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��&����
��� !'"()*�+,.#$, Hochschild��
���
��%&-�
'�-.�/� !()0� [1−3]; � Hochschild �
���
�1*�
�2+�(,(
�-3 [4−6]. 4 ./5!0�
� Hochschild �
����
��"#12�, $%647
34��
5, $8&�
 [1]��-�
 [7−8]�9:'6�
 [1, 9]�(7)8�
 [10]��;9
�
 [11]�:;�
 [12−14]�34<=�
�>7*?< [15] � Hochschild ��
���
=+
0,. :;�
 [13, 16]�@8&�
 [17] ��;9�
 [4] � Hochschild �
���
=+!0.

ABC,�
DE'�47 !�)-$./ !=+012>,6���345	��

��� !. F? [18] 6,G@-78� Galois ./� Hochschild–Mitchell (�) �
��
Cartan–Leray HA=. �IJ��
�Galois ./��9�
� smash :B;<&(()�-
3. &=>?�, @CDKG� k ���
 Λ � Koszul �
AILA���� Galois ./�
Koszul �
, >' Galois � G ME chark � |G| (BF? [19]).

N�
�4534� Koszul�
,�&�
CD�45�
�O�CDEFF
G�H'G
"(P�)*�+,. F? [20] !0G n �N�
� Hochschild �
����
���
, H
QG�� Hochschild ��
I�	J. F? [19] IJGN�
�FFK Galois ./�
, F
? [21] ÆRG n �N�
�45 Z2-Galois ./�
� Hochschild �
���
�. KFSL
JMGL�N�
�T45 Zn-Galois ./�
�MNUV<W�X, HO=YP2!0G��
N Hochschild �
O��
���
; A>��3Q�8Z, R�S!0G��NTI�

���
. KF�!0�U6 X�4����
�P� Galois ./�
B;�-3, S�[
\2 X����
�> Galois ./�
��
-.]QG45)*�V�^�#W.

2 X^_`aYZ[
R�R� k �3QP1S n ��, T_�\V��UV,W]X^�`A, Y Z �1
Z,

Zn = {0, 1, . . . , n − 1} �W n �a_5[�.

� Q �O\] 0, 1, . . . , n − 1 �'2 xi : i → i + 1, yi : i + 1 → i JU���'6, >'
i = 0, 1, . . . , n − 1, ^
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`_R�`Y xi � xi, yi � yi, HIR%ba�b1
 j, k, c j ≡ k (mod n), c xj =
xk, yj = yk. %ba�_ ρ ∈ kQ, Y o(ρ) � ρ �"], t(ρ) � ρ �d], c ρ O l a'2JU,
cb ρ �cd� l. Y I �O R = {xixi+1, xiyi + yi−1xi−1, yiyi−1 | 0 ≤ i ≤ n− 1} dU�_�

 kQ � Æ. c Λ̃ = kQ/I �L�N�
 Λ = k〈x, y〉/(x2, xy + yx, y2) � Zn-Galois ./�

, W�� Koszul �
 [20]. � B = {ei, xi, yi, xiyi | 0 ≤ i ≤ n − 1} � Λ̃ �4e k- >, >'
{ei | 0 ≤ i ≤ n − 1} � Λ̃ �Kfb4eE�, �IR�e B '��f���& Λ̃ '�gE�.
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W� dimkΛ̃ = 4n. co

e0 ≺ e1 ≺ · · · ≺ en−1 ≺ x0 ≺ · · · ≺ xn−1 ≺ y0 ≺ · · · ≺ yn−1 ≺ x0y0 ≺ · · · ≺ xn−1yn−1,

c B �6 ≺ JU Λ̃ ��A>.
� Λ̃! � Λ̃ �L9%k, c Λ̃! ∼= kQ/(R⊥), >' R⊥ = {xiyi − yi−1xi−1 | 0 ≤ i ≤ n− 1}. H

I Λ̃! l�p->. cm

Γ(l) = {α(l,i)

xj1yj2 = xixi+1 · · ·xi+j1−1yi+j1−1yi+j1−2 · · · yi+j1−j2 | j1 + j2 = l, 0 ≤ i ≤ n − 1},
cP2iD Γ =

⋃
l≥0 Γ(l) JU Λ̃! �4e k- >.

5;JM Λ̃ �MNUV<W�X (P•, δ•). � Λ̃e = Λ̃op ⊗k Λ̃ � Λ̃ ����
, Y ⊗ := ⊗k.
%ba� l ≥ 0, Pl :=

∐
α∈Γ(l) Λ̃o(α) ⊗ t(α)Λ̃ �UV Λ̃e- W. %ba� α = α

(l,i)

xj1yj2 ∈ Γ(l), �
δl(o(α) ⊗ t(α)) =xi ⊗ t

(
α

(l−1,i+1)

xj1−1yj2

)
+ (−1)lo

(
α

(l−1,i)

xj1−1yj2

) ⊗ xi+j1−j2−1

+ yi−1 ⊗ t
(
α

(l−1,i−1)

xj1yj2−1

)
+ (−1)lo

(
α

(l−1,i)

xj1yj2−1

) ⊗ yi+j1−j2 .

jk 2.1 � Λ̃ = kQ/I �L�N�
 Λ � Zn-Galois ./�
, cq/ (P•, δ•)

· · · → Pl
δl−→ Pl−1

δl−1−→ · · · δ3−→ P2
δ2−→ P1

δ1−→ P0 −→ 0

� Λ̃e- W Λ̃ �MNUV�X.
bl O6 Koszul �
 Λ̃ �L9%k Λ̃! �J6 Λ̃ � Yoneda �
 E(Λ̃) (mBF? [22,

 2.10.1]), n=, Γ(l) 6,G Λ̃ �Mrs�W�
 Λ̃0 & Λ̃ �� (�9) @-UV�X
· · · → P

′
l −→ P

′
l−1 −→ · · · −→ P

′
2 −→ P

′
1 −→ P

′
0 −→ 0,

>' P
′
l =

∐
α∈Γ(l) Λ̃o(α), cOF? [23,  2.1] 'ot Un. Du.

3 Hochschild cpdefqcpd
r4oe!0./�
 Λ̃ = kQ/I �N Hochschild �
��TI�
���
. � X, Y

�OT_eU�Z�, � X � Y = {(p, q) ∈ X × Y | t(p) = o(q) I t(q) = o(p)}, Y k(X � Y )
�� k �` X � Y �>�2pq;. �r4o, B � Λ̃ = kQ/I ��A>, Γ � Λ̃! � k- >.

,vW Λ̃ ⊗Λ̃e − +,6 Λ̃ �MNUV<W�X (P•, δ•), wX
gk 3.1 �
q/ Λ̃ ⊗Λ̃e (P•, δ•) = (N•, τ•), >' Nl

∼= k(B � Γ(l)), I%ba� b ∈ B,
α = α

(l,i)

xj1yj2 ∈ Γ(l), �
τl(b, α) =

(
bxi, α

(l−1,i+1)

xj1−1yj2

)
+ (−1)l

(
xi+j1−j2−1b, α

(l−1,i)

xi1−1yj2

)
+

(
byi−1, α

(l−1,i−1)

xi1yj2−1

)
+ (−1)l

(
yi+jl−j2b, α

(l−1,i)

xi1yj2−1

)
.

bl � Λ̃0 � Λ̃ �Mrs�W�
, O Nl = Λ̃ ⊗Λ̃e Pl = Λ̃ ⊗Λ̃e
0

∐
α∈Γ(l)(o(α) ⊗k t(α)) ∼=∐n−1

i,j=0 eiΛ̃ej ⊗k ejΓ(l)ei, 'o B � Γ(l) JU Nl & k ��4e>, IO� τl 'O Λ̃ �MNUV
<W�X (P•, δ•) '%>�O�wX [23]. Du.

O HHl(Λ̃) = Kerτl/Imτl+1 o
dimkHHl(Λ̃) = dimk Ker τl − dimk Im τl+1

= dimkNl − dimk Im τl − dimk Im τl+1.
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*!0 Λ̃ � Hochschild �
���
, st!0 dimkNl, dimkIm τl ^'.

gk 3.2 � Λ̃ = kQ/I �L�N�
 Λ � Zn-Galois ./�
, l = pn + r, >' p �3x

1
, 1
 r ME 0 ≤ r < n, c�

dimkNl =

{
2n + 4pn, A 0 ≤ r < n − 1 Z;
4n + 4pn, A r = n − 1 Z.

bl %ba� α
(l,j)

xj1yj2 ∈ Γ(l), O B � Γ(l) ��'o (ei, α
(l,j)

xj1yj2 ) ∈ B � Γ(l) AILA

α
(l,j)

xj1yj2 �d]�"]G�] i, ^ j = i, j1 ≡ j2 (mod n). 5s2, (xiyi, α
(l,j)

xj1yj2 ) ∈ B � Γ(l) A

ILA j = i, j1 ≡ j2 (mod n); (xi, α
(l,j)

xj1yj2 ) ∈ B � Γ(l) AILA j = i + 1, j1 ≡ j2 − 1 (mod

n); (yi, α
(l,j)

xj1yj2 ) ∈ B � Γ(l) AILA j = i, j1 ≡ j2 + 1 (mod n). t`, cY

M l
1 = {(ei, α

(l,i)

xj1yj2 ) | j1 ≡ j2 (mod n), 0 ≤ i ≤ n − 1},
M l

2 = {(xi, α
(l,i+1)

xj1yj2 ) | j1 ≡ j2 − 1 (mod n), 0 ≤ i ≤ n − 1},
M l

3 = {(yi, α
(l,i)

xj1yj2 ) | j1 ≡ j2 + 1 (mod n), 0 ≤ i ≤ n − 1},
M l

4 = {(xiyi, α
(l,i)

xj1yj2 ) | j1 ≡ j2 (mod n), 0 ≤ i ≤ n − 1},

c
B � Γ(l) = M l

1 ∪ M l
2 ∪ M l

3 ∪ M l
4.

uh I n �k
.

(1) l �u
yc<& (ei, α
(l,i)

xj1yj2 ) ∈ M l
1 z (xiyi, α

(l,i)

xj1yj2 ) ∈ M l
4, c j2 = kn + j1, l =

kn + 2j1 (k ∈ Z), r� l �u
v{. t`=Z |M l
1| = |M l

4| = 0, B � Γ(l) = M l
2 ∪ M l

3.

A 0 ≤ r < n − 1 Z, %ba� xi ∈ B, c (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2, cA j1 < j2 Z, O j2 =

kn+j1+1, l = kn+2j1+1'o k'w 0, 1, . . . , p,^� p+1a α
(l,i+1)

xj1yj2 ,xw (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2;

A j1 > j2 Z, O j1 = kn + j2 − 1, l = kn + 2j2 − 1 'o k 'w 1, 2, . . . , p, ^� p a α
(l,i+1)

xj1yj2 ,

xw (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2. O xi �ba-, ^w |M l

2| = (2p + 1)n. � |M l
3| = (2p + 1)n, t`

dimkNl = |B � Γ(l)| = |M l
2| + |M l

3| = 2n + 4pn.

A r = n − 1 Z, 5s6�y�v, $waX j1 > j2 Z, k 'w 1, 2, . . . , p, p + 1, ^� p + 1
a α

(l,i+1)

xj1yj2 , xw (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2, t` |M l

2| = (2p + 2)n. � |M l
3| = (2p + 2)n, t`

dimkNl = |B � Γ(l)| = |M l
2| + |M l

3| = 4n + 4pn.

(2) l �k
yc<& (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2, c j2 = kn + j1 + 1, l = kn + 2j1 + 1 (k ∈ Z), r

� l �k
v{. t` |M l
2| = 0, � |M l

3| = 0, t`=Z B � Γ(l) = M l
1 ∪ M l

4.

%ba� ei ∈ B,c (ei, α
(l,i)

xj1yj2 ) ∈ M l
1,cA j1 ≤ j2 Z,O j2 = kn+j1, l = kn+2j1 'o k

'w 0, 1, . . . , p,^� p+1a α
(l,i)

xj1yj2 ,xw (ei, α
(l,i)

xj1yj2 ) ∈ M l
1;A j1 > j2 Z,O j1 = kn+j2, l =

kn + 2j2 'o k 'w 1, 2, . . . , p, ^� p a α
(l,i)

xj1yj2 , xw (ei, α
(l,i)

xj1yj2 ) ∈ M l
1. O ei �ba-^w

|M l
1| = (2p + 1)n. � |M l

4| = (2p + 1)n, t` dimkNl = |B � Γ(l)| = |M l
1| + |M l

4| = 2n + 4pn.

uh II n �u
.

(1) l �u
y%ba� k ∈ Z, Y k+ �Pr6 k �xrk
, k− �Pr6 k �xru
,
c� k+ + k− = 2k − 1.
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A 0 ≤ r < n − 1 Z, %ba� xi ∈ B, c (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2, cA j1 < j2 Z, O

j2 = kn + j1 + 1, l = kn + 2j1 + 1 'o k 'w 0, 2, . . . , p+, ^� p+

2 + 1 a α
(l,i+1)

xj1yj2 , xw

(xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2; A j1 > j2 Z, O j1 = kn + j2 − 1, l = kn + 2j2 − 1 'o k 'w 2, 4, . . . , p+,

^� p+

2 a α
(l,i+1)

xj1yj2 , xw (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2. O xi �ba-^w |M l

2| = (p+ + 1)n. �

 |M l
3| = (p+ + 1)n; |M l

1| = (p− + 1)n; |M l
4| = (p− + 1)n, t` dimkNl = |B � Γ(l)| =

|M l
1| + |M l

2| + |M l
3| + |M l

4| = 2(p− + p+)n + 4n = 2n + 4pn.

A r = n − 1 Z, 5s6�y�v, $waX j1 > j2 Z, k 'w 2, 4, . . . , p+, p + 1, ^�
p+

2 + 1 a α
(l,i+1)

xj1yj2 , xw (xi, α
(l,i+1)

xj1yj2 ) ∈ M l
2. t` |M l

2| = (p+ + 2)n. � |M l
3| = (p+ + 2)n, t

` dimkNl = |B � Γ(l)| = |M l
1| + |M l

2| + |M l
3| + |M l

4| = 2(p− + p+)n + 6n = 4n + 4pn.

(2) l �k
y5s6 l �u
Z��v, Æ'wX:

A 0 ≤ r < n−1Z, dimkNl = |B�Γ(l)| = |M l
1|+ |M l

2|+ |M l
3|+ |M l

4| = 2(p− +p+)n+4n =
2n + 4pn.

A r = n − 1 Z, dimkNl = |B � Γ(l)| = |M l
1| + |M l

2| + |M l
3| + |M l

4| = 2(p− + p+)n + 6n =
4n + 4pn. Du.

%ba� (b, α
(l,i)

xj1yj2 ), (b
′
, α

(l,j)

xk1yk2
) ∈ B � Γ(l), |<& M l

s, M l
t (1 ≤ s, t ≤ 4), xw

(b, α
(l,i)

xj1yj2 ) ∈ M l
s, (b

′
, α

(l,j)

xk1yk2
) ∈ M l

t . A s �= t Z, � (b, α
(l,i)

xj1yj2 ) ≺ (b
′
, α

(l,j)

xk1yk2
) $} s < t;

A s = t Z, � (b, α
(l,i)

xj1yj2 ) ≺ (b
′
, α

(l,j)

xk1yk2
) $} j1 < k1, z j1 = k1 I b ≺ b

′
, c B � Γ(l) �

Nl �4eA>. τl &reA>5�zy{Y+ τl, rankτl ���z.

gk 3.3 � Λ̃ = kQ/I �L�N�
 Λ � Zn-Galois ./�
, l = pn + r �= 0, >' p �

3x1
, 1
 r ME 0 ≤ r < n, c�

rank τl =

⎧⎪⎨⎪⎩
(2p + 1)(n − 1), A n �k
Z;
pn + (p + 1)(n − 1), A n, p ~�u
Z;
p(n − 1) + (p + 1)n, A n �u
, p �k
Z.

bl Y

Ci =

⎛⎜⎜⎜⎝
A

A
. . .

A

⎞⎟⎟⎟⎠
i×i

, >' A =

⎛⎜⎜⎜⎜⎜⎝
1 (−1)l

(−1)l 1
. . . . . .

(−1)l 1
(−1)l 1

⎞⎟⎟⎟⎟⎟⎠
n×n

;

Di =

⎛⎜⎜⎜⎝
B

B
. . .

B

⎞⎟⎟⎟⎠
i×i

, >' B=

⎛⎜⎜⎜⎜⎜⎝
1 (−1)l+1

1 (−1)l+1

. . . . . .
1 (−1)l+1

(−1)l+1 1

⎞⎟⎟⎟⎟⎟⎠
n×n

.

cA n�k
Z, rankA = rankB = n−1;A n�u
Z,c l�k
, rankA = n, rankB = n−1,
c l �u
, rankA = n − 1, rankB = n.

%ba�zy X, Y X
′
=

(
X
0

)
��zy X _|[ n { 0 _wX�zy, Y X

′′
=

(
0
X

)
�

�zy X r|[ n { 0 _wX�zy.
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uh I n �k
.
(1) 0 < r < n − 1: A r �u
Z, l S�u
, O τl ��� B � Γ(l) �	J'o, τl &

B � Γ(l) 5�zy� 2 × 2 �}zy (
0 D2p+1

0 (−1)lD2p+1

)
,

t` rankτl = rankD2p+1 = (2p + 1)rankB = (2p + 1)(n − 1). 5s2, A r �k
Z, l S�k

, τl & B � Γ(l) 5�zy� 2 × 2 �}zy(

C2p+1 (−1)lC2p+1

0 0

)
,

t` rankτl = rankC2p+1 = (2p + 1)rankA = (2p + 1)(n − 1).
(2) r = n − 1: =Z l �u
, τl & B � Γ(l) 5�zy� 2 × 2 �}zy(

0 D
′′
2p+1

0 (−1)lD
′
2p+1

)
,

t` rankτl = rankD2p+1 = (2p + 1)rankB = (2p + 1)(n − 1).
(3) r = 0: =Z l �k
, τl & B � Γ(l) 5�zy� 2 × 2 �}zy(

C
′
2p (−1)lC

′′
2p

0 0

)
,

t` rankτl = rankC2p+1 = (2p + 1)rankA = (2p + 1)(n − 1).
uh II n �u
.
(1) 0 < r < n − 1: A r �u
Z, τl & B � Γ(l) 5�zy�⎛⎜⎜⎝

0 Cp (−1)lCp 0
0 0 0 Dp+1

0 0 0 (−1)lDp+1

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �k
, W� rankτl = rankCp + rankDp+1 = p rankA + (p + 1)rankB =
p(n − 1) + (p + 1)n; c l �k
, c p �u
, W� rankτl = rankCp + rankDp+1 = p rankA +
(p + 1)rankB = pn + (p + 1)(n − 1). 5s2, A r �k
Z, τl & B � Γ(l) 5�zy�⎛⎜⎜⎝

0 Cp+1 (−1)lCp+1 0
0 0 0 Dp

0 0 0 (−1)lDp

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �u
, W� rankτl = rankCp+1 + rankDp = (p + 1)rankA + p rankB =
(p + 1)(n − 1) + pn; c l �k
, c p �k
, W� rankτl = rankCp+1 + rankDp = (p + 1)·
rankA + p rankB = (p + 1)n + p(n − 1).

(2) r = n − 1: τl & B � Γ(l) 5�zy�⎛⎜⎜⎝
0 Cp+1 (−1)lCp+1 0
0 0 0 D

′′
p

0 0 0 (−1)lD
′
p

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �u
, W� rankτl = rankCp+1 + rankDp = (p + 1)rankA + p rankB =
(p + 1)(n − 1) + pn; c l �k
, c p �k
, W�

rankτl = rankCp+1 + rankDp = (p + 1)rankA + p rankB = (p + 1)n + p(n − 1).
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(3) r = 0: τl & B � Γ(l) 5�zy�⎛⎜⎜⎝
0 C

′
p (−1)lC

′′
p 0

0 0 0 Dp

0 0 0 (−1)lDp

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �u
, W� rankτl = rankCp+1 + rankDp = (p + 1)rankA + p rankB =
(p + 1)(n − 1) + pn; c l �k
, c p �k
, W� rankτl = rankCp+1 + rankDp = (p + 1)·
rankA + p rankB = (p + 1)n + p(n − 1). Du.

jk 3.4 � Λ̃ = kQ/I �L�N�
 Λ � Zn-Galois ./�
, l = pn + r, >' p �3x

1
, 1
 r ME 0 ≤ r < n, cA n �k
Z

dimkHHl(Λ̃) =

⎧⎪⎨⎪⎩
n + 1, A l = 0 Z;
4p + 2, A l > 0 I 0 ≤ r < n − 1 Z;
4p + 4, A l > 0 I r = n − 1 Z.

A n �u
Z

dimkHHl(Λ̃) =

⎧⎪⎨⎪⎩
n, A l = 0 Z;
2p, A l > 0, 0 ≤ r < n − 1 I p �k
Z;
2p + 2, >�.

bl A l = 0 Z, c n �k
, dimkHH0(Λ̃) = dimkN0 − rankτ1 = 2n − (n − 1) = n + 1;
c n �u
, dimkHH0(Λ̃) = dimkN0 − rankτ1 = 2n − n = n.

A l > 0 Z, O| 3.2, | 3.3 � dimkHHl(Λ̃) = dimkNl − rank τl − rank τl+1, 'wXt
 . Du.

i} 3.5[20] � Λ �L�N�
, Λ̃ = kQ/I � Λ � Zn-Galois ./�
, cA n = 2 Z, �
� dimkHHl(Λ̃) = dimkHHl(Λ).

Y HCl(Λ̃) � Λ̃ �	 l- TI�
� [24], c�
i} 3.6 � Λ �� k ��L�N�
I chark=0, Λ̃ = kQ/I � Λ � Zn-Galois ./�


, l = pn + r, >' p �3x1
, 1
 r ME 0 ≤ r < n, cA n �k
Z

dimkHCl(Λ̃) =

⎧⎪⎨⎪⎩
2p + 1, A l �u
I 0 ≤ r < n − 1 Z;
2p + 3, A l �u
I r = n − 1 Z;
2p + n + 1, A l �k
Z.

A n �u
Z

dimkHCl(Λ̃) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

p + 1, A l �u
 I p �u
Z;
p, A l �u
 I p �k
Z;
p + n, A l �k
, p �k
 I 0 ≤ r < n − 1 Z;
p + n + 2, A l �k
, p �k
 I r = n − 1 Z;
p + n + 1, A l �k
 I p �u
Z.

bl OF? [24,  4.1.13] 'o:

dimkHCl(Λ̃) − dimkHCl(kn) = −(dimkHCl−1(Λ̃) − dimkHCl−1(kn))

+(dimkHHl(Λ̃) − dimkHHl(kn)).
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^ dimkHCl(Λ̃) − dimkHCl(kn) =
∑l

i=0(−1)l−i(dimkHHi(Λ̃) − dimkHHi(kn)).
Vn�

dimkHHi(kn) =

{
n, A i = 0 Z;
0, A i > 0 Z.

dimkHCl(kn) =

{
n, A l �k
Z;
0, A l �u
Z.

t`O 3.4 �	}^'wXt~!. Du.

4 Hochschild jcpd
r4o, e!0./�
 Λ̃ = kQ/I �N Hochschild ��
���
. � S, T �OT_

eU�Z�, � S// T = {(p, q) ∈ S × T | o(p) = o(q) I t(p) = t(q)}. Y k(S// T ) �� k �

` S// T �>�2pq;. �	Lo, B � Λ̃ = kQ/I ��A>, Γ � Λ̃! � k- >.
,vW HomΛ̃e(−, Λ̃) +,6 Λ̃ �MNUV<W�X (P•, δ•), wX HomΛ̃e((P•, δ•), Λ̃) =

(P ∗
• , δ∗•), >' P ∗

l = HomΛ̃e(Pl, Λ̃), %6ba� f ∈ P ∗
l , δ∗l+1(f) = δl+1f , I�

gk 4.1 ��
q/ (P ∗
• , δ∗•) ∼= (M•, σ•), >' M l := k(B//Γ(l)), σl+1 : M l → M l+1, I

%ba� (b, α) = (b, α
(l,i)

xj1yj2 ) ∈ B//Γ(l), �
σl+1(b, α) =(xi−1b, xi−1α) + (−1)l+1(bxi+j1−j2 , αxi+j1−j2)

+ (yib, yiα) + (−1)l+1(byi+j1−j2−1, αyi+j1−j2−1).

bl O P ∗
l =HomΛ̃e(Pl, Λ̃) = HomΛ̃e(

∐
α∈Γ(l) Λ̃o(α)⊗ t(α)Λ̃, Λ̃)=

∐
α∈Γ(l) HomΛ̃e(Λ̃o(α)⊗

t(α)Λ̃, Λ̃) ∼= ∐
α∈Γ(l) o(α)Λ̃t(α), 'o P ∗

l
∼= M l = k(B//Γ(l)), IO� σl 'O Λ̃ �MNUV<W

�X (P•, δ•) '%>�O�wX. Du.
O HH l(Λ̃) = Kerσl+1/Imσl o

dimkHH l(Λ̃) = dimk Ker σl+1 − dimk Imσl

= dimkM l − dimk Imσl − dimk Imσl+1.

*!0 Λ̃ � Hochschild ��
���
, st!0 dimkM l, dimk Imσl ^'.
gk 4.2 � Λ̃ = kQ/I �L�N�
 Λ � Zn-Galois ./�
, l = pn + r, >' p �3x

1
, 1
 r ME 0 ≤ r < n, c�

dimkM l =

{
2n + 4pn, A 0 ≤ r < n − 1 Z;
4n + 4pn, A r = n − 1 Z.

bl %ba� α
(l,j)

xj1yj2 ∈ Γ(l), O B// Γ(l) ��'o (ei, α
(l,j)

xj1yj2 ) ∈ B// Γ(l) AILA

α
(l,j)

xj1yj2 �d]�"]G�] i, ^ j = i, j1 ≡ j2 (mod n). 5s2, (xiyi, α
(l,j)

xj1yj2 ) ∈ B// Γ(l) A

ILA j = i, j1 ≡ j2 (mod n); (xi, α
(l,j)

xj1yj2 ) ∈ B// Γ(l) AILA j = i, j1 ≡ j2 + 1 (mod n);

(yi, α
(l,j)

xj1yj2 ) ∈ B//Γ(l) AILA j = i + 1, j1 ≡ j2 − 1 (mod n). t`, cY

El
1 = {(ei, α

(l,i)

xj1yj2 ) | j1 ≡ j2 (mod n), 0 ≤ i ≤ n − 1},
El

2 = {(xi, α
(l,i)

xj1yj2 ) | j1 ≡ j2 + 1 (mod n), 0 ≤ i ≤ n − 1},
El

3 = {(yi, α
(l,i+1)

xj1yj2 ) | j1 ≡ j2 − 1 (mod n), 0 ≤ i ≤ n − 1},
El

4 = {(xiyi, α
(l,i)

xj1yj2 ) | j1 ≡ j2 (mod n), 0 ≤ i ≤ n − 1},
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c
B//Γ(l) = El

1 ∪ El
2 ∪ El

3 ∪ El
4.

uh I n �k
.

(1) l �u
: c<& (ei, α
(l,i)

xj1yj2 ) ∈ El
1 z (xiyi, α

(l,i)

xj1yj2 ) ∈ El
4, c j2 = kn + j1, l =

kn + 2j1 (k ∈ Z), r� l �u
v{. t`=Z |El
1| = |El

4| = 0, B//Γ(l) = El
2 ∪ El

3.

A 0 ≤ r < n − 1 Z, %ba� xi ∈ B, c (xi, α
(l,i)

xj1yj2 ) ∈ El
2, cA j1 < j2 Z, O

j2 = kn+j1−1, l = kn+2j1−1'o k'w 1, 2, . . . , p,^� pa α
(l,i)

xj1yj2 ,xw (xi, α
(l,i)

xj1yj2 ) ∈ El
2;

A j1 > j2 Z, O j1 = kn+ j2 +1, l = kn+2j2 +1 'o k 'w 0, 1, . . . , p, ^� p+1 a α
(l,i)

xj1yj2 ,

xw (xi, α
(l,i)

xj1yj2 ) ∈ El
2. O xi �ba-, ^w |El

2| = (2p + 1)n. � |El
3| = (2p + 1)n, t`

dimkM l = |B//Γ(l)| = |El
2| + |El

3| = 2n + 4pn.

A r = n − 1 Z, 5s6�y�v, $waX j1 < j2 Z, k 'w 1, 2, . . . , p, p + 1, ^�
p + 1 a α

(l,i)

xj1yj2 , xw (xi, α
(l,i)

xj1yj2 ) ∈ El
2, t` |El

2| = (2p + 2)n. � |El
3| = (2p + 2)n, t`

dimkM l = |B//Γ(l)| = |El
2| + |El

3| = 4n + 4pn.

(2) l �k
: c<& (xi, α
(l,i)

xj1yj2 ) ∈ El
2, c j2 = kn + j1 − 1, l = kn + 2j1 − 1 (k ∈ Z). r

� l �k
v{, t` |El
2| = 0. � |El

3| = 0, t`=Z B//Γ(l) = El
1 ∪ El

4.

%ba� ei ∈ B,c (ei, α
(l,i)

xj1yj2 ) ∈ El
1,cA j1 ≤ j2 Z,O j2 = kn+j1, l = kn+2j1 'o k

'w 0, 1, . . . , p,^� p+1a α
(l,i)

xj1yj2 ,xw (ei, α
(l,i)

xj1yj2 ) ∈ El
1; A j1 > j2 Z,O j1 = kn+j2, l =

kn + 2j2 'o, k 'w 1, 2, . . . , p, ^� p a α
(l,i)

xj1yj2 , xw (ei, α
(l,i)

xj1yj2 ) ∈ El
1. O ei �ba-, ^

w |El
1| = (2p + 1)n. � |El

4| = (2p + 1)n, t` dimkM l = |B//Γ(l)| = |El
1|+ |El

4| = 2n + 4pn.

uh II n �u
.

(1) l �u
: %ba� k ∈ Z, Y k+ �Pr6 k �xrk
, k− �Pr6 k �xru
,
c� k+ + k− = 2k − 1.

A 0 ≤ r < n − 1 Z, %ba� xi ∈ B, c (xi, α
(l,i)

xj1yj2 ) ∈ El
2, cA j1 < j2 Z, O j2 =

kn+j1−1, l = kn+2j1−1'o k 'w 2, 4, . . . , p+,^� p+

2 a α
(l,i)

xj1yj2 ,xw (xi, α
(l,i)

xj1yj2 ) ∈ El
2;

A j1 > j2 Z, O j1 = kn + j2 + 1, l = kn + 2j2 + 1 'o k 'w 0, 2, . . . , p+, ^� p+

2 + 1 a
α

(l,i)

xj1yj2 , xw (xi, α
(l,i)

xj1yj2 ) ∈ El
2, O xi �ba-, ^w |El

2| = (p+ + 1)n. � |El
3| = (p+ + 1)n;

|El
1| = (p− + 1)n; |El

4| = (p− + 1)n, t` dimkM l = |B// Γ(l)| = |El
1| + |El

2| + |El
3| + |El

4| =
2(p− + p+)n + 4n = 2n + 4pn.

A r = n − 1 Z, 5s6�y�v, $waX j1 < j2 Z, k 'w 2, 4, . . . , p+, p + 1, ^�
p+

2 + 1 a α
(l,i+1)

xj1yj2 , xw (xi, α
(l,i+1)

xj1yj2 ) ∈ El
2. t` |El

2| = (p+ + 2)n. � |El
3| = (p+ + 2)n, t`

dimkM l = |B//Γ(l)| = |El
1| + |El

2| + |El
3| + |El

4| = 2(p− + p+)n + 6n = 4n + 4pn.

(2) c l �k
. 5s6 l �u
Z��v, Æ'wX: A 0 ≤ r < n − 1 Z, dimkM l =
|B// Γ(l)| = |El

1| + |El
2| + |El

3| + |El
4| = 2(p− + p+)n + 4n = 2n + 4pn; A r = n − 1 Z,

dimkM l = |B//Γ(l)| = |El
1| + |El

2| + |El
3| + |El

4| = 2(p− + p+)n + 6n = 4n + 4pn. Du.

%ba� (b, α
(l,i)

xj1yj2 ), (b
′
, α

(l,j)

xk1yk2
) ∈ B// Γ(l), |<& El

s, El
t (1 ≤ s, t ≤ 4), xw

(b, α
(l,i)

xj1yj2 ) ∈ El
s, (b

′
, α

(l,j)

xk1yk2
) ∈ El

t. A s �= t Z, � (b, α
(l,i)

xj1yj2 ) ≺ (b
′
, α

(l,j)

xk1yk2
) $} s < t;

A s = t Z, � (b, α
(l,i)

xj1yj2 ) ≺ (b
′
, α

(l,j)

xk1yk2
) $} j1 < k1, z j1 = k1 I b ≺ b

′
, c B// Γ(l) �

M l �4eA>. σl &reA>5�zy{Y� σl, rank σl ���z.
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gk 4.3 � Λ̃ = kQ/I �L�N�
 Λ � Zn-Galois ./�
, l = pn + r �= 0, >' p �

3x1
, 1
 r ME 0 ≤ r < n, c�

rank σl =

⎧⎪⎨⎪⎩
(2p + 1)(n − 1), A n �k
Z;
pn + (p + 1)(n − 1), A n, p ~�u
Z;
p(n − 1) + (p + 1)n, A n �u
, p �k
Z.

bl Y

Si =

⎛⎜⎜⎜⎝
U

U
. . .

U

⎞⎟⎟⎟⎠
i×i

, >' U =

⎛⎜⎜⎜⎜⎜⎝
(−1)l 1

1 (−1)l

. . . . . .
1 (−1)l

1 (−1)l

⎞⎟⎟⎟⎟⎟⎠
n×n

;

Ti =

⎛⎜⎜⎜⎝
V

V
. . .

V

⎞⎟⎟⎟⎠
i×i

, >' V =

⎛⎜⎜⎜⎜⎜⎝
(−1)l+1 −1

(−1)l+1 −1
. . . . . .

(−1)l+1 −1
−1 (−1)l+1

⎞⎟⎟⎟⎟⎟⎠
n×n

.

cA n�k
Z, rankV = rankU = n−1;A n�u
Z,c l�k
, rankU = n, rankV = n−1,
c l �u
, rankU = n − 1, rankV = n.

%ba��y X, Y X∗ = (X 0)��zy X _|[ n= 0_wX�zy, Y X∗∗ = (0 X)
��zy X r|[ n = 0 _wX�zy.

uh I n �k
.

(1) 0 < r < n − 1: A r �u
Z, l S�u
, O σl ��� B// Γ(l) �	J'o, σl &
B//Γ(l) 5�zy� 2 × 2 �}zy (

S2p+1 (−1)lS2p+1

0 0

)
,

t` rankσl = rankS2p+1 = (2p + 1)rankU = (2p + 1)(n − 1). 5s2, A r �k
Z, l S�k

, σl & B//Γ(l) 5�zy� 2 × 2 �}zy(

0 T2p+1

0 (−1)lT2p+1

)
,

t` rankσl = rankT2p+1 = (2p + 1)rankV = (2p + 1)(n − 1).

(2) r = n − 1: =Z l �u
, σl & B//Γ(l) 5�zy� 2 × 2 �}zy(
S∗

2p+1 (−1)lS∗∗
2p+1

0 0

)
,

t` rankσl = rankS2p+1 = (2p + 1)rankU = (2p + 1)(n − 1).

(3) r = 0: =Z l �k
, σl & B//Γ(l) 5�zy� 2 × 2 �}zy(
0 T ∗∗

2p

0 (−1)lT ∗
2p

)
,

t` rankσl = (2p + 1)rankV = (2p + 1)(n − 1).

uh II n �u
.



2� f gh: ihgj�k Zn-Galois lmj�k Hochschild(h) inj 251

(1) 0 < r < n − 1: A r �u
Z, σl & B//Γ(l) 5�zy�⎛⎜⎜⎝
0 Sp+1 (−1)lSp+1 0
0 0 0 Tp

0 0 0 (−1)lTp

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �k
, W� rankσl = rankSp+1 + rankTp = (p + 1)rankU + p rankV =
(p+1)(n−1)+pn; c l �k
,c p�u
, W� rankσl = rankSp+1 +rankTp = (p+1)rankU +
p rankV = (p+1)n+p(n−1). 5s2, A r �k
Z, σl & B//Γ(l) 5�zy� 4×4�}zy⎛⎜⎜⎝

0 Sp (−1)lSp 0
0 0 0 Tp+1

0 0 0 (−1)lTp+1

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �u
, W� rankσl = rankSp + rankTp+1 = p rankU + (p + 1)rankV =
p(n − 1) + (p + 1)n; c l �k
, c p �k
, W� rankσl = rankSp + rankTp+1 = p rankU +
(p + 1)rankV = pn + (p + 1)(n − 1).

(2) r = n − 1: σl & B//Γ(l) 5�zy�⎛⎜⎜⎝
0 S∗

p (−1)lS∗∗
p 0

0 0 0 Tp+1

0 0 0 (−1)lTp+1

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �u
, W� rankσl = rankSp + rankTp+1 = p rankU + (p + 1)rankV =
p(n − 1) + (p + 1)n; c l �k
, c p �k
, W� rankσl = rankSp + rankTp+1 = p rankU +
(p + 1)rankV = pn + (p + 1)(n − 1).

(3) r = 0: σl & B//Γ(l) 5�zy�⎛⎜⎜⎝
0 Sp (−1)lSp 0
0 0 0 T ∗∗

p

0 0 0 (−1)lT ∗
p

0 0 0 0

⎞⎟⎟⎠ .

c l �u
, c p �u
, W� rankσl = rankSp + rankTp+1 = p rankU + (p + 1)rankV =
p(n − 1) + (p + 1)n; c l �k
, c p �k
, W� rankσl = rankSp + rankTp+1 = p rankU +
(p + 1)rankV = pn + (p + 1)(n − 1). Du.

jk 4.4 � Λ̃ = kQ/I �L�N�
 Λ � Zn-Galois ./�
, l = pn + r, >' p �3x

1
, 1
 r ME 0 ≤ r < n, cA n �k
Z

dimkHH l(Λ̃) =

⎧⎪⎨⎪⎩
n + 1, A l = 0 Z;
4p + 2, A l > 0 I 0 ≤ r < n − 1 Z;
4p + 4, A l > 0 I r = n − 1 Z.

A n �u
Z

dimkHH l(Λ̃) =

⎧⎪⎨⎪⎩
n, A l = 0 Z;
2p, A l > 0, 0 ≤ r < n − 1 I p �k
Z;
2p + 2, >�.
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bl A l = 0 Z, c n �k
, dimkHH0(Λ̃) = dimkM0 − rank σ1 = 2n− (n− 1) = n + 1;
c n �u


dimkHH0(Λ̃) = dimkM0 − rank σ1 = 2n − n = n.

A l > 0 Z, O| 4.2, | 4.3 � dimkHH l(Λ̃) = dimkM l − rank σl − rank σl+1 'wX

t . Du.
i} 4.5 � Λ �L�N�
, Λ̃ = kQ/I � Λ � Zn-Galois ./�
, c dimkHHl(Λ̃) =

dimkHH l(Λ̃).
i} 4.6[20] � Λ �L�N�
, Λ̃ = kQ/I � Λ � Zn-Galois ./�
, cA n = 2 Z, %

ba� l > 0, �� dimkHH l(Λ̃) = dimkHH l(Λ).
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