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Abstract There have been many studies on interpolation by neural networks in Eu-
clidean spaces. However, there are plentiful concrete problems which must be measured
by using non-Euclidean metrics. This paper deals with the interpolation and approx-
imation of neural networks in general non-Euclidean spaces. That is, first construct
interpolation networks in general spaces, and then construct approximate interpolation
networks, finally, study the approximation of continuous functional with approximating
network.
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1 ab
� (X, ρ) �����	�, ρ �
��, S = {x0, x1, . . . , xn} � (X, ρ) �� n + 1 ����

� (X ������), {yi : i = 0, 1, . . . , n} ⊂ R, 	�	
{(x0, y0), (x1, y1), . . . , (xn, yn)} (1)
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"���#�. � f : X → R, ��$ f(xi) = yi (i = 0, 1, . . . , n), � 	�	 f "��#� (1)
�������. !��%"&#$'% Ne(x) �$(�

Ne(xj) = yj , j = 0, 1, . . . , n,

)& Ne(x)�#� (1)���Æ'��'%. !��(*+) ε, �%"&#$'% Na(x), *�

|Na(xj) − yj | < ε, j = 0, 1, . . . , n,

)	 Na(x)� ,#� (1)���+,��'%. �� R-!-�..�) σ "	" Sigmoidal
�), !�/�$(�

lim
x→−∞σ(x) = 0, lim

x→+∞σ(x) = 1.

/,#$'%%0#12��3#401256$"#$'%�%+40, 35,+45,6
��7 8#$'%%+40�97 (&'Æ [1–11]). 8�(9,  ,#$'%���40�7
�#$'%:;:12�97<�;�. Shrivatava : Dasgupta [12] %)*�) φ(x) "�)
Sigmoidal �) S(x) = 1

1+e−x =, +,>Æ'��'%�%<�-)=?. Ito : Saito [13] =
?>.)*�) φ �/0� Sigmoidal �)=, Æ'��'%��%�. @1, A>BCÆ'�
�'%�2DE�345�. ,�, 6�6&?B+,��'%�97, Sontag %Æ [14] �@F
;6A�40. B+, Llanas : Sainz [15] %)*�)"/0� Sigmoidal �)�(�C, +,G
7"&Æ'��'%�%<�-)=?, Xie : Cao [16] �,�8� Sigmoidal )*�)9 d D
Euclid 	�����#�, :;<E>Æ'��9+,���=F7"&#$'%, >:;?2
/��HG�)�%+H@, I,#$'%��:�8-)#JI����K@�. AL.� 
,'%���975#�%JK	� R

d �LM�, MBJK	���NC2���	�, A%
OD�, 	�$CENF�O/JK	��#$'%��:%+40, >�PG�)PP�5�
�QI+,�. RH, 	�.IS%�8���	��97#$'%���:%+40. �ÆJ
2KT,Æ [15] �(L, U6VL��W�)*�) gj(x), %��	��<EÆ'��:+,
��'%, >2;%+��	���HG��.

�,��	� (X, ρ) ���� S = {x0, x1, . . . , xn}, A > 0, Q

gj(x,A) =
e−Aρ(x,xj)∑n
i=0 e−Aρ(x,xi)

, j = 0, 1, . . . , n, x ∈ X.

X , gj(x,A) �Y<ZM
N(x) =

n∑
j=0

cjgj(x,A),

) N(x) 25:C"��R7"&#$'%�S[: N�7"TU7, TU" x(x ∈ X), NO7
"��\P:7, Q x R" ρ(x, xj), 2DTU&E:��V���, �X"NG7�TU, NG
7A. n + 1 �#$], N j �#$]�)*�)" gj(x,A), NR7"T,7, T,E" N(x).

2 fghijkl
Q K " X -�WS, {x0, x1, . . . , xn} ⊂ K, 	�X^TSM Nn+1 = {N(x) : N(x) =

cjgj(x,A), cj ∈ R} �_�'% N(x), �,��#� (1), �$
N(xi) = yi, (i = 0, 1, . . . , n), (2)
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Z?_,��)
N(x) =

n∑
j=0

cjgj(x,A),

*�
n∑

j=0

cjgj(xi, A) = yi, i = 0, 1, . . . , n,

[b
MC = Y, (3)


�

M =

⎡
⎢⎢⎢⎣

g0(x0, A) g1(x0, A) · · · gn(x0, A)
g0(x1, A) g1(x1, A) · · · gn(x1, A)

...
... · · · ...

g0(xn, A) g1(xn, A) · · · gn(xn, A)

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1 +

∑n
i=1 e−Aρ(x0,xi)

e−Aρ(x0,x1)

1 +
∑n

i=1 e−Aρ(x0,xi)
· · · e−Aρ(x0,xn)

1 +
∑n

i=1 e−Aρ(x0,xi)

e−Aρ(x1,x0)

1 +
∑n

i=0, i �=1 e−Aρ(x1,xi)

1
1 +

∑n
i=0, i �=1 e−Aρ(x1,xi)

· · · e−Aρ(x1,xn)

1 +
∑n

i=0, i �=1 e−Aρ(x1,xi)

...
... · · · ...

e−Aρ(xn,x0)

1 +
∑n−1

i=0 e−Aρ(xn,xi)

e−Aρ(xn,x1)

1 +
∑n−1

i=0 e−Aρ(xn,xi)
· · · 1

1 +
∑n−1

i=0 e−Aρ(xn,xi)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

5\
C = [c0, c1, . . . , cn]T, Y = [y0, y1, . . . , yn]T.

mn 1[17] � n + 1 `ac S = (aij)n
i,j=0 �$

|aii| >
∑
j �=i

|aij | (i = 0, 1, . . . , n),

)	 S "b�]de.

op 1[17] !�ac S b�]de, ) S �/c��.

mp 1 �%C) A∗, . A > A∗ =, ac M �2d�^

qr _`-eac M afbac M ��f�]gc�/d�, �ac�f�M]g;
9" 1, �S*ac�$b�]de(�, gh

gjj =
1

1 +
∑n

i=0, i �=j e−Aρ(xj ,xi)
>

1
2
,

Z�$
n∑

i=0, i �=j

e−Aρ(xj ,xi) < 1.

Q

t = min
i �=j

{ρ(xi, xj)}, j = 0, 1, . . . , n.
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i/, {xj}n
j=0 �e]g�KjT, ) t > 0, T1.

n∑
i=0, i �=j

e−Aρ(xj ,xi) ≤ ne−At.

!� ne−At < 1, Z A > ln n
t . H=h A∗ = ln n

t , Z A > A∗, � ac M "b�]de, k/V
:f2lac M �2d�^

/-e!:2l: (gZ (3) �m)ac�2d�, khi2jkL)2l, (3) � , (c0,
c1, . . . , cn) �Y<(gZ�C�n�� "̂H, 	�2C�iY<(gZ�C" (c∗0, c

∗
1, . . . , c

∗
n).

RH, �,jk�) gj(x,A) �$��(� (3) ���'%��%�.

3 stfghiuvwxyfghijz{
Q S = {x0, x1, . . . , xn} ⊂ K, 
� K " X �WS �̂ f " K -�HG��, l f(xi) =

fi (i = 0, 1, . . . , n), �,��#� (1), 	�	'%
Na(x) =

n∑
j=0

fjgj(x,A)

";+,��'%^
"L�m&?+,��'%, 	�lomn�O!-9��V:^% n + 1 DnJK	�

C
n+1 -, !-!Co)

‖z‖1 = |z0| + |z1| + · · · + |zn|,
1 |z| =

√
zz̄ (z̄ " z �pp).

� B = (bij)n
i,j=0 � n + 1 `nac, !-o)

‖B‖1 = max
i=0,1,...,n

n∑
j=0

|bij |.

op 2[15] � B,B + ΔB "n2dac, Z,Z + ΔZ � n + 1 Do&E, !�

BZ = b, (B + ΔB)(Z + ΔZ) = b,

� .
‖ΔZ‖1

‖Z‖1
≤ Cond1(B)

‖ΔB‖1

‖B‖1

(
1

1 − Cond1(B) ‖ΔB‖1
‖B‖1

)
,


� Cond1(B) = ‖B‖1‖B−1‖1 "ac B �(�)^
mp 2 �,��#� (1), Q t = mini �=j, 0≤i, j≤n{ρ(xi, xj)}, )�%�+O) A1, *�.

A > A1 =

|Ne(x,A) − Na(x,A)| <
2ne−At

1 − 2ne−At

n∑
j=0

|fj |,

�3. x ∈ K pqq.
qr lors A > A∗ (A∗ = ln n

t '-��). H=, ��'%"
Ne(x,A) =

n∑
j=0

c∗jgj(x,A),
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+,��'%"
Na(x,A) =

n∑
j=0

cjgj(x,A).

hi��(� (2), 2r�!C�&EQI
MC∗ = f , UC = f ,


�

U =

⎡
⎢⎢⎢⎣

1 0 · · · 0
0 1 · · · 0
...

... · · · ...
0 0 · · · 1

⎤
⎥⎥⎥⎦ , C∗ = [c∗0, c

∗
1, . . . , c

∗
n]T, C = [c0, c1, . . . , cn]T, f = [f0, f1, . . . , fn]T.

Q B = U, Z = C, M = B + ΔB, Z + ΔZ = C∗, b = f , /V: 2 2�
‖C∗ −C‖1

‖C‖1
≤ ‖U−1‖1‖M −U‖1

1 − ‖U−1‖1‖M −U‖1
.

S�-eKsIqÆLM?2, ghS?2 ‖U−1‖1‖M−U‖1. 8*FM = (gij)n
i,j=0 �e]g

�A>tt5\ t = mini �=j{ρ(xi, xj)} > 0, 	�.b�, A > A∗,

|mjj − 1| = |gjj − 1| =
∣∣∣∣ 1
1 +

∑n
i=0, i �=j e−Aρ(xj ,xi)

− 1
∣∣∣∣

=

∑n
i=0, i �=j e−Aρ(xj ,xi)

1 +
∑n

i=0, i �=j e−Aρ(xj ,xi)
≤

n∑
i=0, i �=j

e−Aρ(xj ,xi) ≤ ne−At (j = 0, . . . , n).

�, i �= j =, .
|mij | =

e−Aρ(xj ,xi)

1 +
∑n

i=0, i �=j e−Aρ(xj ,xi)
≤ e−Aρ(xj ,xi) ≤ e−At,

35
‖M − U‖1 < ne−At + ne−At = 2ne−At.

1 ‖U−1‖1 = 1, u ‖U−1‖1‖M −U‖1 < 2ne−At.

/,�%) A′, *�. A > A′ =, 2ne−At < 1, i/,�) g(x) = x
1−x % (−∞, 1) -"r

v=wsx�), 35
‖C − C∗‖1 <

2ne−At

1 − 2ne−At
‖C‖1 =

2ne−At

1 − 2ne−At
‖f‖1,

1
|Ne(x,A) − Na(x,A)| =

∣∣∣∣
n∑

j=0

(c∗j − cj)gj(x,A)
∣∣∣∣ ≤

n∑
j=0

|c∗j − cj | = ‖C∗ −C‖1.

RH, � A > A1 = max{A′, A∗}, ).
|Ne(x,A) − Na(x,A)| <

2ne−At

1 − 2ne−At

n∑
j=0

|fj |.

4 stfghits
%Ay:�, rs2+,��'%%+ (X, ρ) �WS-!-�HG��40, "H, 	�o

mn�Oj zu.
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mn 1[18] � A,B ���	� (X, ρ) ���S, γ > 0 "+!�, !��, A ��(*�
� x, I�% B ���� x′, * ρ(x, x′) < γ, )	 B � A ��� γ- '.

%!- 1 �{|-	�25!-v..S, Z

mn 2[18] � A ���	� (X, ρ) ���S, !��,(+� γ > 0, A u�%.v� γ-
', )	 A �v..�.

hi!- 2 �v..�!-, 	�25r�!C ,v..S�G(<K:

(a) (}v..SI...

(b) !� A "v..S, )�(+� γ > 0, 	�25h A ���.vwSX" A � γ- '.

(c) !���	� (X, ρ) �wS A �WS, ) A I�v..�.

%��V�Z {(x0, f0), . . . , (xn, fn)} �, 	�Q
fj = f(xj), j = x0, x1, . . . , xn

>�, A = A(n), Z A �xw, n �, /H, 	�2!-!C�+,��'%

Na(x,A) =
n∑

j=0

fj
e−A(n)ρ(x,xj)∑n
i=0 e−A(n)ρ(x,xi)

=
n∑

j=0

f(xj)
e−A(n)ρ(x,xj)∑n
i=0 e−A(n)ρ(x,xi)

.

mp 3 � f(x) �WS K ⊆ X -�HG��, �,(*� ε > 0, �% A(n) \y@) N ,
*�

|f(x) − Na(x,A(n))| ≤ ε

�3.� n > N : x ∈ K pqq.

qr /,�� f(x) %WS K -HG, )% K -��zHG�. RH, �,(* ε > 0, �
% γ∗ > 0 �, *��(*� x, y ∈ K, . ρ(x, y) < γ∗ =, .

|f(x) − f(y)| ≤ ε

2
.

i/v..S�<K{lWS K �v..�, 35, �,(*� γ > 0 (γ < γ∗), % K �25_
,.v�� x0, x1, . . . , xn 3<q�SMX"WS K ��� γ- ', Z

K ⊆
n⋃

i=0

U(xi, γ),


� U(xi, γ) �5 xi "�|, 5 r "~x�yz. �, x ∈ K, ) x I% K � γ- '�{O]
g� γ |}�, Z

x ∈ U(xJk
, γ), k = 1, . . . ,m,

�

B = {xJ1 , . . . , xJm} ⊆ {x0, . . . , xn},


� 0 ≤ m ≤ n, >��$
ρ(x, xJk

) < min
0≤i≤n,xi /∈B

ρ(x, xi), k = 1, . . . ,m. (4)
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Q M = maxx∈K |f(x)|. /H�F
|f(x) − Na(x,A(n))|

=
∣∣∣∣f(x) −

n∑
j=0

f(xj)
e−A(n)ρ(x,xj)∑n
i=0 e−A(n)ρ(x,xi)

∣∣∣∣
=
∣∣∣∣

n∑
j=0

(f(x) − f(xj))
e−A(n)ρ(x,xj)∑n
i=0 e−A(n)ρ(x,xi)

∣∣∣∣
≤ |f(x) − f(xJ1)|

e−A(n)ρ(x,xJ1 )∑n
i=0 e−A(n)ρ(x,xi)

+ · · · + |f(x) − f(xJm)| e−A(n)ρ(x,xJm )∑n
i=0 e−A(n)ρ(x,xi)

+
n∑

j=0, xj /∈B

|f(x) − f(xj)| e−A(n)ρ(x,xj)∑n
i=0 e−A(n)ρ(x,xi)

≤ |f(x) − f(xJ1)|
e−A(n)ρ(x,xJ1 )∑n
i=0 e−A(n)ρ(x,xi)

+ · · · + |f(x) − f(xJm)| e−A(n)ρ(x,xJm )∑n
i=0 e−A(n)ρ(x,xi)

+
n∑

j=0, xj /∈B

2M
1 +

∑n
i=0,i �=j e−A(n)(ρ(x,xi)−ρ(x,xj))

≤ |f(x) − f(xJ1)|
e−A(n)ρ(x,xJ1 )∑n
i=0 e−A(n)ρ(x,xi)

+ · · · + |f(x) − f(xJm)| e−A(n)ρ(x,xJm )∑n
i=0 e−A(n)ρ(x,xi)

+
n∑

j=0, xj /∈B

2Me−A(n)(ρ(x,xj)−ρ(x,xJk
)) = I1 + I2 (xJk

∈ B),


�
I1 = |f(x) − f(xJ1)|

e−A(n)ρ(x,xJ1 )∑n
i=0 e−A(n)ρ(x,xi)

+ · · · + |f(x) − f(xJm)| e−A(n)ρ(x,xJm )∑n
i=0 e−A(n)ρ(x,xi)

.

R" γ < γ∗, >�. x ∈ U(xJi , γ), i = 1, . . . ,m =, .
|f(x) − f(xJi)| ≤

ε

2
,

35
I1 ≤ εe−A(n)ρ(x,xJ1 )

2
∑n

i=0 e−A(n)ρ(x,xi)
+ · · · + εe−A(n)ρ(x,xJk

)

2
∑n

i=0 e−A(n)ρ(x,xi)
≤ ε

2
.

�, I2 5&, . xj /∈ B, / (4) l, ρ(x, xj) > ρ(x, xJk
), k = 1, . . . ,m. 35 A(n)(ρ(x, xj)−

ρ(x, xJ )) > 0. RH, �,-e ε > 0, �%�) A(n) > 0, *�
n∑

j=0, xj /∈B

e−A(n)(ρ(x,xj)−ρ(x,xJ )) ≤ ε

4M
.

35
I2 ≤ 2M × ε

4M
=

ε

2
.

~M5-}�~�2�
|f(x) − Na(x,A(n))| ≤ ε.

!:=�.
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