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1 ��v&�zs7g)U/Æ�Σ(A) = {Ai(mi), i = 0, 1, . . . , N}2 n℄�3Y3 En JKHR\�mi ≥ 02R Ai Dm�KHk���J Σ(A) K (k + 1) uR Ai0 , Ai1 , . . . , Aik
, :�D>'K k ℄�yKK /[ Vi0i1,...,ik

. r
{

Mk =
∑

0≤i0≤i1≤···≤ik≤N

mi0mi1 · · ·mik
V 2

i0i1···ik
(1 ≤ k ≤ n)

M0 = m0 + m1 + · · · + mN

(1)\�!:Q �k��s�4IJ-`j [7] � [8] J�Im��FzKP�#�e��2BK�^*� M.�
M l

k

Mk
l

=
[(n − l)!(l!)3]k

[(n − k)!(k!)3]l
(n!M0)

l−k (1 ≤ k < l ≤ n), (2)

M2
k ≥ (

k + 1

k
) · (n − k + 1

n − k
)Mk−1Mk+1 (1 ≤ k ≤ n), (3)�J M. (2) � (3) MÆC�GC Σ(A) K{%U�[�+*h�!: M. (2) � (3) )[S~K�s – 4IJ M. (5(�� - 4 M.), �%[y.�y��M	��2BK�#";K��~K*� M.�O+
2Q`*�J^��K M.���Æ� D.S.Mitrinovic 6�WS [4] J�`*^��℄��^Q`*�}_65RS��s - 4IJ M.�B2�H3&Y�g��-`j [6] J�_6��[G M.Kfa�AAS�mS~K Newton  M.���e�S�mK Newton  M.x0!:� – 4 M.K�uS��-�`J�bz- Darboux Ub	p��: 2005-12-02; y
��: 2006-07-02u{��: 
0 973 .��F (2004CB318003).



926 < � � L " � v 27R�3!����s�4IJ5/KI9zKfa�x0m� – 4 M.K�u�[�H|KS����,x0FK�R���g��E0m�u2vK���K�$'�u�=yK*� M.�_�7u M.X�AAE0S~K Pedoe  M. [5] M�% Σ(A) = {Ai(mi), i = 0, 1, . . . , N} � Σ(A′) = {A′
i(m

′
i), i = 0, 1, . . . , N} 2 n ℄�3Y3 En JP�nOHR;kKiuHR\� mi ≥ 0 � m′

i ≥ 0 j�2R Ai � A′
i Dm�KHk�% Σ(A) � Σ(A′) KHxj�[ O � O′, i: Σ(A) _sK+W-I O � O′ nM� (h�

Σ(A′) KQ �k-sK+W��f2�K��fbzX)U�HR\ Σ(A) � Σ(A′) KHxM�), r H 2� O K��� (n− 1) ℄Up&�|� eH 2 H K�_apk��r ai = OAi �
a′

i = OA
′

i j��0R Ai � A′
i Ka�pk�% ak = (ak1, ak2, . . . , akn), a′

k = (a′
k1, a

′
k2, . . . , a

′
kn),

k = 0, 1, . . . , N , /
P =











√
m0a01

√
m1a11 · · · √

mNaN1√
m0a02

√
m1a12 · · · √

mNaN2

...
...

. . .
...√

m0a0n

√
m1a1n · · · √

mNaNn











, (4)

Q =











√

m′
0a

′
01

√

m′
1a

′
11 · · ·

√

m′
Na′

N1
√

m′
0a

′
02

√

m′
1a

′
12 · · ·

√

m′
Na′

N2
...

...
. . .

...
√

m′
0a

′
0n

√

m′
1a

′
1n · · ·

√

m′
Na′

Nn











. (5)[m�:f��:�bzg���fKq��m� 1.1 ��HR\ Σ(A) � Σ(A′) �3:-m|�� (-�\<<�fKN8/[ Λ ∈
Rn×n, ��?H�2��u<<n���� Λ 2Z�K), -I Q = ΛP , ��N8 Λ 2,\(<UN8�1bz(HR\ Σ(A) � Σ(A′) 2W�OpK���N8 Λ 2,\(oUN8�1bz(HR\ Σ(A) � Σ(A′) 2W�
pK���N8 Λ 2,\(<UN8�6oUN8�1bz(HR\ Σ(A) � Σ(A′) 2�OpK���N8 Λ KD�I9BX2,;K�1bz(HR\ Σ(A) � Σ(A′) 2,;n�K�VuU� 1.2,1.3� 1.4 J:-K��bz)U�-U� 1.2,1.3 � 1.4 J�HR\ Σ(A) �
Σ(A′) 2W�OpK�bzg���fK�sq��m� 1.2 (

IH =
√

m0m
′
0(a0 · eH)(a′

0 · eH) +
√

m1m
′
1(a1 · eH)(a′

1 · eH) + · · ·+
√

mNm′
N (aN · eH)(a′

N · eH) (6)[ Σ(A) � Σ(A′) ��&�| H K��XW�k�r
x = (x1, x2, . . . , xn) =

eH√
IH

, (7)D�
eH =

x

‖x‖ =
(x1, x2, . . . , xn)

‖x‖ . (8)� IH �U�IF
eHPQτeH

τ = IH =
1

‖x‖2
, (9)



4
 �V�	� - 5!N/LT�(��� 9277d eH
τ , Qτ j��0 eH , Q KXF�9_IF

xPQτxτ = 1. (10)��HR\ Σ(A) � Σ(A′) KQ�X2 n ℄K��ÆFz2W�OpK�7+N8 (PQτ )KipI9B�! (QτP ) = (P τΛP ) KipI9B�E�h�N8 (PQτ )KD�I9B[<��7��?H�- (10) .J�C H ��� Σ(A) � Σ(A′) �OKHR O K (n− 1) ℄&�|�R ~x K�"y*K`8&�|[�uU���7bzx0m� 1.3 - (10).J�bz(C H ��� Σ(A)� Σ(A′)�OKHR O K (n−1)℄&�|�R ~xK�"y*K`8&�|[�uU�[ Σ(A)� Σ(A′)K���kU��/[ ℵ(A, A′).m� 1.4 �� ℑ(A, A′) 2qV�uU��F! ℵ(A, A′) �nOKRP��Æ ℑ(A, A′) KwÆP%2 ℵ(A, A′) K\�ÆP%KD;�bz: ℑ(A, A′) ([ ℵ(A, A′) K��{%U��h� Σ(A) � Σ(A′) K��{%U�[�K.j�	M72�FzK���kU�[��i-bzj�� Σ(A) � Σ(A′) K (k + 1) uR Ai0 , Ai1 , . . . , Aik
� A′

i0
, A′

i1
, . . . , A′

ik
, :�D>'K k ℄�yK�pK /[ Vi0i1,...,ik

� V ′
i0i1,...,ik

. r






Wk =
∑

0≤i0≤i1≤···≤ik≤N

√

mi0m
′
i0

mi1m
′
i1
· · ·mik

m′
ik

Vioi1···ik
V ′

ioi1···ik
(1 ≤ k ≤ n)

W0 =
√

m0m
′
0 +

√

m1m
′
1 + · · · +

√

mNm′
N .

(11)\�!: Σ(A) � Σ(A′) KQ �k��`KR	C�2m~ 1.5 % Σ(A) = {Ai(mi), i = 0, 1, . . . , N} � Σ(A′) = {A′
i(m

′
i), i = 0, 1, . . . , N} 2 n℄�3Y3 En JP�nOHR;kK��Æ2W�OpKiuHR\�\�FzK!:Q �k�*h M.

W l
k

W k
l

=
[(n − l)!(l!)3]k

[(n − k)!(k!)3]l
(n!W0)

l−k (1 ≤ k < l ≤ n),

W 2
k ≥(

k + 1

k
) · (n − k + 1

n − k
)Wk−1Wk+1 (1 ≤ k ≤ n − 1),�J M. (12) � (13) MÆ*hK.j�	M72�Σ(A) � Σ(A′) K���kU� ℵ(A, A′)[��

2 n� 1.5 i#�[f�Ub 1.5 K=}�bzgE#:�FK�uM	K~.��~ 2.1 % V (A0, A1, . . . , An) � V (A′
0, A

′
1, . . . , A

′
n) j�2 n ℄�3Y3 En JKiu

n ℄�y Ω(A) = (A0, A1, . . . , An) � Ω(A′) = (A′
0, A

′
1, . . . , A

′
n) K�pK �1�

−(n!)2V (A0, A1, . . . , An) · V (A′
0, A

′
1, . . . , A

′
n) = D(A0, A1, . . . , An; A′

0, A
′
1, . . . , A

′
n), (14)7d

D(A0, A1, . . . , An; A′
0, A

′
1, . . . , A

′
n) = det

















0 1 1 · · · 1

1 − ρ2

00

2 − ρ2

01

2 · · · − ρ2

0n

2

1 − ρ2

10

2 − ρ2

11

2 · · · − ρ2

1n

2
...

...
...

. . .
...

1 − ρ2

n0

2 − ρ2

n1

2 · · · − ρ2

nn

2

















, (15)



928 < � � L " � v 27R�J ρij = AiA
′
j �0TR Ai ! A′

j K�3Q`�{o. (15) JKN8[iu n ℄�yJS~K Sylvester-Blumenthal N8 [2], 2 Cayley-Menger N8K�uAAS��~. (14) ^.0i- Darboux KS_J�bzd�:F([ Darboux Ub�F��^M	K���2Q`*��KJ^M	K�^��K~.���f|e� Darboux Ubx0Ub 1.5 K=}�m~ 1.5 h"� N��
�-HR\ Σ(A)KHx O �HR\ Σ(A′)KHx O′ M��Æ[a�'R��r āi = OAi, ā
′
i = OA′

ij��0Ai, A
′
iKa�pk�% āi = (ai1, ai2, . . . , ain), ā′

i =

(a′
i1, a

′
i2, . . . , a

′
in), 7d i = 0, 1, . . . , N , �� Σ(A) � Σ(A′) 2W�OpK�9_:-Z� (2��u<<n���� Λ 2Z�K) �u,\(<UN8 Λ, -I Q = ΛP , r Ξ = QτP =

P τΛτP = P τΛP , h� Ξ 2 (N + 1) B,\(N8��ipI9B! PP τΛ �E����?H� PP τΛ D� n uipK<I9B�D� Ξ 2P� n uipK<I9BK (N + 1) B,\(Æ<UN8�i-Vu Ξ KI9^o.
F (λ) = det(Ξ − λI) = det(P τΛP − λI)

= det(QτP − λI) = det(
√

m′
imj ā

′
iā

τ
j − λδij)

=
1

W0
det











W0 0 · · · 0
√

m′
0

...
√

m′
imjā

′
iā

τ
j − λδij

√

m′
N











, (16)bz)U�{o.K{oÆ� 0 A
�i-:{o. (16) P k {,� −√
mk 1FP 0 {��HxK|H� ∑N

k=0 m′
k = 0n(�J 0n �0 n ℄ 0 pk), �7IF

F (λ) =
1

W0
det











0 λ
√

m0 · · · λ
√

mN
√

m′
0

...
√

m′
imj ā

′
iā

τ
j − λδij

√

m′
N











=
λ

W0
det











0
√

m0 · · · √
mN

√

m′
0

...
√

m′
imjā

′
iā

τ
j − λδij

√

m′
N











, (17),:{o. (17) P 0 o (�{) ,� − 1
2

√

m′
iā

′
iā

′τ
i (� − 1

2

√
mj ājā

τ
j ) 1FP i o (� j {) IF

F (λ) =
λ

W0
det











0
√

m0 · · · √
mN

√

m′
0

... −
√

m′

i
mj(ā

′

i−āj)
2

2 − λδij
√

m′
N











. (18)�r ρ2
ij = (ā′

i − āj)
2 = (ā′

i − āj)(ā
′
i − āj)

τ , 9_�
F (λ) =

λ

W0
det











0
√

m0 · · · √
mN

√

m′
0

... −
√

m′

i
mjρ2

ij

2 − λδij
√

m′
N











. (19)
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 �V�	� - 5!N/LT�(��� 929,� Darboux Ub (14) ?
−(k!)2V (Ai0 , Ai1 , . . . , Aik

) · V (A′
i0

, A′
i1

, . . . , A′
ik

)

= det



















0 1 1 · · · 1

1 − ρ2

i0i0

2 − ρ2

i0i1

2 · · · − ρ2

i0ik

2

1 − ρ2

i1i0

2 − ρ2

i1i1

2 · · · − ρ2

i1ik

2
...

...
...

. . .
...

1 − ρ2

iki0

2 − ρ2

iki1

2 · · · − ρ2

ikik

2



















, (20)D�
det















0
√

mi0 · · · √
mik

√

m′
i0

... −
√

m′

i
mjρ2

ij

2
√

m′
ik















= −(k!)2
√

mi0m
′
i0

mi1m
′
i1
· · ·mik

m′
ik

Vioi1···ik
V ′

ioi1···ik
(1 ≤ k ≤ n). (21)i:I9f- F (λ) = 0 3S���FD� n uip<z��3S�[

[

n
∑

k=0

(−1)n−k(k!)2Wkλn−k]λN−n+1 = 0, (22),��I9f- F (λ) = 0 K n uip<z λ1, λ2, . . . , λn x[f-
n

∑

k=0

(−1)n−k(k!)2Wkλn−k = 0, (23)9_IF λ1, λ2, . . . , λn K k B/M\(^o. σk K�;.[
σk(λ1, λ2, · · · , λn) = (k!)2

Wk

W0
. (24)� Maclaurin  M. [1,3]

[
k!(n − k)!

n!
σk]l ≥ [

l!(n − l)!

n!
σl]

k (l > k) (25)�' Newton  M. [1,3]

[
k!(n − k)!

n!
σk]2 ≥ [

(k − 1)!(n − k + 1)!

n!
σk−1] · [

(k + 1)!(n − k − 1)!

n!
σk+1] (n > k > 0), (26): (24) .?� (25) � (26) .�;b)I M. (12) � (13), �MÆ*hK.j�	M72�

λ1 = λ2 = · · · = λn. )� Σ(A) � Σ(A′) K���kU�[��9_Ub 1.5 =�� 2��U0��� Σ(A) � Σ(A′)  2�kHR\_2iuP��kHkK�$ (C�7iu�$2W�OpK),%FzKj"
;j"[ m(x) ≥ 0(x ∈ Σ(A))�m′(x′) ≥ 0(x′ ∈ Σ(A′))�1X�U�
Wk =

1

(k!)2

∫ ∫

· · ·
∫

√

m(x0)m′(x′
0)m(x1)m′(x′

1) · · ·m(xk)m′(x′
k)
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V (x0, x1, . . . , xk)V (x′

0, x
′
1, . . . , x

′
k)dx0dx′

0dx1dx′
1 · · ·dxkdx′

k (27)

W0 =

∫ ∫

√

m(x)m′(x′)dxdx′.N��#kX�=}�Ub 1.5 JK Wk, W0 bD[!:K jB+�iu M.��*h�1,!�CUb 1.5 JiuHR\ Σ(A) � Σ(A′) #jHR>�oHk+�7+ M. (13)��*h�)��fKm~ 2.2 % Σ(A) = {Ai(mi), i = 0, 1, . . . , N} � Σ(A′) = {A′
i(m

′
i), i = 0, 1, . . . , N} 2

n ℄�3Y3 En JP�HR;knO�HxM�KiuHR\���foM7��*h��
Σ(A) � Σ(A′) 2�pK��Æ Ai, A

′
i j�Dm�KHk mi, m

′
i x[ mim

′
i ≥ 0; � Σ(A) �

Σ(A′) 2,n�K��Æ Ai, A
′
i j�Dm�KHk mi, m

′
i io�1\�FzK!:Q �k�*h M.

W 2
k ≥ (

k + 1

k
) · (n − k + 1

n − k
)Wk−1Wk+1 (1 ≤ k ≤ n − 1). (28)V��C mi, m

′
i O+[o+� √

mim
′
i �pbD[ √

mi

√

m′
i = −

√

|mim
′
i|(fO), �Æ)U�

√

mi0m
′
i0

mi1m
′
i1
· · ·mik

m′
ik

=
√

mi0m
′
i0

√

mi1m
′
i1
· · ·

√

mik
m′

ik
.m~ 2.2 h"� ��!��Ub 1.5 K=}�bzD�	}p�sOf�-Ub 1.5 K=}�-J��C Σ(A) � Σ(A′) 2�pK+�C� mi, m

′
i X<Xo�N8 P � Q 2nN8��� Q = ΛP , 9_ mi, m

′
i OÆ�)� mim

′
i ≥ 0, ��IF PP τ ��2,\(N8��7FKI9B��2,;K�� Σ(A) � Σ(A′) 2W�Op�W�
pK�_ Λ [,\(<U�,\(oUN8��7 ΛPP τ K n uipI9BX2,;��[ ΛPP τ KipI9B�!

P τΛP K�E�9_ Ξ = QτP = P τΛτP = P τΛP K n uipI9B
2,;��C Σ(A)� Σ(A′) 2,n�K+� mi, m
′
i io�7+ PP τ 2,\(<UN8�� Λ [,\(N8��7 ΛPP τ K n uipI9BX2,;��[ ΛPP τ KipI9B�! P τΛP K�E�9_

Ξ = QτP = P τΛτP = P τΛP K n uipI9B
2,;��2I9f- F (λ) = 0 K n uipzGG2,;_ �U2<;�D� �� Maclaurin  M._D�� Newton  M.�9_IF M. (28). Ub 2.2 =��[mf��bz h( M. (12),(13) � (28) [��� - 4 M.�
3 �l��NDO?���� -4 M.�i$�eK��2B��7bzX�&6�`KUb 1.5�
2.2 
P��eK��2B�k��l�bz <AO0|^KgY℄>}�`D�IK���
-4 M.K���Z6X�Z{�KGH�f|bzGO�g℄>}Ub 2.2K M. (28)K�R���% a, b, c� a′, b′, c′;∆� ∆′ j�[O��|!K��iu△ABC �△A′B′C′ K�%��p| ���foM7��*h��△ABC � △A′B′C′ 2�pK�\���K�u,; µ, υ, τ ;� △ABC � △A′B′C′ 2,n�K�\���K�uio,; µ, υ, τ , � M.

(µaa′ + υbb′ + τcc′)2 ≥ 16(µυ + υτ + τµ)∆∆′. (29)
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 �V�	� - 5!N/LT�(��� 931"� bzD=}�� )�
|� h% µυτ > 0, Vu9f-\
√

m1m
′
1

√

m2m
′
2 = µ,

√

m2m
′
2

√

m0m
′
0 = υ,

√

m0m
′
0

√

m1m
′
1 = τ, (30)k1� µυτ < 0, Vu9f-\

√

m1m
′
1

√

m2m
′
2 = −µ,

√

m2m
′
2

√

m0m
′
0 = −υ,

√

m0m
′
0

√

m1m
′
1 = −τ (31)M��f|D0�uf-\ (30) ,; m0m

′
0, m1m

′
1, m2m

′
2 IF

m0m
′
0 =

υτ

µ
, m1m

′
1 =

τµ

υ
, m2m

′
2 =

µυ

τ
; (32)q�f|�- M. (28) J� n = 2, k = 1 �

W1 ≥ 16W0W2, (33):D0�u,; m0m
′
0, m1m

′
1, m2m

′
2 ?� (33) .)I M. (29),  M. (29) =�� 2f|�� M. (29)E0�u$'�u�=yK��K*� M.�%△ABC �△A′B′C′2O��|!K��iu�pK�=y�qV��u△A′′B′′C′′K���%�| j�[ a′′ , b′′, c′′� ∆′′. - M. (29) J�r

µ = b′′2 + c′′2 − a′′2, υ = c′′2 + a′′2 − b′′2, τ = a′′2 + b′′2 − c′′2, (34)�IF�u$'�u�=yK��K*� M.
aa′(b′′2 + c′′2 − a′′2) + bb′(c′′2 + a′′2 − b′′2) + cc′(a′′2 + b′′2 − c′′2) ≥ 16

√
∆∆′∆′′. (35)h�- M. (35) J� ∆ABC ! ∆A′B′C′ �M+�)IS~ Pedoe  M. [5]

a2(b′′2 + c′′2 − a′′2) + b2(c′′2 + a′′2 − b′′2) + c2(a′′2 + b′′2 − c′′2) ≥ 16∆∆′′. (36)7>} M. (35) 22vK���K�$'�u�=yK*� M.��FX�E0�\S~ Pedoe  M.M�eo*� M.�$� \��s?8^�℄K�x��U�
xCE�_6�0LxKru�O+rubr�g'K���6�9��f|Æ�
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Generalization of Yang-Zhang’s Inequalities and Applications

YANG Ding-hua1,2

(1. College of Mathematics and Software Sciences, Sichuan Normal University, Sichuan 610066, China;
2. Chengdu Institute of Computer Applications, Academia Sinica, Sichuan 610041, China )

Abstract: In this paper, making use of Darboux’s theorem and the eigenvalue method, the famous
Yang-Zhang’s inequalities are generalized to two completely directional mass-point system in Euclidean
space E

n. A class of geometric inequalities are established, as its applications, some new triangular
inequalities are given.

Key words: simplex; volume; Yang-Zhang’s inequalities; Darboux theorem; geometric inequality.


