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1 <=>?@AB
� N , R ���C�	��
	�, � N0 = N ∪ {0}. �

S = Sd =
{
x = (x1, x2, . . . , xd) ∈ Rd |xi ≥ 0, |x| ≤ 1

}
 Rd (d ∈ N) D�	
�. ���� x ∈ S, k = (k1, k2, . . . , kd) ∈ Nd

0 , ��

|x| =
d∑

i=1

xi, xk = xk1
1 xk2

2 . . . xkd

d .
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� q ≥ 1, ��� n ∈ N0, �� q- 	 [n]q �� q- �� [n]q! ��

[n]q := 1 + q + · · · + qn−1 (n ∈ N), [0]q := 0; [n]q! := [1]q[2]q · · · [n]q (n ∈ N), [0]q! := 1.

��� k = (k1, k2, . . . , kd) ∈ Nd
0 , n ∈ N0, �� q- 	 [k]q � q- ��� 	��

[k]q = [(k1, k2, . . . , kd)]q := ([k1]q, [k2]q, . . . , [kd]q)

� [
n
k

]
q

:=
[n]q!

[k1]q![k2]q! · · · [kd]q![n − |k|]q! .

!�, � q = 1, k ∈ N0,

[n]1 = n, [n]1! = n!, [k]1 = k = (k1, k2, . . . , kd),
[
n
k

]
1

=
(

n
k

)
.

��� x = (x1, x2, . . . , xd), y = (y1, y2, . . . , yd), � d(x,y)  x � y �"�#��$, �

d(x,y) =
√

(x1 − y1)2 + (x2 − y2)2 + · · · + (xd − yd)2.

� VS �% S ����&�	'&(�� , ei = (0, . . . , 0,
ith
1 , 0, . . . , 0) �% Rd D�	'&

(. �K x ∈ S, ξ ∈ VS , ����)!	

ϕξ(x) =
√

inf
x+λξ∈S, λ≥0

d(x,x + λξ) inf
x−λξ∈S, λ≥0

d(x,x − λξ),

"#

ϕ2
ξ(x) =

{
xi(1 − |x|), ξ = ei, 1 ≤ i ≤ d,

2xixj , ξ = (ei − ej)/
√

2, 1 ≤ i < j ≤ d.

��*�+L
P (D) =

∑
ξ∈VS

ϕ2
ξ(x)

( ∂

∂xi

)2

,

M
P (D) =

d∑
i=1

xi(1 − |x|)
( ∂

∂xi

)2

+
∑

1≤i<j≤d

xixj

( ∂

∂xi
− ∂

∂xj

)2

.

� C(S)  S ,�-./0!	$%�� . �K f ∈ C(S), �� K- &!

K(f, t) = inf
g∈C3(S)

{
||f − g|| + t2||P (D)g|| + t3 sup

ξ∈VS

∣∣∣∣∣∣ϕ3
ξ

( ∂

∂xi

)3

g
∣∣∣∣∣∣},

�D 0 < t < t0, t0 1'��N(	. �K q ≥ 1, f ∈ C(S), 23�� d 4 q-Stancu )��

Mn,qf = Mn(f, q;x) =
∑

|k|≤n−s

Pn−s,k

{
(1 − |x|)f

( [k]q
[n]q

)
+

d∑
i=1

xif
( [k]q + [s]qei

[n]q

)}
, (1)

�D
Pn−s,k =

[
n − s

k

]
q

xk(1 − |x|)n−s−|k|, x ∈ S, n ∈ N, s ∈ Z, 0 ≤ s ≤ √
n/2.

!�, � q = 1 5, Mn,qf *� Stancu )��, � q = 1, s = 0 + s = 1 5, Mn,qf *6,

O7� Bernstein )��. PK23Q89-	 q, .�R:; q ≥ 1, <=>/ q-Stancu )��
0 Stancu )��� Bernstein )��1S23&�4�?. 5@A, 6K78 Bernstein )��
�19T:B:�&*�;U<V�=��>=?@ [1−10]. 1981 @, Stancu [3] ��9 Stancu
)��UA?@AC� Bernstein)��. "BWC, Stancu)��QD9E)FX�DEGH,
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O)6K Stancu )���B:%PNQRO [3−8]. P [6] B:9 Stancu )����S?.�
[Q9�TU!	� Lipschitz ?\. RU]VW5^X1, P [7] [Q9 Stancu )���/
0!	�W5?\, SY9W5TZ�W5�. P [8] B:9)_ Stancu )��`/0UW[�
6 .

23a\+L�]���V��]�W�SY�X�T:�,RSV�919+L�]��
�]�W, ^YbN_Z�W5?Y. `P[aQ8-	, ��1W0 Stancu )��23&� q-
Stancu )��, '/bW)��W5�,��cde, @#'/��/0!	�]cW5� (]
��) ��\dSY. B]fB:9bW)��W5/0!	�]�W. `Pe:gP��h

fg 1 � f(x) ∈ C(S), s ∈ N0. ^ s �_K n/2 �(	, +X s = s(n) ` n S6i_K√
n/2, MS

(i) W5,cde
||Mn,qf − f || ≤ CK(f, [n]−

1
2

q ), (2)

(ii) W5�cde

K(f, [n]−
1
2

q ) ≤ C[n]−
3
2

q

n∑
i=1

i
1
2 ||Mi,qf − f ||, (3)

(iii) ]�Wde

||Mn,qf − f || = O([n]−α
q ) ⇐⇒ K(f, t) = O(t2α), 0 < α < 1, (4)

(iv) ]��de
||Mn,qf − f || = o([n]−1

q ) ⇐⇒ f ∈ Π1, (5)

�D Πm ��	jka m �)��-.$%�� , C �` f, n, x `6�N(	, i�h<Y
i,�PDja.

2 jk<l
9[Q23�gb, c:'/=�Qd.
mg 1 � q ≥ 1, ��� m,n ∈ N0, m ≥ n, nle+<�
(i) m ≤ [m]q, (ii) [m]q+[n]q ≤ [m + n]q, (iii) [m]q + 1 ≤ [m + 1]q, (iv) [m− n]q ≤ [m]q−[n]q.
��	
� S m�Ce�Æn Ti, i = 1, 2, . . . , d,

Ti(x) = u, u = (x1, x2, . . . , xi−1, 1 − |x|, xi+1, . . . , xd), x ∈ S,

fg>/ T 2
i = I (I �	'Æn),⎧⎪⎪⎨

⎪⎪⎩
∂

∂ul
=

∂

∂xl
− ∂

∂xj
, l 	= j, l, j = 1, 2, . . . , d,

∂

∂uj
= − ∂

∂xj
, j = 1, 2, . . . , d.

RU,h6 , ;UP [6, �d 2] ��=<�:
mg 2 ^ fTi(u) = f(Tix), M

Mn(f, q;x) = Mn(fTi , q;Tix), Mn(f, q;Tix) = Mn(fTi , q;x). (6)

mg 3 ^ ξ ∈ VS , v = 0, 1, f ∈ Cr(S), r ∈ N0, M∣∣∣∣∣∣ϕr+v
ξ

( ∂

∂ξ

)r+v

Mn,qf
∣∣∣∣∣∣ ≤ C[n]

v
2
q

∣∣∣∣∣∣ϕr
ξ

( ∂

∂ξ

)r

f
∣∣∣∣∣∣. (7)
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op i ξ = ej (j = 1, 2, . . . , i− 1, i + 1, . . . , d) �j�` ξ = ei, i ∈ {1, 2, . . . , d} �j��
�S�, opk[Q ξ = ei 5, (7) �%Æ�<. ^ ξ = (ei − ej)/

√
2, � η = ej . P (6) �, <�∣∣∣∣∣∣ϕr+v

ξ (x)
( ∂

∂ξ

)r+v

Mn(f, q;x)
∣∣∣∣∣∣= ∣∣∣∣∣∣ϕr+v

η (Tix)
( ∂

∂η

)r+v

Mn(fTi , q;Tix)
∣∣∣∣∣∣

=
∣∣∣∣∣∣ϕr+v

η (u)
( ∂

∂η

)r+v

Mn(fTi , q;u)
∣∣∣∣∣∣

≤C[n]
v
2
q

∣∣∣∣∣∣ϕr
η(u)

( ∂

∂η

)r

fTi(u)
∣∣∣∣∣∣

=C[n]
v
2
q

∣∣∣∣∣∣ϕr
ξ

( ∂

∂ξ

)r

f
∣∣∣∣∣∣.

��� x ∈ Rd, � |k| < 0 + |k| > n 5, � Pn,k(x) ≡ 0, M
∂

∂xi
Pn,k(x) = [n]q

(
Pn−1,k−ei(x) − Pn−1,k(x)

)
.

�K!	 f ∈ Cr(S), ��!	l�& e qr h � r �m&s�

�r
hef(x) =

⎧⎪⎨
⎪⎩

r∑
i=0

(
r
i

)
(−1)r−if(x + ihe), x,x + rhe ∈ S,

0, �n.

P (1) <a
Mn(f, q;x)=

∑
|k|≤n−s

(1 − |x∗|)Pn−s,k(x)f
( [k]q

[n]q

)
+ xiPn−s,k(x)� [s]q

[n]q
ei

f
( [k]q

[n]q

)

+
d∑

j=1
j �=i

xj

∑
|k|≤n−s

Pn−s,k(x)f
( [k]q + [s]qej

[n]q

)
,

�D x∗ = (x1, . . . , xi−1, xi+1, . . . , xd) ∈ Sd−1, |x∗| =
∑d

j=1
j �=i

xj . nle+<�( ∂

∂xi

)r+v

Mn(f, q;x) = ([n − s]q) · · · ([n − s − r + 1]q)(1 − |x∗|)

×
∑

|k|≤n−s−r

�r
1

[n]q
ei

f
( [k]q

[n]q

)( ∂

∂xi

)v

Pn−s−r,k(x)

+ r([n − s]q) · · · ([n − s − r + 2]q)

×
∑

|k|≤n−s−r+1

�r−1
1

[n]q
ei

(
� [s]q

[n]q
ei

f
( [k]q

[n]q

))( ∂

∂xi

)v

Pn−s−r,k(x)

+ ([n − s]q) · · · ([n − s − r + 1]q)

×
∑

|k|≤n−s−r

�r
1

[n]q
ei

(
� [s]q

[n]q
ei

f
( [k]q

[n]q

))( ∂

∂xi

)v

(xiPn−s−r,k(x))

+ ([n − s]q) · · · ([n − s − r + 1]q)

×
d∑

j=1
j �=i

xj

∑
|k|≤n−s−r

�r
1

[n]q
ei

f
( [k]q + [s]qej

[n]q

)( ∂

∂xi

)v

Pn−s−r,k(x)

:=
4∑

i=1

Ii. (8)
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qB, ;UP [9, �d 4.1] ��=<[Q (7) i s = 0 5%Æ. �oRk[Q s > 0 �j�. PK∣∣∣�r−1
1

[n]q
ei

(
� [s]q

[n]q
ei

f
( [k]q

[n]q

))∣∣∣
=
∣∣∣ ∫ 1

[n]q

0

· · ·
∫ 1

[n]q

0

∫ [s]q
[n]q

0

f
( [k]q

[n]q
+ ei

r∑
j=1

tj

)
dt1dt2 · · · dtr

∣∣∣
≤
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣ ∫ 1

[n]q

0

· · ·
∫ 1

[n]q

0

∫ [s]q
[n]q

0

(( [ki]q
[n]q

+
r∑

j=1

tj

)(
1− [|k|]q

[n]q
−

r∑
j=1

tj

))− r
2
dt1dt2 · · · dtr

≤
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣[n]1−r

q

∫ [s]q
[n]q

0

(( [ki]q
[n]q

+ t
)(

1 − [|k|]q
[n]q

− [r − 1]q
[n]q

− t
))− r

2
dt

≤
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣[n]1−r

q

(∫ [s]q
[n]q

0

( [ki]q
[n]q

+ t
)− 1

2
(
1 − [|k|]q

[n]q
− [r − 1]q

[n]q
− t
)− 1

2
dt
)r

,

K�, �K |k| ≤ n − s − r + 1, S∫ [s]q
[n]q

0

( [ki]q
[n]q

+ t
)− 1

2
(
1 − [|k|]q

[n]q
− [r − 1]q

[n]q
− t
)− 1

2
dt

≤
(
1 − [|k|]q

[n]q
− [r − 1]q

[n]q
− [s]q

2[n]q

)− 1
2
∫ [s]q

[n]q

0

( [ki]q
[n]q

+ t
)− 1

2
dt

+
( [ki]q

[n]q
+

[s]q
2[n]q

)− 1
2
∫ [s]q

[n]q

[s]q
2[n]q

(
1 − [|k|]q

[n]q
− [r − 1]q

[n]q
− t
)− 1

2
dt

≤
√

2[s]q[n]−1
q

( [n]q
[n]q − [|k|]q − [r + 1]q

) 1
2
( [n]q

[ki]q + [s]q/2

) 1
2

+
√

2[s]q(2[n]q)−1
( [n]q

[n]q + [s]q

) 1
2
( [n]q

[n]q − [|k|]q − [r + 1]q − [s]q/2

) 1
2

≤ 4[s]q[n]−1
q

( [n]q
[ki]q + [s]q

) 1
2
( [n]q

[n]q − [|k|]q − [r + 1]q

) 1
2
,

��K |k| ≤ n − s − r + 1, �∣∣∣�r−1
1

[n]q
ei

(
� [s]q

[n]q
ei

f
( [k]q

[n]q

))∣∣∣ ≤C[s]q[n]−r
q

( [n]q
[ki]q + [s]q

) r
2
( [n]q

[n]q − [|k|]q − [r + 1]q

) r
2
.

\�t, �K |k| ≤ n − s − r, %Æ∣∣∣�r
1

[n]q
ei

(
f
( [k]q

[n]q

))∣∣∣ ≤ C[n]−r
q

( [n]q
[ki]q + 1

) r
2
( [n]q

[n]q + [|k|]q − [r + 1]q

) r
2
.

ad, �K |k| ≤ n − s − r, i = 1, 2, . . . , j − 1, j + 1, . . . , d, S∣∣∣�r
1

[n]q
ei

(
f
( [k]q + [s]qei

[n]q

))∣∣∣ ≤ C[n]−r
q

( [n]q
[ki]q + [s]q

) r
2
( [n]q

[n]q − [s]q − [|k|]q − [r + 1]q

) r
2
,

∣∣∣�r
1

[n]q
ej

(
f
( [k]q + [s]qej

[n]q

))∣∣∣ ≤ C[n]−r
q

( [n]q
[kj ]q + [s]q

) r
2
( [n]q

[n]q − [s]q − [|k|]q − [r + 1]q

) r
2
.

^ v = 0, P
ϕ2r

ei
(x)Pn−r−s,k(x)=

[ki + 1]q · · · [ki + r]q[n − s − |k| − r + 1]q · · · [n − s − |k|]q
[n − s − r + 1]q · · · [n − s + r]q

×Pn+r−s,k+rei (x),
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�

A(n,k) :=
[ki + 1]q · · · [ki + r]q[n − s − |k| − r + 1]q · · · [n − s − |k|]q

[n − s − r + 1]q · · · [n − s + r]q

×
( [n]q

[ki + 1]q

)r( [n]q
[n − |k| − r + 1]q

)r

≤ C,

<�

|ϕr
ei

(x)I1| ≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣ ∑

|k|≤n−s−r

(xi(1 − |x|)) r
2

( [n]q
[ki]q + 1

) r
2

×
( [n]q

[n]q − [|k|]q − [r + 1]q

) r
2
Pn−r−s,k(x)

≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣{ ∑

|k|≤n−s−r

A(n,k)Pn−r−s,k+rei (x)
} 1

2

≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣, (9)

|ϕr
ei

(x)I2| ≤ C[s]q[n]−1
q

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣ ∑

|k|≤n−s−r+1

(xi(1 − |x|)) r
2

×
( [n]q

[ki]q + 1

) r
2
( [n]q

[n]q − [|k|]q − [r + 1]q

) r
2
Pn−r−s,k(x)

≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣{ ∑

|k|≤n−s−r+1

Pn−s+r+1,k+rei (x)

× [ki + 1]q · · · [ki + r]q[n − s − |k| − r + 1]q · · · [n − s − |k|]q
[n − s − r + 1]q · · · [n − s + r]q

×
( [n]q

[ki]q + [s]q

)r( [n]q
[n]q − [|k|]q − [r + 1]q

)r
} 1

2

≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣. (10)

Wpt, <�

|ϕr
ei

(x)I3| ≤ ([n − s]q) · · · ([n − s − r + 1]q)
∑

|k|≤n−s−r

Pn−s−r,k(x)ϕr
ei

(x)

×
{∣∣∣�r

1
[n]q

ei
f
( [k]q + [s]qei

[n]q

)∣∣∣+ ∣∣∣�r
1

[n]q
ei

f
( [k]q

[n]q

)∣∣∣}

≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣, (11)

|ϕr
ei

(x)I4| ≤
d∑

j=1
j �=i

xj([n−s]q)· · ·([n−s−r+1]q)
∑

|k|≤n−s−r

∣∣∣�r
1

[n]q
ei

f
( [k]q+[s]qei

[n]q

)∣∣∣Pn−s−r,k(x)

≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣. (12)

iB, P (8)–(12) �, �∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

Mn,qf
∣∣∣∣∣∣ ≤ C

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣, i = 1, 2, . . . , d. (13)
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;UP [10, (3.8) �] ��=, <�

B(n,k) := ϕ−2
ei

(x)
∑

|k|≤n−s−r

(
[ki]q(1 − |x|) − ([n − |k| − s]q − r)xi

)2
Pn−s−r,k(x)

≤ ([n]q − [s]q − r)

(
1 −

d∑
j=1
j �=i

xj

)
. (14)

^ v = 1, MP
∂

∂xi
Pn,k(x) =

ki(1 − |x|) − (n − |k|)xi

xi(1 − |x|) Pn,k(x) ≤ [ki]q(1 − |x|) + [|k|]qxi

xi(1 − |x|) Pn,k(x)

� (14) �, �

|ϕr+1
ei

(x)I1| ≤ C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣(B(n,k))

1
2

×
{

(xi(1−|x|))r
∑

|k|≤n−s−r

Pn−s−r,k(x)
( [n]q

[ki]q+1

)r( [n]q
[n]q−[|k|]q−[r + 1]q

)r
} 1

2

≤ C[n]
1
2
q

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣. (15)

ad<�

|ϕr+1
ei

(x)I2| ≤ C[n]
1
2
q

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣, |ϕr+1

ei
(x)I4| ≤ C[n]

1
2
q

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣.

B]

|ϕr+1
ei

(x)I3|≤ ([n − s]q) · · · ([n − s − r + 1]q)
∑

|k|≤n−s−r

{∣∣∣�r
1

[n]q
ei

f
( [k]q + [s]qei

[n]q

)∣∣∣
+
∣∣∣�r

1
[n]q

ei
f
( [k]q

[n]q

)∣∣∣}(Pn−s−r,k(x) +
∣∣∣ ∂

∂xi
Pn−s−r,k(x)

∣∣∣)

≤C
∣∣∣∣∣∣ϕr

ei

( ∂

∂xi
)rf
∣∣∣∣∣∣+ C[n]

1
2
q

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣ ≤ C[n]

1
2
q

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣.

iB ∣∣∣∣∣∣ϕr+1
ei

( ∂

∂xi

)r+1

Mn,qf
∣∣∣∣∣∣ ≤ C[n]

1
2
q

∣∣∣∣∣∣ϕr
ei

( ∂

∂xi

)r

f
∣∣∣∣∣∣, i = 1, 2, . . . , d. (16)

r (13) � (16) �, Qd 3 [u.
mg 4 � Πm �	jka m �-.)��q[. ^ P ∈ Πm, m ≤ √

n, M∣∣∣Mn(P, q;x) − P (x) − 1
2[n]q

(
1 +

[s]q([s]q − 1)
[n]q

) ∑
ξ∈VS

ϕ2
ξ(x)

( ∂

∂xi

)2

P (x)
∣∣∣ ≤ C[n]−2

q m4||P ||.

op ;UP [9, �d 5.1] ��=�<[QQd 4, Bvrstw.
�K f ∈ C(S), ��u1 K- &!

Kr,S(f, tr) = inf
g∈Cr(S)

{
||f − g|| + tr sup

ξ∈VS

∣∣∣∣∣∣ϕr
ξ

( ∂

∂xi

)r

g
∣∣∣∣∣∣}. (17)

RU (17) �, <��o�Qd 5.
mg 5 � Em(f) !	 f �]VW5, Pm ∈ Πm, m = [

√
[n]q] (“[x]” �% x �vs!

	), w� ||Pm − f || ≤ CEm(f). ^ f ∈ C(S), M∥∥∥∥Mn,qPm − Pm − 1
2[n]q

(
1 +

[s]q([s]q − 1)
[n]q

)
P (D)Pm

∥∥∥∥ ≤ CK3,S(f, [n]−
3
2

q ). (18)
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op xt Pj ∈ Πj , w� ||Pj − f || ≤ CEj(f). RU
Pm = Pm − P2l +

l∑
j=1

(P2j − P2j−1) + P1, l = max{j | 2j < m}, Mn,qP1 − P1 = P (D)P1 = 0,

�Qd 4, <�

J(n) :=
∥∥∥∥Mn,qPm − Pm − 1

2[n]q

(
1 +

[s]q([s]q − 1)
[n]q

)
P (D)Pm

∥∥∥∥
≤ C[n]−2

q

(
m4||Pm − P2l || +

l∑
j=1

24j ||P2j − P2j−1 ||
)

≤ C[n]−2
q

(
m4E2l(f) +

l∑
j=1

24(j+1)E2j (f)
)

≤ C[n]−2
q

l∑
j=1

24(j+1)E2j (f).

u], ;UP [11, �d 1.1] �P [9, (3.10) �] ��=, �a
En(f) ≤ CKa,S

(
f,

C1

[n]aq

)
, (19)

�D C1 �1x��(	. � a = 3, P m = [
√

[n]q], 2l ≤ m ≤ 2l+1, �

J(n) ≤ C[n]−2
q

l∑
j=1

24(j+1)K3,S(f, 2−3j) ≤ C[n]−2
q

l∑
j=1

23l+jK3,S(f, 2−3l)

≤ C[n]−2
q 23lK3,S(f, 2−3l)

l∑
j=1

2j ≤ C[n]−2
q 24lK3,S(f, 2−3l)

≤ CK3,S(f, [n]−
3
2

q ).

Qd 5 [u.

3 ul 1 vwx
(2) yop PP [12], <a

||P (D)Pm|| ≤ Cm2K∗(f,m−1), (20)

�D K∗(f, t) = infg∈C2(S){||f − g|| + t2||P (D)g||}. RU (17)–(20) �, �

||Mn,qf − f ||≤
∥∥∥∥Mn,qPm − Pm − 1

2[n]q

(
1 +

[s]q([s]q − 1)
[n]q

)
P (D)Pm

∥∥∥∥
+
∥∥∥∥ 1

2[n]q

(
1 +

[s]q([s]q − 1)
[n]q

)
P (D)Pm

∥∥∥∥
≤CK3,S(f, [n]−

3
2

q ) + CK∗
(

f,
1

[n]q

(
1 +

[s]q([s]q − 1)
[n]q

) 1
2
)

+ 2||f − Pm||

≤CK3,S(f, [n]−
3
2

q ) + CK∗(f, [n]−
1
2

q ) + CEm(f)

≤C
(
K3,S(f, [n]−

3
2

q ) + K∗(f, [n]−
1
2

q )
) ≤ CK(f, [n]−

1
2

q ).

qB, (2) [u.
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(3) yop ��y4+L Mk
n,qf = Mn,qM

k−1
n,q f, k ≥ 1, M0

n,qf ≡ f. P (17) �, �

K3,S(f, t4) ≤ ||f − M4
k,qf || + t4 sup

ξ∈VS

∣∣∣∣∣∣ϕ4
ξ

( ∂

∂ξ

)4

M4
k,qf

∣∣∣∣∣∣,
||f−M4

k,qf || =
∣∣∣∣∣∣ 3∑

j=0

(M j+1
k,q f−M j

k,qf)
∣∣∣∣∣∣ ≤ 3∑

j=0

||M j
k,q(Mk,qf−f)|| ≤ C||Mk,qf−f ||.

z{RUQd 3, �

sup
ξ∈VS

∣∣∣∣∣∣ϕ4
ξ

( ∂

∂ξ

)4

M4
n,qf

∣∣∣∣∣∣ ≤ C sup
ξ∈VS

∣∣∣∣∣∣ϕ4
ξ

( ∂

∂ξ

)4

f
∣∣∣∣∣∣, sup

ξ∈VS

∣∣∣∣∣∣ϕ4
ξ

( ∂

∂ξ

)4

M4
n,qf

∣∣∣∣∣∣ ≤ C[n]2q ||f ||.

iB

K4,S(f, t4) ≤ C
(||Mk,qf − f || + t4k2K4,S(f, k−2)

)
. (21)

;UP [13, 469 y] +P [14|�d 9.3.6 ] ��=, .RU (21) �, <�

K4,S(f, t4) ≤ Ctρ
( ∑

1≤k≤t−2

k
ρ
2−1||Mk,qf − f || + ||f ||

)
, ρ ∈ (0, 4).

PPz [9, (3.16) �], <�

Kr,S(f, tr) ≤ C

{
tr

∑
1≤k≤t−1

kr−1Kr+1,S(f, k−r−1) + tr||f ||
}

.

iB

K3,S(f, t3)≤Ct3
( ∑

1≤k≤t−1

k2−ρ
∑

1≤l≤k2

l
ρ
2−1||Ml,qf − f || + ||f ||

)

≤Ct3
( ∑

1≤l≤t−2

l
ρ
2−1||Ml,qf − f ||

∑
k≥√

l

k2−ρ + ||f ||
)

.

v 3 < ρ < 4, M
K3,S(f, t3) ≤ Ct3

( ∑
1≤l≤t−2

l
1
2 ||Ml,qf − f || + ||f ||

)
. (22)

�K'�� n ∈ N , xt n0 ∈ N {z [n]q
2 < n0 < [n]q, w�

||Mn0,qf − f || = min
[n]q
2 <k<[n]q

||Mk,qf − f ||.

�P Pm ∈ Πm, ||Pm − f || = Em(f), m = [
√

n0], |}

K(f,m−1) ≤ ||f − Pm|| + m−2||P (D)Pm|| + m−3 sup
ξ∈VS

∣∣∣∣∣∣ϕ3
ξ

( ∂

∂ξ

)3

Pm

∣∣∣∣∣∣. (23)

PP [11, (4.4) �], <�

m−3 max
ξ∈VS

∣∣∣∣∣∣ϕ3
ξ

( ∂

∂ξ

)3

Pm

∣∣∣∣∣∣ ≤ K3,S(f,m−3).

RU (18) � (19) �, �( 1
2m

)2

||P (D)Pm||≤ 1
m

(
1 +

[s]q([s]q − 1)
[n]q

)
||P (D)Pm||

≤C
(
K3,S(f,m−3) + ||Mn0,qPm − Pm||)

≤C
(
K3,S(f,m−3) + 2Em(f) + ||Mn0,qf − f ||)

≤C
(
K3,S(f,m−3) + ||Mn0,qf − f ||).
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i (22) �Dv t = m−1, .RU (23) �, <�

K(f, [n]−
1
2

q ) ≤ K(f,m−1) ≤ C

(
n
− 3

2
0

n0∑
l=1

l
1
2 ||Ml,qf − f || + ||Mn0,qf − f || + n

− 3
2

0

)
.

i

||Mn0,qf − f || ≤ 2
[n]q

n∑
l=n/2

||Ml,qf − f || ≤ C[n]−
3
2

q

n∑
l=1

l
1
2 ||Ml,qf − f ||,

~=

K(f, [n]
1
2
q ) ≤ C[n]−1

q

n∑
l=1

l
1
2 ||Ml,qf − f || + C[n]−

3
2

q ||f ||.

RU (
∂
∂ξ

)2
P1 = 0, K(f − P1, t) = K(f, t), E1(f) ≤ ||M1,qf − f ||, <�

K(f, [n]−
1
2

q ) ≤ C[n]−
3
2

q

n∑
l=1

l
1
2 ||Mn,qf − f ||.

(3) [u.
(4) yop r (2) � (3) Æ�<� ||Mn,qf − f || = O([n]−α

q ) ��p� K(f, [n]−
1
2

q ) =
O([n]−α

q ), 0 < α < 1. (4) [u.
(5) yop }�?�Q!�, �[~:?. ^ ||Mn,qf − f || = o([n]−α

q ), MP (3) �a
K(f, [n]−

1
2

q ) = o([n]−1
q ). Æ��{�i fη ∈ C3(S), w�

||fη − f || → 0, ||P (D)fη|| → 0, [n]−
3
2

q ||ϕ3
ξ

( ∂

∂ξ

)r

fη|| → 0, η → 0.

P En(f) ≤ CKa,S

(
f, C1

[n]aq

)
, <a En(f) = 0. PB� f ∈ Π1. (5) [u.
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