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ABSTRACT. This paper presents a numerical method for approximating the positive, bounded
and smooth solution of a delay integral equation which occurs in the study of the spread of
epidemics. We use the cubic spline interpolation and obtain an algorithm based on a perturbed
trapezoidal quadrature rule.
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1. INTRODUCTION

Consider the delay integral equation:

(1.1) z(t) = tf(s,:c(s))ds.

t—1

This equation is a mathematical model for the spread of certain infectious diseases with a
contact rate that varies seasonally. Hef®8 is the proportion of infectives in the population at
timet, 7 > 0, is the lenght of time in which an individual remains infectious &iitl x(¢)) is
the proportion of new infectives per unit time.

There are known results about the existence of a positive bounded solution!(sée [3], [8]),
which is periodic in certain conditions ([9]), or about the existence and uniqueness of the posi-
tive periodic solution (in[[10],.[11]). In[[8] the author obtains the existence and uniqueness of
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2 ALEXANDRU BicA AND CRACIUN |ANCU

the continuous positive bounded solution, and in [6] a numerical method for the approximation
of this solution is provided using the trapezoidal quadrature rule.

Here, we obtain the existence and uniqueness of the positive, bounded and smooth solution
and use the cubic spline of interpolation fram [5] to approximate this solution on the initial in-
terval[—7, 0]. We suppose that ga-T, 0], the solution® is known only in the discrete moments
t;,i = 0,n, and use the valueB(t;) = v;, i = 0, n for the spline interpolation. Afterward, we
outline a numerical method and an algorithm to approximate the soluti¢t @i with 7" > 0
fixed, using the quadrature rule from [1] and [2].

2. EXISTENCE AND UNIQUENESS OF THE POSITIVE SMOOTH SOLUTION

Impose the initial condition:(t) = ®(¢),t € [, 0] to equation[(1]1) and considé&r > 0,
be fixed. We obtain the initial value problem:

ftt_T f(s,x(s))ds, Vte[0,T]
x(t) =

(1), Vt € [—T,0].
Suppose that the following conditions are fulfilled:
(i) ® € C'[—7,0] and we have

(2.1)

b=®(0) = / f(s,z(s))ds with @/(0) = f(0,b) — f(—7,®(—7));

(i) b>0and3a, M, € R,M > 0,0 < a < gsuchthat < &(t) <3, Vte[-1,0];

(i) f e C(—7.T) x [a,8]), flt.) =0, f(t,y) < M, ¥t € [, T], Yo > 0, ¥y €
la, B];

(iv) M7 < (and there is an integrable functigrsuch thatf (¢, z) > ¢(t), Vt € [-7,T],
Yz > a and

t
/ g(s)ds >a, Vte|0,T];
t—1
(v) 3L > Osuchthatf(t,z) — f(t,y)| < L|z —y|, Vt € [-7,T], Va,y € [a,00).
Then, we obtain the following result:

Theorem 2.1. Suppose that assumptions (i)-(v) are satisfied. Then the equftidn (1.1) has a
unique continuous solution(t) on [—7, T], witha < z(t) < 8, Vt € [—7,T] such thate(t) =
d(t) fort € [—7,0]. Also,

max {|z,(t) —x(t)|: t € [0,T]} — 0
asn — oo wherez,,(t) = ®(t) fort € [-7,0] ,n € N, z((t) = band

£a(t) = / £ (5, 2r())ds

fort € [0,T],n € N*. Moreover, the solution belongs taC! [—, T7.

Proof. From [9] under the conditions (i), (i), (iv), (v), it follows that the existence of an unique
positive continuous ofr-7, 7’| solution for [1.1) such that(t) > a, Vt € [—7,T] andz(t) =
®(t) fort € [—7,0]. Using Theorem 2 froni|7] we conclude thatx {|z, (t) — x(t)| : t € [0,T]}
— 0 asn — oo . From (iv) we see that

a:(t):/: f(s,x(s))dsﬁ/tj Mds = Mt < 3, ¥Vt € [0,T].
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Becausen < ®(t) < gfort € [—7,0] andz(t) = ®(t) for t € [—7,0] we deduce that
a < z(t) < B, Vt € [-7,T), and the solution is bounded. Singds a solution for[(1.]l) we
havex(t) = ftt_T f(s,z(s))ds, for all t € [0,T], and becaus¢ € C([—7,T] x [a, 3]) we can
state thatr is differentiable on0,77] , andz’ is continuous orj0, 7']. From condition (iii) it
follows thatz is differentiable withz’ continuous ori—r, 0] (including the continuity in the
pointt = 0). Thenz € C'[—7,T] and the proof is complete. O

Corollary 2.2. In the conditions of the TheoremR.1fie C'([-7,T] % [a, 3]), ® € C?*[—T, 0]
and

0 0
2'(0) = 22(0.6) + 9L(0.0) [0.0) ~ 7=, @(-7))
0 0
- ran) - L e #(),
thenz € C*[—7, T).
Proof. Follows directly from the above theorem. O

3. APPROXIMATION OF THE SOLUTION ON THE INITIAL INTERVAL

Suppose that on the intenvat 7, 0] the function® is known only in the pointst,;, i = 0, n,
which form the uniform partition

(3.2) Ap:—T=ty<t1 < <th1<t,=0,

where we have the valudst;) = y;, i =0,nand t, .y —t; =h=Z,Vi=0,n— 1.
Let

1 AQ?/O A33/0 A4y0
=— | Ayy — — n
mo h, ( Yo 9 + 3 4 ) s a d
MOZE(AQO_A?JO‘F 19 )

where,
Ayo = y1 — Yo, A%yo = yo — 241 + Yo,
Alyo=ys —3y2 +3y1 —y0,  Ayo = ya —4ys + 6ya — 441 + Yo

We build a cubic spline of interpolation which corresponds to the following conditions:
(32) ®<t1> — yl,Z — O,_n, ®,<t0) - mo, (I)N(to) — Mo.

This spline function iss € C?[—7, 0] which, according to'[5], have on the each subinterval
[ti_1,ti], i = 1,n, the expression:
. M; — M; 4 M;
6l 2
fort € [t;_1,t;] wherey, = s(t;), m; = s'(t;), M; = s"(t;), i = 0,n. For these values,
according tol[5], there exists the recurence relations:

(3.3)  s(b) C(t—ti1)? + (=t iy (E— i) + Yo,

Yi — Yim1 O6mi—q
h2 h ! -
(3.4) , 1=1,n
i — Yi- 1
mizg.w_gmi_l__Mi_l.h

h 2
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Then, from [5] Lemma 2.1, there exists a unique cubic spline function of interpolation,
which satisfy the conditions:
s(ti) =v;, Vi=0,n
(3.5) s'(to) = mq
s"(ty) = My,

and on the each subinterval &f, is defined by the relatiof (3.3).
Between the values af ands” on the knots there exists the relations:

i — Yi-1 — M1 h
M;+2M; =627 1h2m !

(3.6) . i=1,n.

2 7 71—
MﬁMil:w

This spline functiors approximates the solutioh on the interval—r, 0] and we have(t;) =
O(t;) = yi, Vi=0,n.

Remark 3.1. Since® € C?[—7,0], we can estimate the error of this approximatiy®,— s||,
where||-|| is theCebySev norm on the set of continuous functions on an compact interval of the
real axis:||u|| = max{|u(t)| : t lies in an compact intervy) for any continuous function on

1

this interval. If we know the valug®”|, = (fi[@”(t)}?dt)§ , then for eacht € [—7,0] we
have

[®(1) = s(@)] < | = s]| < [|®"]l,- h? < 7" - b2,
according to[[4] page 127. Else, if we know only the valyes= ®(t;),i = 0,n then
|D(t) — s(t)] < ||®—s], Vt € [—7,0], and for ||® — s|| we use the error estimation from

[7], since® € C?[—7,0] and then® is a Lipschitzian function ofi-, 0].
In [[7], it has been shown that

1& = sl < max{[|s — ], [|s = Faf|}

where
|s — Fy|| = max{a; : i = 1,n}
|s — Fy|| = max{b; : i = 1,n}
and
a; = H(S - Fl) |[ti—17ti} )
b; = H(S - F2) [ti1,t] ||
Fi(t) = sup{®(t) — |||, - |t — x| : & =0,n},
Fy(t) = inf{®(tx) + |®||, - |t — tx] : K =0,n},
with

19 |a,ll, = max{| [ty ts; @] |- i = T,n}

if [ti1,ti;P) = [P(t;) — P(t;i-1)]/(t; — ti—1) IS the divided difference of the functioh on the
knotst;_1, t;.
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4. MAIN RESULTS

From Theorem 2]1 follows that the equatipn {1.1) has a unique positive, bounded and smooth
solution on[—, T']. Let be this solution, which, by virtue of Theorém .1, can be obtained
by successive approximations method/@s’].

So, we have :

([ om(t) = cj[)(t) ,fort € [-7,0], Ym € N and
soo(t) =0(0) =b= [ f(s,D(s))ds

ft _f(s,00(s))ds = ftt_T f(s,b)ds,
(4.1) , fort e 0,7

t) = f,_, f(s,@m-1(s))ds,

\

To obtain the sequence of successive approximatjonis (4.1 ) we compute the integrals using a
guadrature rule.

We assume that therelis N* such thaf” = /7. On each intervalir, (i + 1)7], i =0,l —1
we establish an equidistant partition. Then on the intefrval T) we haveg = 1 -n+n + 1
knots which realize the division:

(4.2) —T=t <t < <t 1 <0=t, <tpp1 < - <tgo1 <ty =T,

havingt;.1 —t;, = h, Vi=n,q— 1. We cansee that — 7 =t,_,, Vj =7, q.
In the aim to compute the integrals from (4.1) we use the following quadrature rule of N.S.
Barnett and S.S. Dragomir inl[1]:

b b_a — (b_a)2 / /
@3 [ Fiod Fltisn)] ~ oy g [F/(a) = F'(0)] + Ro(F),
a z:O
where
. —a . —_—
ti=a+1- , 1=0,n,
n
and )
IR, (F)| < (b—a) ANET|, i F e C¥a,b).
- 160n3 ’

Here, we consider the functiol defined byF'(t) = f(t,z(t)), fort € [—7,T]. Since the
solution of [2.1) verify the relation,

.I'/<t):f(t,l'(t))—f(t—T,.Z'(t-T)), vt € [OaT]a
we point out the following connection between the smoothnessaoid f.

Remark 4.1. In the conditions of Corollary 2|2, ib € C3[—7,0], f € C*([-7,T] x [a, B]),
and

w0 = tm 1% o0+ L e
~ Wttt =) = Lt —r ot ) -7

thenz € C*[—7, T).
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If v € C3[—7,T)andf € C3([—7,T]x[a, B]) thenF € C3[—7, T]andF" (t) = [f(t, z(t))];",
Vt € [—7,T]. For this functionF" we apply the quadrature rule (4.3) and obtain the approxima-
tive values of the solutiop at the pointg,, £k = n + 1, ¢, as in the following formula:

ty

(4.4)  pn(ts) = . F(3, om_1(s))ds
= % Z[f(tim — T, Pm1(tiri — 7)) + f(thaivt — T, 1 (tppiv:s — 7))]

=0
7'2 {Gf

ot ( ks Pm— 1<tk))

3 )
i 8_£(tk’ Pm—1(tr)) - L1 (tr) — E(tk — T, Pm-1(tr — 7))
a n
2 (= st = ) Bt = )| + 1)

V'm € N*andVk =n + 1, ¢, where,
goinfl(t) = f(tv gOm_g(t)) - f(t - T, Sﬁm—2<t - T))? Vt € [07T]7 Vm € N7 m Z 27

andey(t) = 0, (1) = f(t,0) = f(t = 7,b), ¥t €[0,T].
To estimate the remainder we need to obtain an upper bound for the third derjyétive?))];" .

After elementary calculus we have foe [—r, T:

a @)l = 2L 1)+ 3.5 0, 20) 0
4300 a) - 0 + T o) o
+3 a:af (t, z(t))2"(t) + 3 61]; (t, ()2’ ()" (t) + %(t,x(t))x’”(t).
We denote
My =M = max {|f(t, )| : t € |-, T), « € [a, ]}
H% :max{ % te[-mT), z € [a,f), a1+ ap = ya|}
Mlzmax{ a{ }
Ma = max{ ot H@t&r ' o2 }
s = max{ ?%3 ‘ O a?;; ’ gi]; }

Consequently, we obtain the estimations:

|1f (&, 2(8)])| < M3(1+ 6Mo + 12M; + 8M)
+ My(8My + 32Mo M, + 32M2M,)
+ 4M3 4 8MoMs = M", vt € [—7,T),
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and 4M///
()] < ;60713, VYm e N*, Vk=n+1,q.
Then, to compute the integrals (4.1), we can use the following algorithm:
n—1
-
Qpl(tk) - % Z [f(tk—H T @O(tk+z - 7')) + f(tk+z+1 - T SOO(th,-H-l _ 7-))]
=0
™ [0f of ,
T 1on2 {875 (e, po(te)) + %(tk, wo(tr)) - woltr)
of

= Dt = gl = ) = St = 7. ol — 7)) - el — )| + L)
= Filts) +113(f),
(4.5) wa(tr)

—_

3

= 0 2 U (tuss = 7 @1t = 7))+ fsies = 71t = 7))
~ 127 | G r(t) + S (1) 10
= roattn =) = S0 = ol = 1) = )]+ 200)
= %Z [t = 7, Bt = )+ 4 ()
(i = 7B terier = 7) 1101 0()
~ s | Pt + 20
+ 2L (0, Bl + ) - () — 6= 7))
— Dt = Bl = )+ 740, (1)
O Bt — ) L)t 7.0) = £t 27, B) |+ 185()

—1
-
=5, Z ftrri — =7, 01(tki — 7)) + f(trrivr — 7, 01 (Ehpivs — 7))

— 13 | Gt o) + S a0 - (10) = sl =1
o

02& ( - T, a(tk - T))

_%(tk —7,01(ty —71)) - (f(tx — 7,0) — f(tx — 27,D)) —i—r(n)(f)

2,k

= oo(te) +150(f),  Vh=n+1q
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We have the remainder estimation:

4 " 2
(n) M TM2(1—|—2M> o
ron(f)] < 16073 [1+7L+ ) ; Vk=n+1,q.
By induction, form > 3 we obtain:
- n—1
(@4) (1) = 3 3 | ltss = 7t = 7) 4721
i=0
+ f(thrivs — Ty @1 (trrivr — T Pt (teyivs — T) + Tm—l,k+i+1—n(f))]
72 af ?L)\/ af —
— t t —(t _1(t
12”2 |:8t(k750m 1( k)+ "= 1,k(f))+ax(k7g0m 1( k:)

P o (n/)‘\_/

n 0
1) G t) = Pt = 7, G =) ) ()

—_——

0 o - /
_a—i(tk T Pt =)+ () P (b — T)}

T — __ n
=5 {f(tkﬂ» T o (i = 7) 0 ()
=0

—_~—

+f(thtritn — T @1 (thgin — 7) + Tmfl,k+i+1fn(f)):|

72 {6]’ "y of

(tk, @1 (t) + 1, 1,k(f))+£(tk7(;;jl<tk>

S 12n2 | ot

4 r () - (b @rmalt) + 7 (1)

(= Bl =) 4 1 ()~ Dt~ 7 ot~ )
ol ) = Lt e 7)

—_— P

+ Ti::ll,k—n(f)) (e =7, Pma(te — 7) + 7"7(:) 2,k—n(f)>

—_——

— flte =27, Gmate — 27) + 755 o (PN|]+ ()

n—1
= % / (tk—i-i — 7, @1 (tegi — 7')) +f (tk+i+1 — T, Ot (tepir1 — 7—))}
i=0
2 o P - -
- 1;712 . [a{ (tk Pm— 1(tk)) + 8_£ (tk’SOm—l(tk)) -(f (tk790m—2(tk))

( Tv%(tk _7—))
of ——

~ 9 (tk — T, @m—1(tk — 7'))

—  (te =27, Gt — 27))) [+ (F)

~ (b= Ealte — 7)) — (0
(s

(te = 7), Pm—a(t — 7)

—_—

= o (t) + 7% (),
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VYmeN,m>2,Vk=n+1,q.
Remark 4.2. We can see that, for = n, 2n we havel, — 7 € [—7, 0] and then
Pa (b = 7) = ' (tp = 7) = §'(ty — 7) = M0y
form € N,m > 2in (4.5) and[(4.p).

For the remainders we have the estimations:

— 4 " 2
(n) M (n) T Mg(l + QM)
@ || < T + |- e T
T2LMs | ") )
3n2 Tfn)—l,k(f)‘ : Tr(n)—Q,k(f)‘
7_4]\4'///
< 1+7L+ ...+ 7mtpm-t
_160n3( +TL+ ... +T )
n TLM™ 2 My - (2M + 1) T4M” 1
6m2 160n3 nd
_ 7'4M/”(1 _ 7_mLm> N T6Ml/l7_m—2Lm—2M2 . (2]\/[ + 1) N o i
160n3 (1 — 7L) 960n° nd )’
VmeN, m>3 Vk=n+1,q.
For instance, ifn = 3 we have the estimation:
4 "
(n) M 272
TOM" My - (14 27L) (2M +1)  78M" M3 - (2M + 1)
+ 960n5 + 52760n7
TIO(M" 2 ML - (1+7L) N T2(M"2M2ZL - (2M + 1)
76800n8 460800n10 ’
Vk=n+1,q.

We obtain the following result:

Theorem 4.3. Considering the initial value problerp (2.1) under the conditions from Corollary
and Remark 41, if € C*([-7,T) x [a,0]), 7L < 1 and the exact solutiop is ap-

proximated by the sequen¢@, (tx)),cy- » ¥ = 1,¢ , on the equidistant points (3.1), through
the successive approximation methpd](4.1), combined with the quadraturé rule (4.3), then the
following error estimation holds :

Tm. || || N 7_4]\4///
1—rL P07 Pllenn T 60,3 (1 — 7L
TOM" 72 L2 My - (2M + 1) 0 1
* 960n° + 7

(4.9) |e(te) = om(te)] <

n®
Vm eN*, m>2 Vk=n+1,q.
Proof. We have
o(tk) = Em(te)l < @(te) = m(tr)| + |om(te) — Pm(tr)|, Vm € N*, Vk =n.q.
From Banach’s fixed point principle we have

m m

i
lo(te) = pm(ti)l < llo = ol < T——7 - llvo = erlleror
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vYm € N*, Vk =n +1,q. Also,

>Uﬁ,VmeNﬁmzzAmzﬁ:ra

Ly

[Om (tr) — Qm(tr)| <

Using the remainder estimatidn (4.7), the proof is completed. O

If " is Lipschitzian we can use a recent formula of N.S. Barnett and S.S. Dragomir from
Corollary 1 in [2],

[ i = 5w + ro - B E0) - P+ RO,

with |R(F)| < L(l;;(‘;)E, whereL is the Lipschitz constant. A composite quadrature formula

can be easy obtained, considering an uniform partitioja @f with the knotst; = a + i - b‘T“
i =0,n and the step, = =2,

’ b — a s (b — a)2 / /
| P =S () + Pt - P55 (F@) - FO) + R,
a i=0
having the remainder estimation,
L(b—a)
| R (F)] < o0t

Here, we use these formulas fB(t) = f(¢,z(¢)) and obtain,

(4.10) / N ()t = / NP

n—1
-
=5, [F(tryi — 7) + Ftegizr — 7)]
1=0
2 —_—
~ T2 [F'(ty) — F'(t, — 7)] + Ro(F), VYk=n+1,q.
with sr
3
[Ra(F)| < 25575,

if 3L3 > 0 such that F"”'(u) — F"”(v)| < Ls|u—wv|, Yu,v € [—7,T]. From [4.T7) and[(4]3)
we see that the relatiorfs (#.5) apd {4.6) remains unchanged in this case, and for the remainders
the estimationg (4]7) becomes:

5
(n) T Lg .
le‘(f) §720n47 Vk_n—i_]*?q
— 5 2
(n) T L3 T MQ (1 -+ 2M> .
2k(f)‘§7204[1+ 2 , Vk=n+1,q
— 5 —~— 2
(n) T L3 (n) T MQ(]_ + 2M)
@11) || < G )| | TR
T2LMy |y o
L N R
TL3(1 —7mL™) 7 Lyt 2L 2 My - (2M + 1) L0 1
— T720n* (1 —7L) 4320n8 ns )’

¥m e N*, Vk=n+1,q.
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For instance, the estimatign (4.8) becomes:

n T2M2(1 +2M) T2LM2
Télg(f)‘ {TL—F 612 }_'_ 302

" L
ré,;?(f)’ < Ihs

— 720n*

ré,2<f>]- ,

< 7720L4 (1+7L+7°L%)
T LMy - (14 27L) (2M +1)  79LsM2 - (2M +1)°
432016 25920n8
12(L3)2M,yL - (1 +7L) N T(L3)2MZL - (2M +1)
1825200110 10951200712 ’

In this way we obtain the following result:

Vk=n+1,4q.

Theorem 4.4.1f f € C3([—7,T] X |a, B]), ® € C3[—7,0], having,

0 0
2(0)= Jim %D 00) + L (1 o)1)
o

- rl-m) - gt =) =)

and the functlon%—f, o /. and % are Lipschitzian int and z, theny € C3[—7,T], F" is
Lipschitzian with a Lipschitz constan > 0 and the following estimation holds:

e P p—L
1—rL 0T PHlenn T 16003 (1 — 7L
TLar™ 2L M, - (2M + 1 1
T 37T 2 ( + )+O t
43201

lp(te) — om(tr)| <

nﬁ
VmeN, m>2, Vki=n+1,q.
Proof. From Remark 4]1, we infer that € C3[—7, T] and becausef € C3([—7,T] x [, 3])

we see that” € C*[—,T] and % is Lipschitzian int andxz. For this reason there exist
Lo1, Ly, > 0 such that

‘g—i(u,x) — %(U,x) < Loy |u — |
0 0
L - a—£<u,y>\ < Lyl i,

Yu,v € [—7,T), Y,y € |a,3]. SinceZL atg is Lipschitzian int andxz there existLsg, Ly, > 0
such that

83 63

Lt atu) - ZL 0w
P 9

8t§(u z(u)) — 815?: (v, x(u))‘ +
< Lo [u —v| + Ly |2(u) — z(v)]
< Lyo [u — v + Ly - ||| [u — v]

< (Lzo + 2L M) [u — v,

o f
S a(w) = =2 (0,2(0))
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Yu,v € [T, T] We haver/(t) = f(t,z(t)) — f(t — r,z(t — 7)), Vt € [0,T] and||z'|| < 2M.
Similar, since 2L, and8 I are Lipschitzian it andz there existL,,, L, > 0 andLgs, Lj; > 0

D2
such that we have:
83f 83]0 / /
’8158902 (u, 2(u)) - OtOL2 (U’x@))‘ < (Lig + Ly - |2'|]) |u — ],
@3]‘ an

G 00 = S 0,000 < (L Ly T o]

Yu,v € [—7,T]. Now, we can state that

of of

L (w,w(w) = S(0,2(0)| < (Lo + Ly ') lu = o,

Vu,v € [—7,T], and sincer € C3[—7,T] we have that’ andx” are Lipschitzian. Also, we
haveF" (t) = [f(t, z(t))];" and

(o) = T (1) + 301, 2()a 1)
83]0 / 2 83f / 3
4302 WP + T 2(0) [ (0)
a2f 1 2f / " af "
4350 wa))a0) + 89 L0, w0 ()" 0) + O, (1) ().

From all the above we can see that:

‘F,//</U/> _ F///(/U)‘

03 f
< (Lan + 2240 [u— o] 3| 2L ju -
+3(Laa + Lig - [|2/) - 12/11° |u — 0| + (Zas + Lo - 12'1]) - 12/]]° - |u — v
o0 f an 2
+3‘ 500 || — U\+3‘ 52 2|7 |u — v

+ (Lot + Loy - [l2'[]) - ="l [u — ]
< Lslu—v|, Yuvel[-7T].

Here we have

L3 :Lgo + 2Lg0M + 6M1M3(2M + 1) + 12M2(L12 + 2L112M>
+ 8M?(Los + 2LyyM) + 6Mz(2M + 1) [My(2M + 1) + 2M7]
+ 12My M7 (2M + 1) + 2(Loy + 2Ly, M)(2M + 1)[My(2M + 1) + 2M7] > 0,

since||z”|| < 2M;(2M +1) and||z”|| < 2(2M +1)[M(2M + 1) +2M?], having fort € [0, T]

(t) = g{( ())+—gf( (1))’ (t)
of of ,
_E(t_'r’m(t—’r))—%(t—T,l’(t—T))x(t_T),
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and
(1) = fﬁf (t2(1)) + a;f (. 2(0)2' (1)
w(0) + 2L 1, 2(0)2 (1)
+z ()a—f(t,x(t)) ;{ (t—m1,x(t—7)) — aa:afx(t—ﬂw(t—T))-xl(t—T)
+2'(t—7)- [aﬁ:afx(t—ﬂx(t—T))—i—%(t—T z(t—71))-2'(t —7)
+ 2" (t — )gi(t—T z(t —71)).

Then, F"" is Lipschitzian, and so we can apply the quadrature (4.9) from [2] and we have
the inequality[(4.111). Using the estimation from Banach’s fixed point principle we obtain the
desired estimation. O

Remark 4.5. To approximate the solutiop on [0, 7'] we can use the cubic spline of interpola-
tion s, defined by the interpolatory conditions:

S(tk;) = %(tk), Vk=n + 1,q
S(tn) = Yn
s"(t,) = M, =0,s"(t,) =M, =0

for a fixedm € N*, on the knots;, k =7, ¢, asin [4, p. 119-128]:

S [O,T] —>R, S(t):SZ<t), vVt € [tifl,ti], VZ:n—i—l,q

where,
Mt —t;i 1)+ M, (t; —t)>  (6p;_1 — M;_1h?) - (t; —t
silt) = ( )"+ Mi A ( )+(901 1hi) - ( )
6p; — M;h?) - (t — t;_ o
+( 4 Z) ( 1> \V/te[ti—lati]v Z:n+1aQ7

6h; ’

andy, = s(tg), My = s"(tx), Vk = m,q. The valuesMy, k = 7, g are obtained from the
relations

hiM; 4 i M;(hi + hitq) + hiv1 M _ Pt — P P Pt

- —n¥Tg—1
6 3 6 Bt mo 0 onrthash

whereM,, = M, = 0. Sincef € C*([—7,T] x [a,8]) we infer thaty € C*[0,T]. If & €
C*—7,0] and®(0) = ,Jim Ogo(t) theny € C*[—7,T]. In these hypothesis, fare [0, 7]\{

ty, k = m,q}, we have the following error estimation:

L™ ()
[olt) = s < T - llgo — sl + |7

T |+ g e
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whereh = q:;,;q = Z. We have
Wy Of o f / >’f 12
DV () = T (0) + Bt (1 2()) 21 (0) + B (1 2 (0)) (1)
>’f o3 o O "
bSO O + 3 (12 (0)a” (1)
+30 (0 2(0) - #'(0) - 2"(8) + 9, 2(1) - 2”1
O f o f /
— %(t—T,ZE(t—T)) —3m(t—7,x(t—7)) a2 (t—T)
a3f / 2 a?,f / 3
- SW@ —rz(t—1)) [2(t—1)] — @(t —T,x(t—71)) [2'(t — )]
an 14 an / "
— 38tax(t —7))x"(t—71)— 3?(15 —rx(t—71)) 2 (t—T1)2"(t —7)
— %(t — 7zt —7))2"(t —7),

vt € [0,T]. Since

IFII<M, ¢l <2M, "] < 2Mi(1+2M),
1" || < 2My(1 +2M)? + 4MF(1 + 2M),

we have the following estimation:

™| < 2Ms + 6Ms ||| + 6Ms [|'||* + 205 |||
+ 60z ||| + 6Mz (||| - (1" (| + 2M1 [|™|
< 2Ms(1 4 2M)? + 16 My My(1 + 2M)* + 8M7 (1 + 2M).
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