} w Y h6�x�Z dim(Y/ImL) = 1 �A% L wb�� 0 6"+ Fredholm �p�=?�D�p�

P : X −→ Ker(L) : x −→ Px =
1

T

∫ T

0

x(t)dt; Q : Y −→ Y/Im(L) : y −→ Qy =
1

T

∫ T

0

y(t)dt. _ P, Q �2/�p� Im(P ) = R =Ker(L), Z Ker(Q) =Im(L). HK Im(Q) =Im(P ), _u
Ψ = J :Im(Q) →Im(P ) �l�El�[ Ψ w Im(Q) →Im(P ) 6"+�MEl��E�>K�

d

dt
[x(t) − θx(t − τ)] = λ[α(t)f(x(t)) + β(t)g(x(x(t))) + p(t)], λ ∈ (0, 1) (1)6 T kV6�6��o x(t + T ) = x(t) �K� (1) 6a9 T kV�� x(t) -eK� (1) �CX3BY℄�

[0, T ] gvP��℄,=4�
∫ T

0

α(t)f(x(t))dt +

∫ T

0

β(t)g(x(x(t)))dt +

∫ T

0

p(t)dt = 0,

∫ T

0

β(t)g(x(x(t)))dt = −[

∫ T

0

α(t)f(x(t))dt +

∫ T

0

p(t)dt].A� g(x(x(t))), β(t)2/�β(t) 6= 0,[ β(t)Y [0, T ]g��e�_ |
∫ T

0 β(t)dt| =
∫ T

0 |β(t)|dt 6=

0, [(Y ξ ∈ [0, T ] t4
g(x(x(ξ)))

∫ T

0

β(t)dt =

∫ T

0

β(t)g(x(x(t)))dt = −[

∫ T

0

α(t)f(x(t))dt +

∫ T

0

p(t)dt].
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| g(x(x(ξ))) ||

∫ T

0

β(t)dt |≤

∫ T

0

[| α(t) || f(x(t)) | + | p(t) |]dt ≤

∫ T

0

(M | α(t) | + | p(t) |)dt.A%
| g(x(x(ξ))) |≤

∫ T

0
(M | α(t) | + | p(t) |)dt∫ T

0 | β(t) | dt
.JHK lim|x|→∞

g(x)
x

= ±r 6= 0, _ lim|x|→∞ | g(x)
x

|= r > 0, HB lim|x|→∞ | g(x) |= +∞ . �<(Y A > 0, t4 | x(x(ξ)) |< A.  _(Y℄~ n y t0 ∈ [0, T ], t4 x(ξ) = nT + t0, HB
| x(t0) |< A.HK lim|x|→∞ | g(x)

x
|= r > 0, Z 1 − 2θ − r

∫ T

0 | β(t) | dt > 0, _Ca> ε: 0 < ε <

1−2θ−r
∫

T

0
|β(t)|dt∫

T

0
|β(t)|dt

, (Y�~ x0 > 0, t4 | x |> x0 rI | | g(x)
x

| − r |< ε, z | g(x) |< (r + ε) | x |,} r + ε = r0. [I 1 − 2θ − r0

∫ T

0
| β(t) | dt > 0, Z | g(x) |< r0 | x |.!9xi E1 = {t ∈ [0, T ]| | x(x(t)) |≤ x0}, E2 = {t ∈ [0, T ]| | x(x(t)) |> x0}.H g 62/+$4�(Y M0 > 0, t4a> z ∈ [−x0, x0] I | g(z) |≤ M0. HBC t ∈ E1I | g(x(x(t))) |≤ M0, E t ∈ E2 I | g(x(x(t))) |< r0 | x(x(t)) |.HK� (1) $4� ẋ(t) = θẋ(t − τ) + λ[α(t)f(x(t)) + β(t)g(x(x(t))) + p(t)], HBCa>

t ∈ [0, T ] I
x(t) = x(t0) +

∫ t

t0

ẋ(s)ds

= x(t0) +

∫ t

t0

[θẋ(s − τ) + λα(s)f(x(s)) + λβ(s)g(x(x(s))) + λp(s)]ds

= x(t0) + θ[x(t − τ) − x(t0 − τ)] + λ

∫ t

t0

[α(s)f(x(s)) + β(s)g(x(x(s))) + p(s)]ds.A%
| x(t) |≤| x(t0) | +θ[| x(t − τ) | + | x(t0 − τ) |]+ |

∫ t

t0

[α(s)f(x(s)) + β(s)g(x(x(s))) + p(s)]ds |

≤ A + 2θ | x |∞ +

∫ T

0

| α(t) || f(x(t)) | dt +

∫ T

0

| β(t) || g(x(x(t))) | dt +

∫ T

0

| p(t) | dt

≤ A + 2θ | x |∞ +M

∫ T

0

| α(t) | dt +

∫
E1

| β(t) || g(x(x(t))) | dt +

∫
E2

| β(t) || g(x(x(t))) | dt +

∫ T

0

| p(t) | dt

< A + 2θ | x |∞ +M

∫ T

0

| α(t) | dt + M0

∫
E1

| β(t) | dt +

∫
E2

| β(t) | r0 | x(x(t)) | dt +

∫ T

0

| p(t) | dt

≤ A + 2θ | x |∞ +M

∫ T

0

| α(t) | dt + M0

∫ T

0

| β(t) | dt+
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r0 | x |∞

∫ T

0

| β(t) | dt +

∫ T

0

| p(t) | dt

= A + (2θ + r0

∫ T

0

| β(t) | dt) | x |∞ +

∫ T

0

[M | α(t) | +M0 | β(t) | + | p(t) |]dt.�<
| x |∞< A + (2θ + r0

∫ T

0

| β(t) | dt) | x |∞ +

∫ T

0

[M | α(t) | +M0 | β(t) | + | p(t) |]dt.

(1 − 2θ − r0

∫ T

0

| β(t) | dt) | x |∞< A +

∫ T

0

[M | α(t) | +M0 | β(t) | + | p(t) |]dt.E 1 − 2θ − r0

∫ T

0 | β(t) | dt > 0, �<
| x |∞<

A +
∫ T

0
[M | α(t) | +M0 | β(t) | + | p(t) |]dt

1 − 2θ − r0

∫ T

0 | β(t) | dt
.HKguh A, M, M0, y r0 ��L x �`6�~�_9�~

A +
∫ T

0 [M | α(t) | +M0 | β(t) | + | p(t) |]dt

1 − 2θ − r0

∫ T

0 | β(t) | dt
:= ω0.HBa> t ∈ R, I | x(t) |<| x |∞< ω0.A� g ∈ C(R, R), �<(Y C0 > 0, t4Ca> t ∈ R, | g(x(x(t))) |≤ C0. CK� (1) 3B^�Ca$4

|
d

dt
(x(t) − θx(t − τ)) |≤| α(t) || f(x(t)) | + | β(t) || g(x(x(t))) | + | p(t) | .

| ẋ(t) |≤| θẋ(t − τ) | + | α(t) || f(x(t)) | + | β(t) || g(x(x(t))) | + | p(t) | .[
| ẋ(t) |< θ | ẋ |∞ +M | α |∞ +C0 | β |∞ + | p |∞,

(1 − θ) | ẋ |∞< M | α |∞ +C0 | β |∞ + | p |∞ .H=,	�` 1 − θ > 0, _
| ẋ |∞<

1

1 − θ
(M | α |∞ +C0 | β |∞ + | p |∞) := ω1.A%�K� (1) 6a9 T kV x = x(t) 9eI����0mE6�=`��-�> f(x)

∫ T

0 α(t)dt + g(x)
∫ T

0 β(t)dt +
∫ T

0 p(t)dt 6Re��|'K��}
G(x) = f(x)

∫ T

0

α(t)dt + g(x)

∫ T

0

β(t)dt +

∫ T

0

p(t)dt.HK f(x), α(t), p(t) ��I�~� β(t) 6= 0, ��e�
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g(x)

x
= r > 0 r� lim|x|→∞ g(x)sgn(x) = +∞. HBr(Y�~ x1 > 0, t41 | x |≥ x1 r G(x) 6= 0, Zf β(t) > 0, G(x) ZL g(x) �e�HB xG(x) > 0; f β(t) < 0,

G(x) L g(x) �e�HB xG(x) < 0.1 lim|x|→∞
g(x)

x
= −r < 0 r� lim|x|→∞ g(x)sgn(−x) = +∞. HBr(Y�~b}u

x1 > 0, t41 | x |≥ x1 r G(x) 6= 0, Zf β(t) > 0, G(x) L g(x) �e�0 xG(x) < 0; f
β(t) < 0, G(x) L g(x) �e�0 xG(x) > 0.!^ ω = max{ω0, ω1, x1}, Ω = {x ∈ X | ‖ x ‖< ω}. [ Ω � X h6I� x� _
Ker(L) ∩ Ω 6= Φ.=?M"+El

F : Ω −→ Y : x −→ Fx = α(t)f(x(t)) + β(t)g(x(x(t))) + p(t).H~ f, gy α, β 6+f�I_F F Y Ωgw L-�6�HgE6�>$4�pK� Lx = λFxY Dom(L) ∩ ∂Ω gCa> λ ∈ (0, 1) ��Ca> x ∈Ker(L) ∩ ∂Ω, ‖ x ‖= ω,

QFx =
1

T

∫ T

0

[α(t)f(x) + β(t)g(x) + p(t)]dt

=
1

T
f(x)

∫ T

0

α(t)dt + g(x)

∫ T

0

β(t)dt +

∫ T

0

p(t)dt

=
1

T
G(x) 6= 0.�E�> QF Y Ker(L) ∩ ∂Ω g6 Brouwer ��z��1 lim|x|→∞

g(x)
x

= r > 0, Z β(t) > 0 r�s lim|x|→∞
g(x)

x
= −r > 0, Z β(t) < 0r�=?El H1 : I × Ω −→ X ,(Xh I = [0, 1].) a> (µ, x) ∈ I × Ω,

H1(µ, x) = µx + (1 − µ)QFx = µx +
1 − µ

T

∫ T

0

[α(t)f(x(t)) + β(t)g(x(x(t))) + p(t)]dt.HK1 x ∈Ker(L) ∩ ∂Ω r� x L G(x) �e��< x ∈Ker(L) ∩ ∂Ω r�
H1(µ, x) = µx +

1 − µ

T
[f(x)

∫ T

0

α(t)dt + g(x)

∫ T

0

β(t)dt +

∫ T

0

p(t)dt] = µx +
1 − µ

T
G(x) 6= 0;X&�1 lim|x|→∞

g(x)
x

= r > 0, Z β(t) < 0 r�s lim|x|→∞
g(x)

x
= −r < 0, Z β(t) > 0r�=?El H2 : I × Ω −→ X , a> (µ, x) ∈ I × Ω,

H2(µ, x) = −µx + (1 − µ)QFx = −µx +
1 − µ

T

∫ T

0

[α(t)f(x(t)) + β(t)g(x(x(t))) + p(t)]dt.E1 x ∈Ker(L) ∩ ∂Ω r� x L G(x) �e��<%r
H2(µ, x) = −µx+

1 − µ

T
[f(x)

∫ T

0

α(t)dt+g(x)

∫ T

0

β(t)dt+

∫ T

0

p(t)dt] = −µx+
1 − µ

T
G(x) 6= 0.



816 � 0 3 � M R ? 26�HB QF Ll�El J : X −→ X : x −→ J(x) = x(s −J) �=�H Brouwer �6�=��+$4
deg(ΨQF |

Ker(L)∩Ω
, Ker(L) ∩ Ω, 0) = deg(QF, Ω ∩ Ker(L), 0) = deg(H1(0, x), Ω ∩ Ker(L), 0)

= deg(H1(1, x), Ω ∩ Ker(L), 0) = deg(H2(0, x), Ω ∩ Ker(L), 0) = deg(H2(1, x), Ω ∩ Ker(L), 0)

= deg(±J, Ω ∩ Ker(L), 0) 6= 0.\� Mawhin 2/=, [8], �pK� Lx = Fx Y Ω JI�A%K� (E) dk(Y9XkV� 21 g I�� f ��r�L=, 1 )�6�K� (E) kV(Y+68�9X=,w��� 2 o�7	��0
(I′) Ca> t ∈ R,α(t), β(t) ��e�Z α(t) 6= 0;

(II′) (Y�~ M ′ > 0, t4Ca> x ∈ R, I | g(x) |< M ′;

(III′) lim|x|→∞
f(x)

x
= ±r′, (0 < r′ < +∞).HB�1 1 − 2 | θ | −r′

∫ T

0 α(t)dt > 0 r�K� (E) dk(Y9X T kV�Æ=,6_FKFL=, 1 tÆ$��_F'<�1~ f, g ?��r��C�o~ f wMU6�%rI�� 3 o�~ | θ |< 1, �Z�7	��0
(III) lim|x|→∞

g(x)
x

= ±r(Xh 0 < r < +∞);

(IV) (Y�~ M1 > 0, t4Ca> x ∈ R I f(x) ≥ M1 | x |.fCa> t ∈ [0, T ], I α(t) > r
M1

| β(t) |> 0, [K� (E) dk(Y9X T kV�3� L=, 1 $�9=? Banach %� X, Y , yEl L, P, Q.HK lim|x|→∞
g(x)

x
= ±r, lim|x|→∞ | g(x)

x
|= r > 0. HK α(t) > r

M1
| β(t) |, _

M1

∫ T

0 α(t)dt > r
∫ T

0 | β(t) | dt. HBCa> ε: 0 < ε <
M1

∫
T

0
α(t)dt−r

∫
T

0
|β(t)|dt∫

T

0
|β(t)|dt

, (Y x2 > 0,t1 | x |> x2 r� | | g(x)
x

| −r| < ε. L=, 1 )�9=_�(Y�~ r1 > 0, t1 | x |> x2r� | g(x) |< r1 | x |, �Z M1

∫ T

0 α(t)dt − r1

∫ T

0 | β(t) | dt > 0. �r(Y�~ C1 > 0, t1
| x |≤ x2 r� | g(x) |< C1.=?xi E3 = {t ∈ [0, T ]| | x(x(t)) |≤ x2}, E4 = {t ∈ [0, T ]| | x(x(t)) |> x2}. [1 t ∈ E3r� | g(x(x(t))) |< C1; 1 t ∈ E4 r� | g(x(x(t))) |< r1 | x(x(t)) |.�E�>K�

d

dt
[x(t) − θx(t − τ)] = λ[α(t)f(x(t)) + β(t)g(x(x(t))) + p(t)], λ ∈ (0, 1)6 T kV6[&�L=, 1 )�9�o x(t + T ) = x(t) �K�6a9kV�[

∫ T

0

α(t)f(x(t))dt +

∫ T

0

β(t)g(x(x(t)))dt +

∫ T

0

p(t)dt = 0,

∫ T

0

α(t)f(x(t))dt = −[

∫ T

0

β(t)g(x(x(t)))dt +

∫ T

0

p(t)dt].



4W :�Q�8�:*�TWO��Q7i1)�QL 7lWÆ 8173�^�Ca��m>2 f L α(t) 6Re�$4
∫ T

0

α(t)f(x(t))dt ≤

∫ T

0

| β(t)g(x(x(t))) | dt +

∫ T

0

| p(t) | dt.

M1

∫ T

0

α(t) | x(t) | dt ≤

∫
E3

| β(t)g(x(x(t))) | dt +

∫
E4

| β(t)g(x(x(t))) | dt +

∫ T

0

| p(t) | dt

<

∫
E3

| β(t) | C1dt +

∫
E4

| β(t) | r1 | x(x(t)) | dt +

∫ T

0

| p(t) | dt

≤ C1

∫ T

0

| β(t) | dt + r1

∫ T

0

| β(t) || x(x(t)) | dt +

∫ T

0

| p(t) | dt

≤ C1

∫ T

0

| β(t) | dt + r1 | x |∞

∫ T

0

| β(t) | dt +

∫ T

0

| p(t) | dt.[
M1 | x |∞

∫ T

0

α(t)dt ≤ C1

∫ T

0

| β(t) | dt + r1 | x |∞

∫ T

0

| β(t) | dt +

∫ T

0

| p(t) | dt.

| x |∞

∫ T

0

(M1α(t) − r1 | β(t) |)dt ≤ C1

∫ T

0

| β(t) | dt +

∫ T

0

| p(t) | dt.HB
| x |∞≤

C1

∫ T

0 | β(t) | dt +
∫ T

0 | p(t) | dt∫ T

0
(M1α(t) − r1 | β(t) |)dt

:= ω3.HK | θ |< 1, | x |∞ I��L=, 1 )�9(Y�~ ω4 > 0, t4 | ẋ |∞< ω4. ^ ̟ =

max{ω3, ω4, x1}, m>\. x1 6^FL=, 1 h6 x1 $��o Ω1 = {x ∈ X | ‖ x ‖< ̟}. �=?M"+El
F : Ω1 −→ Y : x −→ Fx = α(t)f(x(t)) + β(t)g(x(x(t))) + p(t).L=, 1 �,$_K� Lx = Fx Y X JI�_K� (E) (Y T kV� 2�E�>{X�.BF�";K�

ẋ(t) =
1

4
ẋ(t − τ) + Ae

sin x

x cos t + (1 +
1

2
sin t) ·

1

6π
x(x(t)) + p(t). (2)\.o θ = 1

4 , f(x) = Ae
sin x

x , β(t) = 1 + 1
2 sin t, g(x) = 1

6π
x. [ r = 1

6π
, Kw 1 − 2|θ| −

r
∫ 2π

0 |β(t)|dt = 1
6 > 0. \�=, 1, K� (2) dkI9X 2π kV�Xh A, τ �a>�~�

p(t) w< 2π �kV6a>2/~�HK=, 1 8\ g YS+R;rAs9=6	��A%YK� (2) h6 g g$a>�g9%I�2/~�dK�
ẋ(t) =

1

4
ẋ(t − τ) + Ae

sin x

x cos t + (1 +
1

2
sin t) ·

1

6π
[x(x(t)) + arctanx(x(t))] + p(t) (3)
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ẋ(t) =

1

4
ẋ(t − τ) +

1

12π
esin tx + B(1 + cos t) sin x(x(t)) + p(t) (4)6 2π kV6(Y+�<g{XK�?ws~BFg,>2��$p�6���zÆ#%�
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Existence of Periodic Solutions to a Type of First Order Neutral

Functional Differential Equation with Complex Deviating Argumen

LIU Xi-ping, JIA Mei
(College of Science, University of Shanghai for Science and Technology, Shanghai 200093, China )

Abstract: The paper studies the existence of periodic solutions to a type of the first order neutral
functional differential equations with complex deviating argument ẋ(t) = θẋ(t − τ ) + α(t)f(x(t)) +
β(t)g(x(x(t)))+ p(t), obtains sufficient conditions for existence of the periodic solutions, and gives a few
simple applications of the theory.

Key words: functional differential-iterative equation; periodic solution; topological degree.


