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Abstract: We study positive solutions for second order three-point boundary value problem:











x′′(t) + f(t, x(t), x′(t)) = 0, t 6= ti

△x(ti) = Ii(x(ti), x
′(ti)), i = 1, 2, · · · , k

△x′(ti) = Ji(x(ti), x
′(t)),

x(0) = 0 = x(1) − αx(η),

where 0 < η < 1, 0 < α < 1, and f : [0, 1] × [0,∞) × R → [0,∞), Ii : [0,∞) × R → R,Ji :
[0,∞) × R → R, (i = 1, 2, · · · , k) are continuous. Based on a new extension of Krasnoselskii
fixed-point theorem (which was established by Guo Yan-ping and GE Wei-gao[5]), the existence
of positive solutions for the boundary value problems is obtained. In particular, we obtain the
Green function of the problem, which makes the problem simpler.
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1. Introduction

There is an increasing interest in the study of three-point BVPs for non-linear ordinary

differential equations. For example, authors in [1–5] studied the second-order ordinary differential

equations three-point BVPs. MA Ru-yun[1−3], HE Xiao-ming and GE Wei-gao[4] studied the

equation






x′′(t) + λh(t)f(x(t)) = 0, or
x′′(t) + f(t, x(t), x′(t)) = 0, 0 < t < 1,

x(0) = 0 = x(1) − αx(η).

GUO Yan-ping and GE Wei-gao[5] studied

{

x′′(t) + f(t, x(t), x′(t)) = 0, 0 < t < 1,

x(0) = 0 = x(1) − αx(η).

In [5], a theorem was obtained which extended the Krasnoselskii’s compression-expansion theo-

rem in cones. Based on it, positive solutions for the boundary value problems were proved.
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On the other hand, with the applications of differential equations involving impulse effects in

population dynamics, ecology, biological systems, etc., many authors are interested in the study

of impulsive differential equations in [6–8]. For example, Ravi P. Agarwal, and Donal O’Regan[7]

studied














y′′(t) + ϕ(t)f(t, y(t)) = 0, t 6= tk,

△y(tk) = Ik(y(tk)), k = 1, 2, · · · , m,

△y′(tk) = Jk(y(tk)),
y(0) = y(1) = 0

with the method of Krasnoselskii’s fixed point theorem.

Guo Da-jun[8,p229−240] studied the existence of solution to the following equation















x′′(t) + f(t, x(t), x′(t)) = 0, t ∈ J ′,

△x(ti) = Ii(x(ti)), i = 1, 2, · · · , k,

△x′(ti) = Ji(x(ti), x
′(t)),

ax(0) − bx′(0) = x0, cx(1) + dx′(1) = x∗
0,

by use of the Banach contraction mapping principle and the Schauder fixed-point theorem.

However, to the best of our knowledge, existence results of positive solutions to three-point

BVPs of the second-order impulsive differential equation with dependence on the first order

derivative have not been found in literature.

In the paper, we are concerned with positive solutions of the following problem:















x′′(t) + f(t, x(t), x′(t)) = 0, t ∈ J ′

△x(ti) = Ii(x(ti), x
′(ti)), i = 1, 2, · · · , k

△x′(ti) = Ji(x(ti), x
′(t)),

x(0) = 0 = x(1) − αx(η).

(1.1)

Through this paper, we assume that

(C1) J = [0, 1], ti(i = 1, 2, · · · , k) are impulsive moments and 0 < t1 < t2 < · · · < tk < 1,

J ′ = J\{t1, t2, · · · , tk}, Jj = (tj , tj+1], j = 1, 2, · · · , k, J0 = [0, t1], tk+1 = 1. 0 < η < 1, 0 < α < 1.

(C2) f : J × [0,∞) × R → [0,∞) is continuous, and f(t, ·, ·) does not vanish identically on

any subset of [0, 1]. Ii ∈ C([0,∞) × R, R), Ji ∈ C([0,∞) × R, R), i = 1, 2, · · · , k.

2. Preliminary lemmas

In order to prove our main result, we present in this section a series of useful lemmas.

Lemma 2.1
[5] Let X be a Banach space and K ⊂ X a cone. Assume α, β : X → R+ are two

nonnegative continuous convex functionals such that, for each x ∈ X,

α(λx) = |λ|α(x), β(λx) = |λ|β(x), x ∈ X, λ ∈ R,

‖x‖ ≤ M max{α(x), β(x)}, x ∈ X,

where M > 0 is a constant, and

α(x) ≤ α(y), x, y ∈ K, x ≤ y,



No.4 CAI Guo-lan, et al: Positive solutions for second order impulsive differential equations 727

Assume that there exist constants r2 > r1 > 0, L > 0 and

Ωi = {x ∈ X : α(x) < ri, β(x) < L}, i = 1, 2

are two open bounded sets in X. Let

Di = {x ∈ X : α(x) = ri}.

And suppose that T : K → K is a completely continuous operator such that

(A1) α(Tu) < r1, u ∈ D1 ∩ K; α(Tu) > r2, u ∈ D2 ∩ K;

(A2) β(Tu) < L, u ∈ K;

(A3) There exists a p ∈ (Ω1

⋂

K)\{0} such that α(p) 6= 0 and α(x + λp) ≥ α(x), x ∈ K.

Then T has at least a fixed point x ∈ (Ω2\Ω1) ∩ K.

Consider the boundary value problem















x′′ + y(t) = 0, t ∈ J ′,

∆x(ti) = ai, i = 1, , 2 · · ·k,

∆x′(ti) = bi,

x(0) = 0 = x(1) − αx(η),

(2.1)

where ai and bi are constants, i = 1, 2, · · ·k.

Lemma 2.2
[9] Let αη 6= 1, then for y ∈ PC[0, 1], problem (2.1) has a unique solution

x(t) =

∫ 1

0

t(1 − s)

1 − αη
y(s)ds −

∫ η

0

α(η − s)t

1 − αη
y(s)ds − t

1 − αη

∑

ti<1

bi(1 − ti) +
αt

1 − αη

∑

ti<η

bi(η − ti)−

∑

0<ti<1

t

1 − αη
ai +

∑

0<ti<η

αt

1 − αη
ai −

∫ t

0

(t − s)y(s)ds +
∑

ti<t

bi(t − ti) +
∑

ti<t

ai. (2.2)

Consider BVP














x′′ + f(t, y(t), y′(t)) = 0, t ∈ J ′

∆x(ti) = Ii(y(ti), y
′(ti)), i = 1, 2, · · · , k

∆x′(ti) = Ji(y(ti), y
′(ti)),

x(0) = 0 = x(1) − αx(η).

(2.3)

Lemma 2.3
[9] Let αη 6= 1, then BVP (2.3) has a unique solution

x(t) =

∫ 1

0

G(t, s)f(s, y(s), y′(s))ds +

k
∑

i=1

Hi(t)Ji(y(ti), y
′(ti))+

k
∑

i=1

Wi(t)[Ii(y(ti), y
′(ti)) − Ji(y(ti), y

′(ti))ti], (2.4)

where

G(t, s) =























s[(1−t)+α(t−η)]
1−αη

, s ≤ min{t, η}
t[(1−s)+α(s−η)]

1−αη
, t ≤ s < η

s(1−t)+αη(t−s)
1−αη

, η ≤ s ≤ t
t(1−s)
1−αη

, s ≥ max{t, η}

(2.5)
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Wi(t) =



















(1−t)+α(t−η)
1−αη

, ti ≤ min{t, η}
t(α−1)
1−αη

, t ≤ ti < η
1−t−αη
1−αη

, η < ti ≤ t
−t

1−αη
, ti ≥ max{t, η}

(2.6)

Hi(t) =















0, ti ≤ min{t, η}
−t, t ≤ ti < η

− αηt
1−αη

, η < ti ≤ t
−t

1−αη
, ti ≥ max{t, η}

(2.7)

From Lemma 2.3, solving BVP (1.1) is equivalent to finding a solution x(t) ∈ PC[0, 1] which

satisfies the following integral equation

x(t) =

∫ 1

0

G(t, s)f(s, x(s), x′(s))ds +

k
∑

i=1

Hi(t)Ji(x(ti), x
′(ti))+

k
∑

i=1

Wi(t)[Ii(x(ti), x
′(ti)) − Ji(x(ti), x

′(ti))ti]. (2.8)

Lemma 2.4 Suppose that in (1.1), α ∈ (0, 1), f(t, x(t), x′(t)) ≥ 0 and

Ii(x, x′)

x
≥ −1, x > 0, (2.9)

Ji(x, x′) ≤ 0, i = 1, 2, · · · , k. (2.10)

Then for each solution x(t) of the problem (1.1), it holds that x(t) ≥ 0, t ∈ [0, 1].

Proof Let

I∗i (x, x′) =

{

Ii(x, x′), x ≥ 0,

(α
1
k − 1)x, x < 0.

(2.11)

Let j = min{l ∈ {1, 2, · · · , k + 1}, then there is s ∈ (tl−1, tl] such that x(s) < 0 } and tk+1 = 1.

Then

x(t) ≥ 0, t ≤ tj−1.

We claim that x(t+j−1) ≥ 0. Otherwise

0 > x(t+j−1) = x(tj−1) + Ij−1(x(tj−1), x
′(tj−1)) ≥ x(tj−1) − x(tj−1) = 0,

a contradiction. Then there is ξ ∈ [tj−1, s] such that

x(ξ) = 0, x(t) < 0, t ∈ (ξ, s].

This yields in turn x′(ξ) ≤ 0. By (2.10) and the nonnegativity of f , one has

x′(t) ≤ 0, x(t) < 0, t > ξ. (2.12)

Furthermore, at the same time it holds that

x(t) ≥ 0, t ∈ [0, ξ] (2.13)
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i) If η ∈ (0, ξ], then (2.12) and (2.13) imply 0 > x(1) = αx(η) ≥ 0, a contradiction.

ii) If η ∈ (ξ, 1), from (2.11) x(t) < 0, t > ξ, one has x(η) < 0. Without loss of generality, we

suppose η ∈ (tl−1, tl] then from the denotative definition of I∗i (2.10) and x′(t) ≤ 0, t > η, x(η) <

0, we have

x(1) ≤ x(t+k ) ≤ α
1
k x(tk) < α

1
k x(t+k−1) ≤ α

2
k x(tk−1) < · · ·

≤ α
k−l+1

k x(tl) ≤ α
k−l+1

k x(η) ≤ αx(η).

This contradicts the boundary condition x(1) = αx(η).

Therefore, for each solution x(t) of the problem (2.3), it holds that x(t) ≥ 0, t ∈ [0, 1]. 2

Lemma 2.5 Let 1
2 < η < 1, 1−η

η
≤ α < 1, and suppose that (2.6), (2.7) hold, Ji(u(ti)) ≤ 0, (i =

1, 2, · · · , k) and Ii(u(ti)) satisfy the follow conditions

Ii(u(ti)) ≤ 0, η < ti < 1
max{−u(ti), tiJi(u(ti))} ≤ Ii(u(ti)), 0 < ti < 1.

(2.13)

Then

Wi(t)Ii(u(ti)) ≥ 0, for η ≤ t, ti ≤ 1,

[tiWi(t) − Hi(t)]Ji(u(ti)) ≤ 0, for 0 ≤ t, ti ≤ 1.

Proof First, we will show Wi(t)Ii(u(ti)) ≥ 0, for η ≤ t, ti ≤ 1.

From (2.6), for η ≤ t, ti ≤ 1, one has

Wi(t) =

{

1−t−αη
1−αη

, η < ti ≤ t
−t

1−αη
, ti ≥ t ≥ η.

Hence W ′
i (t) = −1

1−αη
< 0, and, for η ≤ t ≤ 1

Wi(t) ≤ Wi(η) ≤ 1 − η − αη

1 − αη
.

When η < ti < 1, Ii(u(ti)) ≤ 0, so

Wi(t)Ii(u(ti)) ≥
1 − η − αη

1 − αη
Ii(u(ti)),

from α ≥ 1−η
η

, 1 − η − αη ≤ 0. So, for η ≤ t, ti ≤ 1,

Wi(t)Ii(u(ti)) ≥
1 − η − αη

1 − αη
Ii(u(ti)) ≥ 0.

Next, we will show

[tiWi(t) − Hi(t)]Ji(u(ti)) ≤ 0, for 0 ≤ t, ti ≤ 1.

From (2.6) and (2.7), we have

tiWi(t) − Hi(t) =























ti[1−t+α(t−η)]
1−αη

, ti ≤ min{t, η},
t(1−ti)+αt(ti−η)

1−αη
, t ≤ ti ≤ η,

ti(1−t)+αη(t−ti)
1−αη

, η < ti ≤ t,
t(1−ti)
1−αη

, ti ≥ max{t, η}.
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From the above form, we know

tiWi(t) − Hi(t) ≥ 0, i = 1, 2, · · · , k.

So, [tiWi(t) − Hi(t)]Ji(u(ti)) ≤ 0. 2

3. Main results

In this section, we shall apply the lemmas to the boundary value problem (1.1) to obtain

the existence theorem of positive solutions.

Let E = PC1(J, R) = {x : J → R | x(t) is continuously differentiable, for t ∈ J ′; there exist

x′(t+i ), x′(t−i ) and x(ti) = x(t−i ),x′(ti) = x′(t−i ), i = 1, 2, · · ·k}.
Let ‖x‖ = supt∈J [x2(t) + (x′(t))2]

1
2 , then obviously, E is a Banach space.

Let

K = {x ∈ E : x(t) ≥ 0, x(t)is concave, t ∈ [0, 1]}.

A function x ∈ PC1[J, R]
⋂

C2[J ′, R] is called the solution of the BVP (1.1), if it satisfies the

Equation (1.1).

∀x ∈ E, define two functionals

α(x) = sup
t∈[0,1]

|x(t)|, (3.1)

β(x) = sup
t∈[0,1]

|x′(t)|, (3.2)

then ‖x‖ ≤
√

2 max{α(x), β(x)} and

α(λx) = |λ|α(x), β(λx) = |λ|β(x), x ∈ E, λ ∈ R

α(x) ≤ α(y), ∀x, y ∈ K, x ≤ y.

If (C1) holds, then Green function G(t, s) ≥ 0. Let y(t) = 1, then we have

∫ 1

0

G(t, s)ds = −1

2
t2 +

t(1 − αη2)

2(1 − αη)
. (3.3)

By a simple calculation, we know that

|∂G(t, s)

∂t
| <

1

1 − αη

and |H ′
i(t)| < |W ′

i (t)| < 1
1−αη

.

Let

M :=
(1 − αη2)2

8(1 − αη)2
+

k(3 − 2αη)

1 − αη
(3.4)

m := max
t∈[0,1]

∫ 1

η

G(t, s)ds (3.5)
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Q :=
1 + 2k

1 − αη
(3.6)

Let

f∗(t, u, v) =

{

f(t, u, v), (t, u, v) ∈ J ′ × [0, b]× (−∞,∞),
f(t, b, v), (t, u, v) ∈ J ′ × (b,∞) × (−∞,∞),

I∗i (u, v) =

{

Ii(u, v), (u, v) ∈ [0, b]× (−∞,∞),
Ii(b, v), (u, v) ∈ (b,∞) × (−∞,∞),

J∗
i (u, v) =

{

Ji(u, v), (u, v) ∈ [0, b] × (−∞,∞),
Ji(b, v), (u, v) ∈ (b,∞) × (−∞,∞),

and

f∗∗(t, u, v) =







f∗(t, u,−L), (t, u, v) ∈ J ′ × [0, b] × (−∞,−L],
f∗(t, u, v), (t, u, v) ∈ J ′ × [0, b] × [−L, L],
f∗(t, u, L), (t, u, v) ∈ J ′ × [0, b] × [L,∞),

I∗∗i (u, v) =







I∗i (u,−L), (u, v) ∈ [0, b] × (−∞,−L],
I∗i (u, v), (u, v) ∈ [0, b] × [−L, L],
I∗i (u, L), (u, v) ∈ [0, b] × [L,∞),

J∗∗
i (u, v) =







J∗
i (u,−L), (u, v) ∈ [0, b] × (−∞,−L],

J∗
i (u, v), (u, v) ∈ [0, b] × [−L, L],

J∗
i (u, L), (u, v) ∈ [0, b] × [L,∞).

So f∗∗(t, u, v) ∈ C(J ′ × [0,∞) × R, R+), I∗∗i (u, v), J∗∗
i (u, v) ∈ C([0,∞) × R, R).

Define an operator

(Tx)(t) =

∫ 1

0

G(t, s)f∗∗(s, x(s), x′(s))ds +

k
∑

i=1

Hi(t)J
∗∗
i (x(ti), x

′(ti))+

k
∑

i=1

Wi(t)[I
∗∗
i (x(ti), x

′(ti)) − J∗∗
i (x(ti), x

′(ti))ti]. (3.7)

Theorem 3.1 Suppose that (C1), (C2) and Lemma 2.5 hold, and that there exist constants

L > b > c > 0, such that

(H1) f(t, u, v) < c
M

, (t, u, v) ∈ J ′ × [0, c] × [−L, L], Ii(u, v) < c
M

, (u, v) ∈ [0, c] × [−L, L],

Ji(u, v) > − c
M

, (u, v) ∈ [0, c] × [−L, L];

(H2) f(t, u, v) > b
m

, (t, u, v) ∈ J ′ × (c, b] × [−L, L];

(H3) f(t, u, v) > L
Q

, (t, u, v) ∈ J ′ × [0, b] × [−L, L], |Ii(u, v)| > L
Q

, (u, v) ∈ [0, b] × [−L, L],

Ji(u, v) < −L
Q

, (u, v) ∈ [0, b] × [−L, L].

Then BVP (1.1) has at least one positive solution x(t) such that c < α(x) < b, |x′(t)| < L.

Proof Let

Ω1 = {x ∈ E : α(x) = sup
t∈[0,1]

|x(t)| < c, β(x) = sup
t∈[0,1]

|x′(t)| < L},

Ω2 = {x ∈ E : α(x) = sup
t∈[0,1]

|x(t)| < b, β(x) = sup
t∈[0,1]

|x′(t)| < L}

be two open bounded sets in E, and let

D1 = {x ∈ E, α(x) = sup
t∈[0,1]

|x(t)| = c},
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D2 = {x ∈ E, c < x(t) ≤ b, α(x) = sup
t∈[0,1]

|x(t)| = b}.

From (3.7), one knows that T : K → K is completely continuous. And takes p ∈ (0, c)\{0} such

that ∀x ∈ K, and λ ≥ 0,

α(x + λp) = sup
t∈[0,1]

|x(t) + λp| = λp + sup
t∈[0,1]

|x(t)| ≥ α(x)

If x ∈ D1

⋂

K, then 0 < x(t) ≤ c. From (H1), Wi(t) ≤ 1,−Hi(t) ≤ 1
1−αη

and (2.14), one has

α(Tx) = sup
t∈[0,1]

|
∫ 1

0

G(t, s)f∗∗(s, x(s), x′(s))ds +

k
∑

i=1

Hi(t)J
∗∗
i (x(ti), x

′(ti))+

k
∑

i=1

Wi(t)[I
∗∗
i (x(ti), x

′(ti)) − J∗∗
i (x(ti), x

′(ti))ti]|

≤ sup
t∈[0,1]

[

∫ 1

0

G(t, s)f∗∗(s, x(s), x′(s))ds −
k

∑

i=1

1

1 − αη
J∗∗

i (x(ti), x
′(ti))+

k
∑

i=1

[I∗∗i (x(ti), x
′(ti)) − J∗∗

i (x(ti), x
′(ti))ti]]

≤ sup
t∈[0,1]

[

∫ 1

0

G(t, s)f∗∗(s, x(s), x′(s))ds +
k

∑

i=1

I∗∗i (x(ti), x
′(ti))−

2 − αη

1 − αη

k
∑

i=1

J∗∗
i (x(ti), x

′(ti))]

<
c

M
[ sup
t∈[0,1]

∫ 1

0

G(t, s)ds +
k(3 − 2αη)

1 − αη
]

=
c

M
[
(1 − αη2)2

8(1 − αη)2
+

k(3 − 2αη)

1 − αη
]

=c.

Next, if x ∈ D2 ∩ K, then c < x(t) ≤ b. From (H2) and Lemma 2.5, one has

α(Tx) = sup
t∈[0,1]

|
∫ 1

0

G(t, s)f∗∗(s, x(s), x′(s))ds +
k

∑

i=1

Hi(t)J
∗∗
i (x(ti), x

′(ti))+

k
∑

i=1

Wi(t)[I
∗∗
i (x(ti), x

′(ti)) − J∗∗
i (x(ti), x

′(ti))ti]|

≥ sup
t∈[0,1]

[

∫ 1

η

G(t, s)f∗∗(s, x(s), x′(s))ds +
∑

η≤ti,s≤1}

Wi(t)I
∗∗
i (x(ti), x

′(ti))+

∑

η≤ti,s≤1}

[tiWi(t) − Hi(t)](−J∗∗
i (x(ti), x

′(ti)))]

≥ sup
t∈[0,1]

∫ 1

η

G(t, s)f∗∗(s, x(s), x′(s))ds
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>
b

m
sup

t∈[0,1]

∫ 1

η

G(t, s)ds

= b.

For x ∈ K, From (H3) and (2.14), one has

β(Tx) = sup
t∈[0,1]

|(Tx)′(t)|

= sup
t∈[0,1]

|
∫ 1

0

∂G(t, s)

∂t
f∗∗(s, x(s), x′(s))ds +

k
∑

i=1

H ′
i(t)J

∗∗
i (x(ti), x

′(ti))+

k
∑

i=1

W ′
i (t)I

∗∗
i (x(ti), x

′(ti))|

≤ sup
t∈[0,1]

[

∫ 1

0

∂G(t, s)

∂t
f∗∗(s, x(s), x′(s))ds −

k
∑

i=1

|H ′
i(t)|J∗∗

i (x(ti), x
′(ti))+

k
∑

i=1

|W ′
i (t)||I∗∗i (x(ti), x

′(ti))|]

≤L

Q
[

1

1 − αη
+

k
∑

i=1

2

1 − αη
]

=
L

Q

1 + 2k

1 − αη

=L.

From Lemma 2.1, there exists x(t) ∈ (Ω2\Ω1)∩K such that Tx = x, i.e., BVP (1.1) has at least

one positive solution x(t) such that c < α(x) < b, |x′(t)| < L. 2
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x′′(t) + f(t, x(t), x′(t)) = 0, t 6= ti
△x(ti) = Ii(x(ti), x

′(ti)), i = 1, 2, · · · , k
△x′(ti) = Ji(x(ti), x

′(t))
x(0) = 0 = x(1) − αx(η)�b)aR�?e�0 < η < 1, 0 < α < 1, f : [0, 1]×[0,∞)×R → [0,∞), Ii : [0,∞)×R → R, Ji :
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