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1 i jkml
Herz n Hardy omp HK̇α,p

q (ω1, ω2) q HKα,p
q (ω1, ω2) rmsmtmumvxwzym{m|m}m~ [1,2].��� r k�l�������� w�� [1] ��������������������� HK̇α,p

q (ω1, ω2) � HKα,p
q (ω1, ω2) r klm�m�m�m�m��� �m�m� � Hardy ompmr �m� � �m�m�m� ���m�m�m� � rmsm�mum�x m�z¡m¢m£m¤¥�¦�§ r�¨�© ��ª�«�¬ s ������� �����­ �� � ��®�¯�r�s���u­��°�± §�²�³�´�µ�¶ {�� ��·° µm¸m¹ r �mºm»½¼m¾m¿ ¡ �m�m�m� �½ÀmÁ § �x zÂmÃ �m� �m¨m©mÄmÅmÃ �m�mÆmÇm�½� �mÈ Åm�ÉmÊmËÍÌ rm��ÎmÏm�mÐx���m� HK̇α,p

q (ω1, ω2) � HKα,p
q (ω1, ω2) r kmlm�m�mÑmÒ � �m�m��� r�x z�ÔÓmÄm¨m�mÕm©m�ÔÖm× �m� r kmlm�m�m�m� �m�m£mØmÙmÚmÛ � � � Tb � HK̇α,p

q (ω1, ω2) �
HKα,p

q (ω1, ω2) ¯mrmsm�mumrm�x  � �mÜ�� � � Ï�Ým����Þ�ßmr k�l Herz ompm� kml Herz n
Hardy ompmr ÑmÒ �z� q rmàxáz�mÅ 1 < q <∞, âmãm¯ q = ∞ ämÅmå ¿ r ��m£mæmçm� � �mèmé °mê kml Herz ompm� kml Herz n Hardy ompm� (α, q, ω1, ω2)

�m� �
(α, q; s, ε)ω1,ω2

�m� rmëmìmíîmï
1.1 ð 0 < α <∞, 0 < p <∞, 1 < q ≤ ∞, Þmq ω1, ω2 �m¤mñ lmòmó

(a) ômõ kml Herz omp K̇α,p
q (ω1, ω2)

ÑmÒ �
K̇α,p

q (ω1, ω2) = {f ∈ L
q
Loc(R

n\{0}, ω2) : ‖f‖K̇
α,p
q (ω1,ω2)

<∞},

®x� ‖f‖K̇
α,p
q (ω1,ω2)

= {
∑

k∈Z [ω1(Bk)]
α·p
n ‖f · χk‖p

L
q
ω2

}
1
p .

(b) ¤mômõ kml Herz omp Kα,p
q (ω1, ω2)

ÑmÒ �
Kα,p

q (ω1, ω2) = Lq
ω2

(Rn) ∩ K̇α,p
q (ω1, ω2),öm÷mÑ

‖f‖K
α,p
q (ω1,ω2) = ‖f‖L

q
ω2

+ ‖f‖K̇α,p
q (ω1, ω2).îmï

1.2 ð 0 < α <∞, 0 < p <∞, 1 < q ≤ ∞, Þmq ω1, ω2 ∈ A1.øúù�ûýü
: 2003-07-07
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(a) ��� K̇α,p

q (ω1, ω2) rmômõ Hardy omp HK̇α,p
q (ω1, ω2)

ÑmÒ �
HK̇α,p

q (ω1, ω2) = {f ∈ ϕ′, Gf ∈ K̇α,p
q (ω1, ω2)},öm÷mÑ

‖f‖HK̇
α,p
q (ω1,ω2)

= ‖Gf‖K̇α,p
q (ω1, ω2), ®x� Gf Å f r�� ¶ { òmóm�

(b) ��� Kα,p
q (ω1, ω2) rm¤mômõ Hardy omp HKα,p

q (ω1, ω2)
ÑmÒ �

HKα,p
q (ω1, ω2) = {f ∈ ϕ′, Gf ∈ Kα,p

q (ω1, ω2)},öm÷mÑ
‖f‖HK

α,p
q (ω1,ω2) = ‖Gf‖K

α,p
q (ω1,ω2), ®x� Gf Å f r�� ¶ { òmóm�� É

HK̇α,p
q (ω1, ω2) � HKα,p

q (ω1, ω2) � ��	�
�� r���
mÅ α ≥ n(1 − 1
q
) �m��Ü������mêÊ µ ompmr kmlm�m�m�mº w��������m���m{��m�mÐ�� [1] �z�m� �îmï

1.3 ð α ≥ n(1 − 1
q
), 1 < q ≤ ∞, ω1, ω2 ∈ A1, s ≥ [α+ n( 1

q
− 1)],

(1)
òmó

a(x) y��m�m°x��� (α, q, ω1, ω2)
�m� ��ÅmÝ ����� ª ê��mÃ����mí

a) supp a ⊂ I(0, r) = {x ∈ Rn : |x| < r}, r > 0;

b) ‖a‖L
q
ω2

≤ [ω1(I(0, r))]
− α

n ;

c)
∫
a(x)xβdx = 0.|β| ≤ s.

(2)
ò ó

a(x) y�� � °! !" n �#� (α, q, ω1 , ω2)
� � � ª « �!�!� í a’) supp a ⊂ I(0, r), r ≥

1; � (b), (c).ê�$m�m� kmlm�m� r ÑmÒî ï
1.4 ð α ≥ n(1− 1

q
), 1 < q ≤ ∞, ω1, ω2 ∈ A1, s ≥ [α+n( 1

q
−1)], ε > max{ s

n
, α

n
+ 1

q
−1}.

(1)
òmó

M(x) y��m�m°x��� (α, q; s, ε)ω1,ω2

�m� ��ÅmÝ ����� ª ê��mÃ����mí
1) M(x) · ω1(I|x|)

b ∈ Lq
ω2

(Rn);

2) ‖M‖
q

b

L
q
ω2

· ‖M(x) · ω1(I|x|)
b‖

1−a
b

L
q
ω2

≡ Nω1,ω2(M) <∞;

3)
∫
M(x)xβdx = 0. |β| ≤ s.®x� a = 1 − 1

q
− α

n
+ ε, b = 1 − 1

q
+ ε.

(2) M(x) �m�mÅ� �"mnmrx��� (α, q; s, ε)ω1,ω2

�m� � ªm« � r ÑmÒ�% � {|x| > 1} ��&mom�' ���
1),2) � 3).(*)

1.1 + 0 < p < ∞, 1 ≤ q < ∞, n(1 − 1
q
) ≤ α < ∞,

'
ω1, ω2 ∈ A1, ,*-

f ∈ HK̇α,p
q (ω1, ω2) . '�/ . f(x)

Ç Þ�0�1måmí f(x) =
∑∞

k=−∞ λkak(x) ( � ��2�3mÒ ê ),
Ê�4

ak Åx��� (α, q;ω1, ω2)
�m� � supp ak ⊂ B(0, 2k),

' ∑∞
k=−∞ |λk|p <∞.

ö '
‖f‖HK̇

α,p
q (ω1,ω2)

∼ inf{(
∞∑

k=−∞

|λk|
p)

1
p },

Ê�4 ê�5m�mÅ � f r�6ms �mº�7 r �(*)
1.2 + 0 < p < ∞, 1 ≤ q < ∞, n(1 − 1

q
) ≤ α < ∞,

'
ω1, ω2 ∈ A1, ,*-

f ∈ HKα,p
q (ω1, ω2) . '�/ . f(x)

Ç Þ�0�1måmí f(x) =
∑∞

k=0 λkak(x)( � ��2�3mÒ ê ),
Ê�4

akÅ� �"mnx��� (α, q;ω1, ω2)
�m� � supp ak ⊂ B(0, 2k),

' ∑∞
k=0 |λk |p <∞.

ö '
‖f‖HK

α,p
q (ω1,ω2) ∼ inf{(

∞∑

k=0

|λk |
p)

1
p },



1 � 8:9�4<; � @�A Herz B Hardy C�D�F�G�H�M�N 141

Ê�4 ê�5m�mÅ � f r�6ms �mº�7 r �
2 =?>?@?A?B?CEDGF

H ¯�$mr ÑmÒmÇ Þ�Im� ( ã�Jm¯mÁ §�K�L�M � ), ÂmÃ kml ��� (α, q;ω1, ω2)
�m�

(
·  �"mnr ) NmÅm°mÃ kml ��� (α, q; s, ε)ω1,ω2

�m�
(
·  �"mnmr ). OmÜm� § �x  Herz n Hardy ompmr�m�m�mº�P�Q ��Á § �x zê�$mrmÖ�Rmíî�)

2.1 α, q, s, ε, ω1, ω2 S ¯�T�6mðm� ¼ M Åm°mÃx��� (α, q; s, ε)ω1,ω2

�m� �U,�-m� M ∈

HK̇α,p
q (ω1, ω2),

'
‖M‖HK̇

α,p
q (ω1,ω2)

≤ CNω1,ω2(M), ®x� C V kmlm�m��W t �î�)
2.2 α, q, s, ε, ω1, ω2 S ¯�T�6mðm� ¼ M Åm°mÃ� �"mnmrx��� (α, q; s, ε)ω1,ω2

�m� �
,�-m� M ∈ HKα,p

q (ω1, ω2),
'

‖M‖HK
α,p
q (ω1,ω2) ≤ CNω1,ω2(M), ®x� C V kmlm�m��W t �î*)

2.1 X*Y*Z &\[�°�±�u���ð M Å�°�Ã­�]��� �*^ r (α, q; s, ε)ω1,ω2

��� � ö '
Nω1,ω2(M) = 1, + ω1(Iσ)

α
n = ‖M‖−1

L
q
ω2

(σ > 0)._
E0 = {x ∈ Rn : |x| ≤ σ}, Ek = {x ∈ Rn : 2k−1σ < |x| ≤ 2kσ}, Mk = M · χEk

, À
M =

∑+∞
k=0 Mk(x).ð òmó ϕk

β(x) Å Ek ¯mrmõ ó &�`�a s r ��� ê�bmr�cm°m��d�b
1

|Ek|

∫

Ek

ϕk
β(x) · xγdx = δβ,γ , 0 ≤ |β| ≤ s, (2.1)

Ê�4
δβ,γ =

{
1, β = γ,

0, β 6= γ.ÑmÒmòmó
Pk(x) =

∑
|β|≤sm

k
β · ϕk

β(x), ®x� mk
β = 1

|Ek|

∫
Ek
Mk(x)xβdx. ,�-ms

∫

Rn

{Mk(x) − Pk(x)} · xβdx = 0, |β| ≤ s. (2.2)

� � § �x zí (I) Âm°mÃ (Mk − Pk) emÅm°mÃx��� (α, q;ω1, ω2)
�m� r�f óm» (II)

∑
k Pksx��� (α,∞;ω1, ω2)

�m� r �mºm�<g Om� (α,∞;ω1, ω2)
�m� ° Ñ Å (α, q;ω1, ω2)

�m�m� 6mÞm�
� M(x) =

∑
k Mk(x) =

∑
k(Mk − Pk) +

∑
k Pk

Ç �
M hms (α, q;ω1, ω2)

�m� r �mºm�i Óm� � � s�j�k�b
|ϕk

β(x)| ≤ C(2kσ)−|β|. (2.3)Ê Å�Om�mí _ E = {x ∈ Rn : 1 < |x| ≤ 2}, F = {x ∈ Rn : |x| ≤ 1},
' _

{Tβ : |β| ≤ s} �
{T 0

β : |β| ≤ s}
��l Å {xl : |l| ≤ s} t É l 1

|Ek|
� 1

|Fk|
r ��m�n ��Ào�

δβ,l = 〈ϕk
β , x

l〉 =
1

|Ek|

∫

Ek

ϕk
β · xldx =

1

|E|

∫

E

(2kσ)|l|ϕk
β(2kσy)yldy,

p ¢ Tβ(y) = (2kσ)|β|ϕk
β(2kσy). S Ë p ¢ T 0

β (y) = (2kσ)|β|ϕ0
β(σy), 6mÞms

ϕk
β = (2kσ)−|β|Tβ(

x

2kσ
), x ∈ Ek, k ≥ 1

ϕ0
β = (2kσ)−|β|T 0

β (
x

σ
), x ∈ F.
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+ C = supβ{‖Tβ‖∞, ‖T 0

β‖∞}, Tβ sm� � 6mÞ
|ϕk

β(x)| ≤ C(2kσ)−|β|.

OmÜ
|Pk(x)| ≤ C

1

|Ek|

∫

Ek

|Mk(x)|dx.

ê�$�q�rm�x  (I): Âm°mÃ (Mk − Pk) emÅm°mÃ (α, q;ω1, ω2)
�m� r�f óm�ÎmÏm� � É Mk − Pk � (2.2) b � ®�s�[�t���� ��� �®mõm�u� Mk � Pk r ÑmÒ � � supp(Mk − Pk) ⊆ I2kσ. ®x� I2kσ = {x ∈ Rn : |x| ≤ 2kσ}.v Äm�xw�R Mk − Pk rm{�y���� ��

1 < q ≤ ∞, � Hölder &�z�bmq A1 ��� Ç p
1

|Ek|

∫

Ek

|Mk(x)|dx ≤ C ·
1

|Ek|

∫

Ek

Mk(x) · ω2(x)
1
q · ω2(x)

− 1
q dx

≤ C ·
1

|Ek|
(

∫

Ek

|Mk(x)|q · ω2(x)dx)
1
q · (

∫

Ek

ω
− q′

q

2 dx)
1
q′

≤ C · ‖Mk‖L
q
ω2

· (
1

|Ek|

∫

Ek

ω
− q′

q

2 )
1
q′ · (

1

|Ek|
)
1− 1

q′

≤ C · ‖Mk‖L
q
ω2

· {ess inf
x∈Ek

ω2(x))}
− 1

q · |Ek|
1
q′

−1

≤ C · ‖Mk‖L
q
ω2

· (
1

|Ek|

∫

Ek

ω1(x)dx)
− 1

q · |Ek|
1
q′

−1

≤ C · ‖Mk‖L
q
ω2

· ω1(I2kσ)−
1
q . (2.4)Ç�{ � ‖Pk‖L

q
ω2

≤ C · ‖Mk‖L
q
ω2

, À ‖Mk − Pk‖L
q
ω2

≤ C · ‖Mk‖L
q
ω2

.| 3 ¢ Nω1,ω2(M) = 1, ��}�$mr�~mð Ç �
‖M(x) · ω1(I|x|)

b‖L
q
ω2

= ω1(Iσ)−
α
n

+b.

� s
‖Mk‖L

q
ω2

≤ C · ‖Mk(x) · ω1(I|x|)
b‖L

q
ω2

≤ C · ‖Mk(x) · (
ω1(I|x|)

ω1(I2kσ)
)b‖L

q
ω2

≤ C · ω1(Iσ)b− α
n · ω1(I2kσ)−b

≤ C · ω1(Iσ)b− α
n · ω1(I2kσ)−(b−α

n
) · ω1(I2kσ)−b+(b− α

n
)

≤ C · (
ω1(Iσ)

ω1(I2kσ)
)b− α

n · ω1(I2kσ)−
α
n

≤ C · (
|Iσ |

I2kσ

)(b−
α
n

) · δ · ω1(I2kσ)−
α
n

≤ C · 2−kn(b−α
n

)δ · ω1(I2kσ)−
α
n .

À
‖Mk‖L

q
ω2

≤ C · 2−knδ·(b−α
n

)ω1(I2kσ)−
α
n . (2.5)
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6mÞ
‖Mk − Pk‖L

q
ω2

≤ C · 2−knδ·(b−α
n

)ω1(I2kσ)−
α
n .

��¯*T Ç � Ak ≡ C · 2knδ·(b−α
n

)(Mk − Pk) Å�°�Ã (α, q;ω1, ω2)
������Æ

Mk − Pk = λkAk,

λk ≡ C2−knδ·(b−α
n

), 0 < δ < 1.
g

b = 1 − 1
q

+ ε, 6mÞ b − α
n
> 0, −knδ · (b − α

n
) < 0, OmÜ∑∞

k=0 |λk |p <∞.ê�$m�x  (II):
∑

k Pk(x) hms (α,∞;ω1, ω2)
�m� r �mºm� âmãm¯ms

∞∑

k=0

Pk(x) =
∑

|β|≤s

∞∑

k=0

(mk
β |Ek|)(|Ek |

−1ϕk
β(x)).

� © Abel �m����b Ç p
∞∑

k=0

(mk
β |Ek|)(|Ek |

−1ϕk
β(x))

=

∞∑

k=0

(

∞∑

j=k

m
j
β|Ej | −

∞∑

j=k+1

m
j
β |Ej |)(|Ek |

−1ϕk
β(x))

=

∞∑

k=0

(

∞∑

j=k+1

m
j
β |Ej |)(|Ek+1|

−1ϕk+1
β (x) − |Ek|

−1ϕk
β(x))

≡
∞∑

k=0

Nk
β (x) · ψk

β(x),

®x� Nk
β =

∑∞
j=k+1 m

j
β|Ej |,

'
ψk

β(x) = |Ek+1|−1ϕk+1
β (x) − |Ek|−1ϕk

β(x).
i Ó

∫

Rn

ψk
β(x)xγdx =

1

|Ek+1|

∫

Ek+1

ϕk+1
β (x) · xγdx−

1

|Ek|

∫

Ek

ϕk
β(x) · xγdx = 0

� 6msmr 0 ≤ |γ| ≤ s å ¿m� 6mÞ�s�[�t���� ��� �x��� ��� i Ó ��� �ê�$ M � �m� rm{�y���� � � (2.4), (2.5)
Ç p

|Nk
β | =

∞∑

j=k+1

|mj
β||Ej | ≤ C

∞∑

j=k+1

1

|Ej |
|

∫

Ej

Mj(x) · x
βdx| · |Ej |

≤ C

∞∑

j=k+1

(2jσ)β ·
1

|Ej |

∫

Ej

|Mj(x)|dx · (2jσ)n

≤ C

∞∑

j=k+1

(2jσ)n+β · ‖Mj‖L∞
ω2

≤ C

∞∑

j=k+1

(2jσ)n+β · 2−jnδ(b− α
n

) · ω1(I2jσ)−
α
n

≤ C(2k+1σ)n+β · ω1(I2k+1σ)−
α
n · 2−(k+1)nδ(b−α

n
) ·

∞∑

j=0

(2j)
n+β−nδ(b−α

n
)−nδ

α
n .

��7
δ 5�� n+ β − nδ(b− α

n
+ n

α
) Åmñmr � À

|Nk
β | ≤ C(2k+1σ)n+βω1(I2k+1σ)−

α
n · 2−(k+1)nδ(b−α

n
)
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� (2.3),

� � s
|Nk

β · ψk
β(x)| ≤ C(2k+1σ)−n−β(2k+1σ)n+βω1(I2k+1σ)−

α
n · 2−(k+1)nσ(b−α

n
)

≤ C2−(k+1)nδ(b− α
n

) · ω1(I2k+1σ)−
α
n ,

6mÞ
∞∑

k=0

Pk(x) =
∑

|β|≤s

∞∑

k=0

λk,βAk,β(x),

®x� λk,β = 2−(k+1)nδ(b− α
n

), Ak,β(x) Åm°mÃ (α,∞;ω1, ω2)
�m�m�

� × (I) � (II) r�w�Rm� Ñ�� 2.1
p � �� É Ñ��

2.2 rm�x z��Á §���� .mr���� (σ ≥ 1).

3 =?>?@?�?�
¨m� Herz n Hardy ompmr �m�m�m� rmÕm©m� Ê °�� � � § �x zØmÙmÚmÛ � � � � Herz n

Hardy ompm¯mrmsm�mu � ����Tm�m�x  Ñ���� }m��Ï èmé�� ����� ro�]� �
+ θ(ξ) Åm°mÃ��o� ¶ { òmó ��. |ξ| ≥ 1 �m� θ(ξ) = 1, . |ξ| ≤ 1

2 �m� θ(ξ) = 0.
ÑmÒ � �

Tb:

(T̂bf)(ξ) = θ(ξ)
ei|ξ|b

|ξ|
nb
2

f̂(ξ), 0 < b < 1.

Tb r��mÅm¤ ¥ ÙmÚmr �x��� r��m� � 
 ª Kb′(x) = ei|x|−b′

|x|n ,
Ê�4

b′ = b
(1−b) . âmãm¯m�x.

|x| ≥ 2|y| �m�x� K�L km� Ç p
|Kb′(x− y) −Kb′(x)| ≤ C ·

|y|

|x|n+b′+1
, (3.1)

Ü��m� � � r Ì r�� § Å� �¡�¢m� � � HK̇α,p
q (ω1, ω2) ¯mrmsm�mu �x£ t�¤ �mª êmí(�)

3.1 Tbf(x) r��mÅ
C
eiαb|x|

−b′

|x|n
χ(|x| ≤ 1) + h(x), b′ =

b

(1 − b)
, (3.2)

Ê�4
|h(x)| ≤ C(1 + |x|)−(n+1) +C|x|−n+εχ(|x| ≤ 1), ε > 0.

'
αb = b

b
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The Molecular Characterization of Weighted Herz Type Hardy Spaces

ZHAO Kai, ZHOU Shu-juan, MA Li-min
(Dept. of Math., Qingdao University, Shandong 266071, China )

Abstract: The molecules for weighted Herz type Hardy spaces are defined, and their molecular char-
acterization are proved. As an application, it is shown that the strongly singular integral operators are
bounded in the weighted Herz-type Hardy spaces.

Key words: weightes; molecular character; weighted Herz-type Hardy spaces; strongly singular integral
operators.


