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1 � �
���#���$���%��������&��'�����

ut(x, t) + u(x, t)ux(x, t) −
∫ t

0

β(t − s)uxx(x, s)ds = f(x, t), (1.1)

(
�(� β(t) = t−

1
2

Γ( 1
2 )

, ) t = 0 ���*� )
0 < x < 1, 0 < t < T , �+��� �!

u(0, t) = u(1, t) = 0, 0 ≤ t ≤ T (1.2)

"� �!

u(x, 0) = v(x), 0 ≤ x ≤ 1. (1.3)

 #�� (1.1) ,-$� Burgers ��

ut + uux = uxx, (1.4)

��!!%�&��%." (1.4) ("' t #%#�/01 uxx(x, t) $%&' (1.1) ("' t

&(2()3)*$ uxx(x, s), 0 ≤ s ≤ t, 4*) (1.1) (+5��#!+,/6#%,"*
* --7%��./ (10271046) 0��������&.81./9:2'/
(0)Æ12005-03-31, (2;30)Æ12006-02-13.
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�,-44%.)�/5,�50("6>?@A167& (1.1) 27&$)88399�
4:'6#%,�:;;B��&<5 Burgers ��27&$)#�.67=�&8839
9�"#%,�:;;B"

,- (1.1)–(1.3) 4%.):'6#%50;B>:'+5<!�8=99.":�;>
��C+ Sanz–Serna[1] #�&:�?D?E8=9 (<9) ��"@A (=>) ��F@�$
���"6A1&��?G I

1
2 �B$) (CBD��) E� f(t) (t > 0) H@A��E�

(I
1
2 f)(t) =

∫ t

0

(t − s)−
1
2 f(s)ds, (1.5)

�+�F%. [1]

(I
1
2 (I

1
2 f))(t) = π

∫ t

0

f(s)ds. (1.6)

4* π− 1
2 I

1
2 !GCDE��?G�B�F&CHI0��>I?�JK [2], ��!EA��

?G D = d
dt �B�F D

1
2

D
1
2 D

1
2

∫ t

0

f(s)ds = f(t), π− 1
2 D

1
2 I

1
2 = LG?G .

) (1.1) �;>��M�I0 D
1
2 DH

D
1
2 Du = π

1
2 uxx, (1.7)

4*�� (1.1) �;>��D+G/?D��DE��� Du = auxx , D2u = buxx (a, b A

J4�) F@�$���"
NF6&IGH'OJI#� &>���"�;>��JP'K=KL Thomée "

Wahlbin[3] M0KP Euler ��&Q@�KM0�%'�L&��#CHG�L�RMSM
TN&HN��JN%�!>O�OI" Mclean, Thomée[4] P0& Euler "PUKP���
�&Q@�K0 Galerkin'�L�Q&R$%&,- (1.1)–(1.3)�JN%OI"Sanz–Serna[1]

O#�&>�,-&)"@�K&QM0&KP Euler ��"$UV�L�SN��#&T
UW,�UW�� &9%&RP�O�OI"QV [5] ()& Euler " Crank-Nicolson �
�"$ULPUV�L�&HN&:S�O�OI" López-Marcos[6] #�&*���%�
������&M0&$U"@TTN����"1D"@TN(2WXU�V'�&&X
RLVY�GY&A&ZZ>S[W&\LX [7] 2%&$?[\��&]Y&VY�I?
"GYRL" Sloan, Thomée[8] ^T]YL�Z@&P0]U�L�^�"

López-Marcos[6] #�&*���%�������&"@�KP0KP Euler ��LQ
@�KP0$UV�L�^�"_[(�[ [6] �U\&_[��I0PUKP����S
M"@TN&Q@�KM0'�PU����&T��#M0PUV�L�&)��%#`
J1;] López-Marcos[6] �R^"1D����) t = 0 `DUW&9VO�OI)3)H
�(aD!bN"@�PU_c&d�VH�`eRTD [6] '&a_�2]&'4P0�
Wa�Q,[ [6] `TDa"

T[(&��bb (c[ [6] (� (1.7)), T 0 ≤ t ≤ T, 0 ≤ x ≤ 1,

|utt(x, t)| ≤ ct−
1
2 , |uttt(x, t)| ≤ ct−

3
2 ,

|uxxt(x, 0)| ≤ c, |uxxtt(x, t)| ≤ ct−
1
2 ,

(1.8)
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� 1 Tj�UW v(x) > f(x, t), (1.1)–(1.3) Y)d$��&R4�+���JN% [1]

u ∈ C([0, T ]; H2
⋂

H1
0 ), ut ∈ C([0, T ]; L2)

⋂
L1([0, T ]; H2

⋂
H1

0 ), utt ∈ L1([0, T ]; L2).

� 2 *�;>,-�JN%OIX+Wa [4], :1Æ;�Y�$%

|v|r = ‖A r
2 v‖, r ∈ R, �( A = − ∂2

∂x2
,

|u(x, t)|r+2θ ≤ c(α)t−(α+1)θ |v|r, t ≥ 0, 0 ≤ θ ≤ 1. (1.9)

�ek&"@9��+
|Dm

t u(x, t)|r+2θ ≤ c(m, α)t−(α+1)θ−m|v|r , t ≥ 0, − 1 ≤ θ ≤ 1. (1.10)

�e) (1.9), (1.10) (&Æfg,� θ " r, ��!HN��JN%OI (‖.‖0 AeZ� L2

;)(c[ [5] (� (7.12)): T 0 ≤ t ≤ T, 0 ≤ x ≤ 1,

‖ utt(x, t) ‖0≤ ct−
1
2 , ‖ uttt(x, t) ‖0≤ ct−

3
2 ,

‖ uxxt(x, 0) ‖0≤ c, ‖ uxxtt(x, t) ‖0≤ ct−
1
2 .

(1.11)

T[`lm��nhop 2 f&��?i�&��qp 3 fjK�&���kE%qp
4 f$%O�OI"

2 [�\]
��$%��l� xj = jh, j = 0, 1, · · · , J , �( h = 1

J (J �J3� ), "@rs+A k,
$%"@�$)g� tn = nk, n = 0, 1, · · · , N, (N = [T

k ]), + Un
j Ne u(xj , tn), EAPUK

P��A

D
(2)

t Un
j = k−1

(3
2
Un

j − 2Un−1
j +

1
2
Un−2

j

)
. (2.1)

��?i^�PU��Ne&I0PUV���^� (c[ [2, 5])

∫ tn

0

β(tn − s)ϕ(s)ds ≈ qn(ϕ) = k
1
2

n∑
p=0

βpϕ
n−p + wn0ϕ

0, (2.2)

�( βp ��Fh��m�

β̂

(
(1 − z)(3 − z)

2

)
=

(
(1 − z)(3 − z)

2

)− 1
2

=
∞∑

p=0

βpz
p, (2.3)

M0_J��S wn0 ^WW��!bNPU_c&4*��^� (2.2) TJ#� P (x) = 1 E
nCi&j

k
1
2

n∑
p=0

βp + wn0(k) =
∫ tn

0

β(tn − s)ds = 2
( tn

π

) 1
2

. (2.4)
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EA^���+k
δ2Vj = Vj+1 − 2Vj + Vj−1, ∆Vj = Vj+1 − Vj−1,

N (1.1)–(1.3) �TN��D^`C��Y�
, n ≥ 2 "

k−1

(
3
2
Un

j − 2Un−1
j +

1
2
Un−2

j

)
+

Un
j+1 + Un

j + Un
j−1

3
∆Un

j

2h
− qn

(
1
h2

δ2Uj

)
= fn

j ,

j

k−1
(3

2
Un

j − 2Un−1
j +

1
2
Un−2

j

)
+

Un
j+1 + Un

j + Un
j−1

3
Un

j+1 − Un
j−1

2h

−
(k

1
2

h2

n∑
p=0

βpδ
2Un−p

j +
ωn0

h2
δ2U0

j

)
= fn

j , j = 1, 2, · · · , (J − 1), n = 2, 3, · · · , N ; (2.5 a)

, n = 1 "

k−1(U1
j − U0

j ) +
U1

j+1 + U1
j + U1

j−1

3
∆U1

j

2h
− q1

( 1
h2

δ2Uj

)
= f1

j ,

j

k−1(U1
j − U0

j ) +
U1

j+1 + U1
j + U1

j−1

3
U1

j+1 − U1
j−1

2h

−
(k

1
2

h2

1∑
p=0

βpδ
2U1−p

j +
ω10

h2
δ2U0

j

)
= f1

j , j = 1, 2, · · · , (J − 1), (2.5 b)

�(
Un

0 = Un
J = 0, n = 0, 1, · · · , N. (2.6)

U0 = (U0
1 , U0

2 , · · · , U0
J−1). (2.7)

a@NTD uux #�TN&��P0&DE�lD�o�%mbE�� Galerkin�Q&
cVde:RfD�:�Æg&� 1

2hUj∆Uj n
1
4h∆(Uj)2, :440��>?+k\p

(Un
j+1 + Un

j + Un
j−1)∆Un

j = Un
j ∆Un

j + ∆(Un
j )2. (2.8)

A&P��hR&��qo&��I?�$S+k"`K"���0+k Un(n = 0, 1, · · · , N)
tr R

J−1 (�KY&j Un trKY (Un
1 , Un

2 , · · · , Un
J−1). )����sH�(&�iN U0

" UJ , ��EA U0 = UJ = 0. � (V1, V2, · · · , VJ−1), (W1, W2, · · · , WJ−1) A R
J−1 (�KY&

N��uE
∆+Vj = Vj+1 − Vj , ∆−Vj = Vj − Vj−1, T+Vj = Vj+1,

T−Vj = Vj−1, (V W )j = VjWj , 1 ≤ j ≤ (J − 1),

‖V ‖∞ = max
1≤j≤(J−1)

|Vj |, 〈V, W 〉 =
J−1∑
j=1

hVjWj , ‖V ‖2 = 〈V, V 〉. (2.9)
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tjbW���G�Ci (c[ [6] (� (2.6)–(2.9))

〈V,∆W 〉 = −〈∆V, W 〉, (2.10)

〈δ2V, W 〉 = −
J−1∑
j=0

h(∆+Vj)(∆+Wj), (2.11)

〈V ∆V + ∆(V )2, V 〉 = 0, (2.12)

〈∆(V W ), V 〉 =
1
2
〈T+V ∆+W + T−V ∆−W, V 〉. (2.13)

3 �k�
>$f���$%TN�� (2.5)–(2.7) �kE%"
uJ1 Cauchy DG���OtjHN�vlJ"
Æm 3.1 , U0 = UJ = 0 "&��'
1) , n ≥ 1 "&

〈δ2Un, Un〉 ≤ 0.

2) , 0 ≤ n ≤ N, 0 ≤ m ≤ N "&

| 〈δ2Um, Un〉 |≤ 4 ‖ Um ‖‖ Un ‖ .

�
1)

〈δ2Un, Un〉 =
J−1∑
j=1

hδ2Un
j Un

j =
J−1∑
j=1

h(Un
j+1 − 2Un

j + Un
j−1)U

n
j

=
J−1∑
j=1

hUn
j+1U

n
j +

J−1∑
j=1

hUn
j−1U

n
j − 2‖Un‖2

≤
J−1∑
j=1

h

(
(Un

j+1)
2 +

(Un
j )2

2

)
+

J−1∑
j=1

h

(
(Un

j−1)
2 +

(Un
j )2

2

)
− 2 ‖ Un ‖2

≤ 2 ‖ Un ‖2 −2 ‖ Un ‖2= 0.

2)

(∣∣∣∣
J−1∑
j=1

hUm
j+1U

n
j

∣∣∣∣
)2

≤
( J−1∑

j=1

h

∣∣∣∣Um
j+1

∣∣∣∣
∣∣∣∣Un

j

∣∣∣∣
)2

≤
( J−1∑

j=1

h(Um
j+1)

2

)( J−1∑
j=1

h(Un
j )2

)

≤ ‖ Um ‖2‖ Un ‖2
,

aJDH (∣∣∣∣
J−1∑
j=1

hUm
j−1U

n
j

∣∣∣∣
)2

≤ ‖ Um ‖2‖ Un ‖2,
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X

|〈δ2Um, Un〉| =
∣∣∣∣

J−1∑
j=1

hδ2Um
j Un

j

∣∣∣∣ =
∣∣∣∣

J−1∑
j=1

h(Um
j+1 − 2Um

j + Um
j−1)U

n
j

∣∣∣∣
≤

∣∣∣∣
J−1∑
j=1

hUm
j+1U

n
j

∣∣∣∣ +
∣∣∣∣

J−1∑
j=1

hUm
j−1U

n
j

∣∣∣∣ + 2 ‖ Um ‖‖ Un ‖

≤ 4 ‖ Um ‖‖ Un ‖ .

Wv"
Æm 3.2 �e6�nF {a0, a1, · · · , an, · · ·} �+ â(z) =

∞∑
n=0

anzn )pwo D = {z ∈
C : |z| < 1} �s�"NTx@J3� N , x@nF (V 0, V 1, V 2, · · · , V N ) ∈ R

N+1 '
N∑

n=0

( n∑
p=0

apV
n−p

)
V n ≥ 0,

,4q,

Reâ(z) ≥ 0, T z ∈ D. (3.1)

Wac[ [5] n[ [8] (�r-"
tjbW β(t) AJ�B�&j Reβ̂(s) ≥ 0, TD Res > 0. , |z| < 1 "&��'

Re(3
2 − 2z + 1

2z2) > 0 (Wac[ [9] (�lJ 4.1), 4*&��HN

Reβ̂
( (1 − z)(3 − z)

2

)
= Reβ̂

(3
2
− 2z +

1
2
z2

)
≥ 0, T |z| < 1,

wyE� (2.3) �+lJ 3.2 ��! (3.1).

��$%���kE%"
pm 3.3 �e Un

j mq (2.5)–(2.7) EA&, k = O(h2) "&stTD N ≥ 1

‖ UN ‖≤ C(T ) ‖ U0 ‖ +3
N∑

n=1

k ‖ fn ‖ . (3.2)

� , m = 1, 2 "&+ ∆mUn
j = Un

j − Un−m
j . 1EA&��OtjbW

2〈∆mUn, Un〉 = 2
J−1∑
j=1

h(Un
j − Un−m

j )Un
j

=
J−1∑
j=1

h((Un
j )2 − (Un−m

j )2 + (Un
j − Un−m

j )2)

= ∆m ‖ Un ‖2 + ‖ ∆mUn ‖2,

3
2
Un

j − 2Un−1
j +

1
2
Un−2

j = 2∆1U
n
j − 1

2
∆2U

n
j . (3.3)
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X

k
〈
k−1

(3
2
Un − 2Un−1 +

1
2
Un−2

)
, Un

〉
=

〈
2∆1U

n − 1
2
∆2U

n, Un
〉

= 2〈∆1U
n, Un〉 − 1

2
〈∆2U

n, Un〉
= ∆1 ‖ Un ‖2 + ‖ ∆1U

n ‖2 −1
4
(∆2 ‖ Un ‖2 + ‖ ∆2U

n ‖2)

= ∆1 ‖ Un ‖2 −1
4
∆2 ‖ Un ‖2 + ‖ ∆1U

n ‖2 −1
4
‖ ∆2U

n ‖2 . (3.4)

1 (3.4), T 2 ≤ n ≤ N L"H

N∑
n=2

(∆1 ‖ Un ‖2 −1
4
∆2 ‖ Un ‖2)

=
N∑

n=2

(
‖ Un ‖2 − ‖ Un−1 ‖2 −1

4
‖ Un ‖2 +

1
4
‖ Un−2 ‖2

)

=
N∑

n=2

(3
4
‖ Un ‖2 − ‖ Un−1 ‖2 +

1
4
‖ Un−2 ‖2

)

=
3
4
‖ UN ‖2 −1

4
‖ UN−1 ‖2 −3

4
‖ U1 ‖2 +

1
4
‖ U0 ‖2,

N∑
n=2

(
‖ ∆1U

n ‖2 −1
4
‖ ∆2U

n ‖2
)

=
N∑

n=2

(
‖ ∆1U

n ‖2 −1
4
‖ ∆1U

n + ∆1U
n−1 ‖2

)

≥
N∑

n=2

(
‖ ∆1U

n ‖2 −1
4
(‖ ∆1U

n ‖ + ‖ ∆1U
n−1 ‖)2

)

≥
N∑

n=2

(
‖ ∆1U

n ‖2 −1
2
(‖ ∆1U

n ‖2 + ‖ ∆1U
n−1 ‖2)

)

≥ 1
2

N∑
n=2

(‖ ∆1U
n ‖2 − ‖ ∆1U

n−1 ‖2)

=
1
2
(‖ ∆1U

N ‖2 − ‖ ∆1U
1 ‖2). (3.5)

4*T 2 ≤ n ≤ N '

k〈k−1(U1 − U0), U1〉 + k
N∑

n=2

〈
k−1

(3
2
Un − 2Un−1 +

1
2
Un−2

)
, Un

〉
≥ 1

2
(‖ U1 ‖2 − ‖ U0 ‖2 + ‖ ∆1U

1 ‖2) +
1
2
(‖ ∆1U

N ‖2 − ‖ ∆1U
1 ‖2)

+
(3

4
‖ UN ‖2 −1

4
‖ UN−1 ‖2 −3

4
‖ U1 ‖2 +

1
4
‖ U0 ‖2

)
≥ 3

4
‖ UN ‖2 −1

4
‖ UN−1 ‖2 −1

4
‖ U1 ‖2 −1

4
‖ U0 ‖2 . (3.6)
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, n ≥ 2 "&) (2.5 a) �M�a"x^ hUn
j , RT j (1 ≤ j ≤ (J − 1)) L"&TD��%#

P0 (2.8), DH

〈3
2
Un − 2Un−1 +

1
2
Un−2, Un

〉
+

〈
Un∆Un + ∆(Un)2, Un

〉

− k
3
2

h2

n∑
p=0

βp〈δ2Un−p, Un〉 − k

h2
ωn0〈δ2U0, Un〉

= k〈fn, Un〉. (3.7)

, n = 1 "&)� (2.5 b) �M�a"x^ hU1
j , RT j(1 ≤ j ≤ (J − 1)) L"&arTD��

%#P0 (2.8), DH

〈U1 − U0, U1〉 + 〈U1∆U1 + ∆(U1)2, U1〉

− k
3
2

h2

1∑
p=0

βp〈δ2U1−p, U1〉 − k

h2
ω10〈δ2U0, U1〉

= k〈f1, U1〉. (3.8)

X, N ≥ 2 "&1 (3.7), (3.8), u0 (2.12) DH

〈U1 − U0, U1〉 +
N∑

n=2

〈3
2
Un − 2Un−1 +

1
2
Un−2, Un

〉

=
k

3
2

h2

N∑
n=2

n∑
p=0

βp〈δ2Un−p, Un〉 +
k

h2

N∑
n=2

ωn0〈δ2U0, Un〉

+
k

3
2

h2

1∑
p=0

βp〈δ2U1−p, U1〉 +
k

h2
ω10〈δ2U0, U1〉 +

N∑
n=1

k〈fn, Un〉

=
k

3
2

h2

N∑
n=1

n∑
p=0

βp〈δ2Un−p, Un〉 +
k

h2

N∑
n=1

ωn0〈δ2U0, Un〉 +
N∑

n=1

k〈fn, Un〉.

1 (2.11), JvwL">n&sTB)yE� j, 1lJ 3.2 D�1�Gk�t�p$#xA
N∑

n=1

n∑
p=0

βp〈δ2Un−p, Un〉 = −
N∑

n=1

n∑
p=0

βp

J−1∑
j=0

h∆+Un−p
j ∆+Un

j

= −h
J−1∑
j=0

N∑
n=1

n∑
p=0

βp∆+Un−p
j ∆+Un

j

= −h
J−1∑
j=0

( N∑
n=0

n∑
p=0

βp∆+Un−p
j ∆+Un

j − β0(∆+U0
j )2

)

≤ β0

J−1∑
j=0

h(∆+U0
j )2 ≤ 2β0 ‖ U0 ‖2 . (3.9)
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4*1 (3.6) >lJ 3.1 ( 2) "1�DH

3
4
‖ UN ‖2 −1

4
‖ UN−1 ‖2 −1

4
‖ U1 ‖2 −1

4
‖ U0 ‖2

≤ k
3
2

h2

N∑
n=1

n∑
p=0

βp〈δ2Un−p, Un〉 +
k

h2

N∑
n=1

ωn0〈δ2U0, Un〉 +
N∑

n=1

k〈fn, Un〉

≤ 2k
3
2

h2
β0 ‖ U0 ‖2 +

k

h2

N∑
n=1

|ωn0||〈δ2U0, Un〉| +
N∑

n=1

k|〈fn, Un〉|

≤ 2k
3
2

h2
β0 ‖ U0 ‖2 +

4k

h2

N∑
n=1

|ωn0| ‖ U0 ‖‖ Un ‖ +
N∑

n=1

k ‖ fn ‖‖ Un ‖,

3JH

‖ UN ‖2≤ 1
3
(‖ UN−1 ‖2 + ‖ U1 ‖2 + ‖ U0 ‖2)

+
8k

3
2

3h2
β0 ‖ U0 ‖2 +

16k

3h2

N∑
n=1

|ωn0| ‖ U0 ‖‖ Un ‖ +
4
3

N∑
n=1

k ‖ fn ‖‖ Un ‖ .

bb ‖ UM ‖= max
0≤n≤N

‖ Un ‖, N

‖ UM ‖2 ≤ 1
3
(‖ UM−1 ‖2 + ‖ U1 ‖2 + ‖ U0 ‖2) +

8k
3
2

3h2
β0 ‖ U0 ‖‖ UM ‖

+
16k

3h2

M∑
n=1

|ωn0| ‖ U0 ‖‖ UM ‖ +
4
3

M∑
n=1

k ‖ fn ‖‖ UM ‖

≤ 1
3
(‖ UM ‖2 + ‖ U1 ‖2 + ‖ U0 ‖2) +

8k
3
2

3h2
β0 ‖ U0 ‖‖ UM ‖

+
16k

3h2

N∑
n=1

|ωn0| ‖ U0 ‖‖ UM ‖ +
4
3

N∑
n=1

k ‖ fn ‖‖ UM ‖ .

S$rHN

‖ UM ‖2 ≤ 1
2
(‖ U1 ‖2 + ‖ U0 ‖2) +

4k
3
2

h2
β0 ‖ U0 ‖‖ UM ‖

+
8k

h2

N∑
n=1

|ωn0| ‖ U0 ‖‖ UM ‖ +2
N∑

n=1

k ‖ fn ‖‖ UM ‖

≤ 1
2
(‖ U1 ‖ + ‖ U0 ‖) ‖ UM ‖ +

4k
3
2

h2
β0 ‖ U0 ‖‖ UM ‖

+
8k

h2

N∑
n=1

|ωn0| ‖ U0 ‖‖ UM ‖ +2
N∑

n=1

k ‖ fn ‖‖ UM ‖ . (3.10)
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6'HN, N ≥ 2 "

‖ UN ‖ ≤‖ UM ‖≤ 1
2
(‖ U1 ‖ + ‖ U0 ‖) +

4k
3
2

h2
β0 ‖ U0 ‖

+
8k

h2

N∑
n=1

|ωn0| ‖ U0 ‖ +2
N∑

n=1

k ‖ fn ‖

≤ 1
2
‖ U1 ‖ +

(
1
2

+
4k

3
2

h2
β0 +

8k

h2

N∑
n=1

|ωn0|
)

‖ U0 ‖ +2
N∑

n=1

k ‖ fn ‖ . (3.11)

, N = 1 "&1 (3.8), u0 (2.12) DH

‖ U1 ‖2 = 〈U0, U1〉 +
k

3
2

h2

1∑
p=0

βp〈δ2U1−p, U1〉 +
k

h2
ω10〈δ2U0, U1〉 + k〈f1, U1〉

≤‖ U0 ‖‖ U1 ‖ +4
(

k
3
2

h2
β1 +

k

h2
|ω10|

)
‖ U0 ‖‖ U1 ‖ +k ‖ f1 ‖‖ U1 ‖ .

1vDG��1l_DG�>lJ 3.1 ( 1) 〈δ2U1, U1〉 ≤ 0 H"4*

‖ U1 ‖≤‖ U0 ‖ +4
(

k
3
2

h2
β1 +

k

h2
|ω10|

)
‖ U0 ‖ +k ‖ f1 ‖ . (3.12)

1D wn0 = O(k
1
2 n− 1

2 ) (1 ≤ n ≤ N)(c[ [2] (�EJ 2.4.(1)), DH

N∑
n=1

|wn0| ≤ C

N∑
n=1

(k
1
2 n− 1

2 ) ≤ C(Nk)
1
2 ≤ C(T ). (3.13)

1 (3.1), (3.12) > (3.13) jHEJ 3.3 Ci"Wv"

4 �uvw
>$f���#�TN�� (2.5) − (2.7) �O�OI"

uJ��$% ε(uxx)(tn) = qn(uxx) − I
1
2 (uxx)(tn) � &�( qn(ϕ) m (2.2) EA"

Æm 4.1 �e β(t) = t−
1
2

Γ( 1
2 )

, NT n ≥ 1 '

|ε(ϕ)(tn)| ≤ Ck2t
− 1

2
n |ϕt(0)| + Ck

3
2

∫ tn

tn−1

|ϕtt(s)|ds

+Ck2

∫ tn−1

0

(tn − s)−
1
2 |ϕtt(s)|ds. (4.1)

� c[ [5] (�lJ 7.2.

Æm 4.2 z uxx � 0 ≤ t ≤ T 16�LeZD��E�&4 uxxtt ) 0 < t < T 1eZD
�&NY)$)J4� C qqxyD T , �+

|ε(uxx)(tn)| = |qn(uxx) − I
1
2 (uxx)(tn)| ≤ Ck

(k

n

) 1
2
, 1 ≤ n ≤ N. (4.2)
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� 6bb (1.8), ��HN

k2t
− 1

2
n |uxxt(x, 0)| ≤ Ck2(nk)−

1
2 ≤ Ck

(k

n

) 1
2
. (4.3)

, n = 1 "&

k
3
2

∫ t1

0

|uxxtt(x, s)|ds

≤ Ck
3
2

∫ t1

0

s−
1
2 ds ≤ Ck

3
2 t1

1
2 ≤ Ck2

≤ C(T )k
(k

n

) 1
2
; (4.4.1)

, n ≥ 2 "&

k
3
2

∫ tn

tn−1

|uxxtt(x, s)|ds

≤ Ck
3
2

∫ tn

tn−1

s−
1
2 ds ≤ Ck

3
2 kξ−

1
2 ≤ Ck

5
2 t

− 1
2

n−1

≤ C(T )k
(

k
(n−1)

) 1
2
, (4.4.2)

�(pP)DG�I0&��(&EJ (tn−1 ≤ ξ ≤ tn);

k2

∫ tn−1

0

(tn − s)−
1
2 |uxxtt(x, s)|ds

≤ Ck2

∫ tn−1

0

(tn − s)−
1
2 s−

1
2 ds ≤ Ck2

∫ tn

0

(tn − s)−
1
2 s−

1
2 ds

≤ Ck2

∫ 1

0

(1 − x)−
1
2 x− 1

2 dx ≤ CB
(1

2
,
1
2

)
k2

≤ C(T )k
(k

n

) 1
2
. (4.5)

1 (4.3)–(4.5) >lJ 4.1 jH"Wv"
Æm 4.3 (TNB Gronwall lJ) �e ωn �$�z�6�nF&�+

ωn ≤ αn +
n−1∑
s=0

βsωs, n ≥ 0,

�( αn ��znF& αn �z& βs ≥ 0, st

ωn ≤ αnexp
( n−1∑

s=0

βs

)
, n ≥ 0.

� c[ [8] (�p 1055 y"
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pm 4.4 bb uA,- (1.1)–(1.3)��&(U0, U1, · · · , UN )(N = [T
k ])��+ (2.5)–(2.7)

��&�&Tj�UW� v(x) > f(x, t), u �+ u ∈ C((0, T ]; H2 ∩ H1
0 ) ∩ C3((0, T ]), S$r

bb,- (1.1)–(1.3) ���+bb�! (1.8), , k = O(h2) "

max
0≤n≤N

‖ Un − un ‖ = C(T )(‖ U0 − u0 ‖ +k
3
2 + h2). (4.6)

� { en
j = Un

j − un
j , �( un

j = u(xj , tn). 1D
Un

j ∆Un
j + ∆(Un

j )2

= (en
j + un

j )∆(en
j + un

j ) + ∆(en
j + un

j )2

= en
j ∆en

j + ∆(en
j )2 + un

j ∆un
j + ∆(un

j )2 + un
j ∆en

j + 2∆(en
j un

j ) + en
j ∆un

j ,

N, n ≥ 2 "

k−1
(3

2
en

j − 2en−1
j +

1
2
en−2

j

)
+

en
j+1 + en

j + en
j−1

3
en

j+1 − en
j−1

2h
− k

1
2

h2

n∑
p=0

βpδ
2en−p

j − ωn0

h2
δ2e0

j

= fn
j − k−1

(3
2
un

j − 2un−1
j +

1
2
un−2

j

)
+

k
1
2

h2

n∑
p=0

βpδ
2un−p

j +
ωn0

h2
δ2u0

j

−(un
j ∆un

j + ∆(un
j )2) − (un

j ∆en
j + 2∆(en

j un
j ) + en

j ∆un
j ),

'

ut(xj , tn) + u(xj , tn)ux(xj , tn) −
∫ tn

0

β(tn − s)uxx(xj , s)ds = f(xj , tn),

X

k−1
(3

2
en

j − 2en−1
j +

1
2
en−2

j

)
+

1
6h

(en
j ∆en

j + ∆(en
j )2) − k

1
2

h2

n∑
p=0

βpδ
2en−p

j − ωn0

h2
δ2e0

j

= τn
1j − τn

2j +
1
6h

(τn
3j − τn

4j − τn
5j), (4.7)

�(
τn
1j = ut(xj , tn) − k−1

(3
2
un

j − 2un−1
j +

1
2
un−2

j

)
,

τn
2j =

∫ tn

0

β(tn − s)uxx(xj , s)ds −
(

k
1
2

h2

n∑
p=0

βpδ
2un−p

j +
ωn0

h2
δ2u0

j

)
,

τn
3j = u(xj , tn)ux(xj , tn) − (un

j ∆un
j + ∆(un

j )2),

τn
4j = un

j ∆en
j + ∆(en

j un
j ),

τn
5j = en

j ∆un
j + ∆(en

j un
j ),
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aJ, n = 1 "

k−1(e1
j − e0

j) +
1
6h

(e1
j∆e1

j + ∆(e1
j )

2) − k
1
2

h2

1∑
p=0

βpδ
2e1−p

j − ω10

h2
δ2e0

j

= f1
j − k−1(u1

j − u0
j) +

k
1
2

h2

1∑
p=0

βpδ
2e1−p

j +
ω10

h2
δ2u0

j

= τ1
1j − τ1

2j +
1
6h

(τ1
3j − τ1

4j − τ1
5j), (4.8)

�(
τ1
1j = ut(xj , t1) − k−1(u1

j − u0
j),

τ1
2j =

∫ t1

0

β(t1 − s)uxx(xj , s)ds −
(

k
1
2

h2

1∑
p=0

βpδ
2u1−p

j +
ω10

h2
δ2u0

j

)
,

τ1
3j = u(xj , t1)ux(xj , t1) − (u1

j∆u1
j + ∆(u1

j)
2),

τ1
4j = u1

j∆e1
j + ∆(e1

ju
1
j),

τ1
5j = e1

j∆u1
j + ∆(e1

ju
1
j).

, n ≥ 2 "&) (4.7) �M�a"x^ hen
j , RT j (1 ≤ j ≤ J − 1) L"DH〈

k−1
(3

2
en − 2en−1 +

1
2
en−2

)
, en

〉
+

1
6h

〈(en∆en + ∆(en)2), en〉

−k
1
2

h2

n∑
p=0

βp〈δ2en−p, en〉 − ωn0

h2
〈δ2e0, en〉

= 〈τn
1 , en〉 − 〈τn

2 , en〉 +
1
6h

〈τn
3 − τn

4 − τn
5 , en〉. (4.9)

, n = 1 "&) (4.8) �M�a"x^ he1
j , RT j (1 ≤ j ≤ J − 1) L"DH

〈k−1(e1 − e0), e1〉 +
1
6h

〈(e1∆e1 + ∆(e1)2), e1〉

−k
1
2

h2

1∑
p=0

βp〈δ2e1−p, e1〉 − ω10

h2
〈δ2e0, e1〉

= 〈τ1
1 , e1〉 − 〈τ1

2 , e1〉 +
1
6h

〈τ1
3 − τ1

4 − τ1
5 , e1〉. (4.10)

Æm 4.5 , U0 = UJ = 0 "&'
〈τn

4 , en〉 = 0. (4.11)

�

〈τn
4 , en〉 =

J−1∑
j=1

h(un
j ∆en

j + ∆(en
j un

j ))en
j

=
J−1∑
j=1

h[un
j (en

j+1 − en
j−1) + (en

j+1u
n
j+1 − en

j−1u
n
j−1)]e

n
j
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=
J−1∑
j=1

h[(un
j + un

j+1)e
n
j+1 − (un

j + un
j−1)e

n
j−1]e

n
j

=
J−1∑
j=1

h(un
j + un

j+1)e
n
j+1e

n
j −

J−1∑
j=1

h(un
j + un

j−1)e
n
j−1e

n
j

=
J−1∑
j=1

h(un
j + un

j+1)e
n
j+1e

n
j −

J−2∑
j=0

h(un
j + un

j+1)e
n
j+1e

n
j

= h(un
J−1 + un

J)en
Jen

J−1 − h(un
0 + un

1 )en
1 en

0

= 0.

Wv"
Æm 4.6 , U0 = UJ = 0 "&'

|〈τn
5 , en〉| ≤ Ch ‖ en ‖2 . (4.12)

� 1� (2.13), DH

〈∆(enun), en〉 =
1
2
〈T+en∆+un + T−en∆−un, en〉,

1� �! U0 = UJ = 0 " Cauchy-Schwarz DG�&DH

|〈T+en∆+un, en〉| ≤‖ ∆+un ‖∞ |〈T+en, en〉|

=‖ ∆+un ‖∞
∣∣∣∣

J−1∑
j=1

hen
j+1e

n
j

∣∣∣∣
≤‖ ∆+un ‖∞

J−1∑
j=1

h
(en

j+1)
2 + (en

j )2

2

=
1
2
‖ ∆+un ‖∞

( J−1∑
j=1

h(en
j+1)

2+ ‖ en ‖2

)

≤ 1
2
‖ ∆+un ‖∞

( J∑
j=2

h(en
j )2+ ‖ en ‖2

)

≤‖ ∆+un ‖∞‖ en ‖2 .

aJDH

|〈T−en∆−un, en〉| ≤‖ ∆−un ‖∞‖ en ‖2,

X

|〈τn
5 , en〉| = |〈en∆un + ∆(enun), en〉|

= |〈en∆un, en〉 +
1
2
〈T+en∆+un + T−en∆−un, en〉|

≤‖ ∆un ‖∞‖ en ‖2 +
1
2
(‖ ∆+un ‖∞ + ‖ ∆−un ‖∞) ‖ en ‖2

≤ Ch ‖ en ‖2,
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�(zP$)DG��1D u �UW%"Wv"
X1 (2.12) " (4.12), (4.9)–(4.10) D�{xA〈

k−1
(3

2
en − 2en−1 +

1
2
en−2

)
, en

〉

=
k

1
2

h2

n∑
p=0

βp〈δ2en−p, en〉 +
ωn0

h2
〈δ2e0, en〉

+〈τn
1 , en〉 − 〈τn

2 , en〉 +
1
6h

〈τn
3 − τn

5 , en〉 (4.13)

"

〈k−1(e1 − e0), e1〉

=
k

1
2

h2

1∑
p=0

βp〈δ2e1−p, e1〉 +
ω10

h2
〈δ2e0, e1〉

+〈τ1
1 , e1〉 − 〈τ1

2 , e1〉 +
1
6h

〈τ1
3 − τ1

5 , e1〉. (4.14)

X, N ≥ 2 "&1 (4.13)–(4.14) DH

〈e1 − e0, e1〉 +
N∑

n=2

〈3
2
en − 2en−1 +

1
2
en−2, en

〉

=
k

3
2

h2

1∑
p=0

βp〈δ2e1−p, e1〉 +
k

3
2

h2

N∑
n=2

n∑
p=0

βp〈δ2en−p, en〉

+
N∑

n=1

kωn0

h2
〈δ2e0, en〉 +

N∑
n=1

k
(
〈τn

1 , en〉 − 〈τn
2 , en〉 +

1
6h

〈τn
3 − τn

5 , en〉
)

=
k

3
2

h2

N∑
n=1

n∑
p=0

βp〈δ2en−p, en〉 +
N∑

n=1

kωn0

h2
〈δ2e0, en〉

+
N∑

n=1

k
(
〈τn

1 , en〉 − 〈τn
2 , en〉 +

1
6h

〈τn
3 − τn

5 , en〉
)
. (4.15)

1 (3.5)–(3.8) " (3.11) DH

3
4
‖ eN ‖2 −1

4
‖ eN−1 ‖2 −1

4
‖ e1 ‖2 −1

4
‖ e0 ‖2

≤ 2k
3
2

h2
β0 ‖ e0 ‖2 +

4k

h2

N∑
n=1

|ωn0| ‖ e0 ‖‖ en ‖

+
N∑

n=1

k
(
‖ τn

1 ‖ + ‖ τn
2 ‖ +

1
6h

‖ τn
3 ‖

)
‖ en ‖ +

1
6h

N∑
n=1

k|〈τn
5 , en〉|.

bb ‖ eM ‖= max
0≤n≤N

‖ en ‖, N

‖ eM ‖2 ≤ 1
3
(‖ eM−1 ‖2 + ‖ e1 ‖2 + ‖ e0 ‖2)
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+
8k

3
2

3h2
β0 ‖ e0 ‖‖ eM ‖ +

16k

3h2

M∑
n=1

|ωn0| ‖ e0 ‖‖ eM ‖

+
4
3

M∑
n=1

k
(
‖ τn

1 ‖ + ‖ τn
2 ‖ +

1
6h

‖ τn
3 ‖

)
‖ eM ‖ +C

M∑
n=1

k ‖ en ‖2

≤ 1
3
(‖ eM ‖2 + ‖ e1 ‖‖ eM ‖ + ‖ e0 ‖‖ eM ‖)

+
8k

3
2

3h2
β0 ‖ e0 ‖‖ eM ‖ +

16k

3h2

M∑
n=1

|ωn0| ‖ e0 ‖‖ eM ‖

+
4
3

M∑
n=1

k
(
‖ τn

1 ‖ + ‖ τn
2 ‖ +

1
6h

‖ τn
3 ‖

)
‖ eM ‖ +C

M∑
n=1

k ‖ en ‖‖ eM ‖,

4*&, N ≥ 2 "

‖ eN ‖ ≤ ‖ eM ‖

≤ 1
2
(‖ e1 ‖ + ‖ e0 ‖)

+
4k

3
2

h2
β0 ‖ e0 ‖ +

8k

h2

N∑
n=1

|ωn0| ‖ e0 ‖

+2
M∑

n=1

k
(
‖ τn

1 ‖ + ‖ τn
2 ‖ +

1
6h

‖ τn
3 ‖

)
+ C

N∑
n=1

k ‖ en ‖, (4.16)

1TNB Gronwall lJ (lJ 4.3), DH

‖ eN ‖ ≤ ‖ eM ‖

≤ C(T )
(

1
2
(‖ e1 ‖ + ‖ e0 ‖)

+
4k

3
2

h2
β0 ‖ e0 ‖ +

8k

h2

N∑
n=1

|ωn0| ‖ e0 ‖

+2
N∑

n=1

k(‖ τn
1 ‖ + ‖ τn

2 ‖ +
1
6h

‖ τn
3 ‖)

)
. (4.17)

Æm 4.7 b��� (1.1)–(1.3) �+JN%�! (1.8), NT n ≥ 1

N∑
n=1

k ‖ τn
1 ‖≤ Ck

3
2 . (4.18)

� 1:��{#� Taylor |pDH&T${ x (0 ≤ x ≤ 1) |'o
, n ≥ 3 "

u(x,tn−1) = u(x, tn) − kut(x, tn) +
1
2!

(−k)2utt(x, tn) +
1
2!

∫ tn−1

tn

uttt(x, s)(tn−1 − s)2ds,

u(x, tn−2) = u(x, tn) − 2kut(x, tn) +
1
2!

(−2k)2utt(x, tn) +
1
2!

∫ tn−2

tn

uttt(x, s)(tn−2 − s)2ds.
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11vM�DHT 1 ≤ j ≤ J − 1,

|τn
1j | =

∣∣∣ut(x, tn) − k−1
(3

2
un − 2un−1 +

1
2
un−2

)∣∣∣
=

1
k

1
2!

∣∣∣ ∫ tn−1

tn

uttt(x, s)(tn−1 − s)2ds − 1
4

∫ tn−2

tn

uttt(x, s)(tn−2 − s)2ds
∣∣∣

≤ 1
k

(
k2

∫ tn

tn−1

|uttt(x, s)|ds +
1
4
(2k)2

∫ tn

tn−2

|uttt(x, s)|ds
)

≤ Ck

∫ tn

tn−2

|uttt(x, s)|ds.

, n = 2 "

u(x,t1) = u(x, t2) − kut(x, t2) +
∫ t1

t2

utt(x, s)(t1 − s)ds,

u(x, t0) = u(x, t2) − 2kut(x, t2) +
∫ t0

t2

utt(x, s)(t0 − s)ds.

11vM�DHT 1 ≤ j ≤ J − 1,

|τ2
1j | =

∣∣∣ut(x, t2) − k−1
(3

2
u2 − 2u1 +

1
2
u0

)∣∣∣
=

1
k

∣∣∣ ∫ t1

t2

utt(x, s)(t1 − s)ds − 1
2

∫ t0

t2

utt(x, s)(t0 − s)ds
∣∣∣

≤ 1
k

(
k

∫ t2

t1

|utt(x, s)|ds +
1
2
(2k)

∫ t2

t0

|utt(x, s)|ds
)

≤ C

∫ 2k

0

|utt(x, s)|ds.

, n = 1 "

u(x,t0) = u(x, t1) + kut(x, t1) +
∫ t0

t1

utt(x, s)(t1 − s)2ds.

XT 1 ≤ j ≤ J − 1,
|τ1

1j | = |ut(x, t1) − k−1(u1 − u0)|

=
1
k

∣∣∣ ∫ t0

t1

utt(x, s)(t1 − s)ds
∣∣∣

≤ C

∫ k

0

|utt(x, s)|ds.

T${ 1 ≤ j ≤ J − 1, n ≥ 3, 1bb�! (1.8), |'

‖ τn
1 ‖2 ≤ Ck2

∥∥∥ ∫ tn

tn−2

|uttt(x, s)|ds
∥∥∥2

= Ck2
J−1∑
j=1

h
(∫ tn

tn−2

|uttt(xj , s)|ds
)2
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= Ck2
J−1∑
j=1

h

∫ tn

tn−2

|uttt(xj , s)|ds

∫ tn

tn−2

|uttt(xj , y)|dy

= Ck2

∫ tn

tn−2

∫ tn

tn−2

J−1∑
j=1

h|uttt(xj , s)||uttt(xj , y)|dsdy

≤ Ck2

∫ tn

tn−2

∫ tn

tn−2

J−1∑
j=1

hs−
3
2 y− 3

2 dsdy

≤ Ck2
(∫ tn

tn−2

s−
3
2 ds

)2

,

j

‖ τn
1 ‖≤ Ck

∫ tn

tn−2

s−
3
2 ds.

aJDH

‖ τ1
1 ‖≤ C

∫ k

0

s−
1
2 ds, ‖ τ2

1 ‖≤ C

∫ 2k

0

s−
1
2 ds.

4*OtjHN
N∑

n=1

k ‖ τn
1 ‖≤

N∑
n=3

k2

∫ tn

tn−2

s−
3
2 ds + k

∫ k

0

s−
1
2 ds + k

∫ 2k

0

s−
1
2 ds ≤ Ck

3
2 .

Wv"
Æm 4.8 T n ≥ 1, ��'

N∑
n=1

k ‖ τn
2 ‖≤ C(T )(h2 + k2),

N∑
n=1

k

6h
‖ τn

3 ‖≤ C(T )h2. (4.19)

� O_|&T${ 0 ≤ t ≤ T " 1 ≤ j ≤ J − 1 '��$VOI (|c[ [6] (�
(4.13)–(4.14))

h−2δ2u(xj , t) − uxx(xj , t) = O(h2),

1
6h

τn
3j =

1
6h

((uj∆uj + ∆(uj)2) − u(xj , t)ux(xj , t)) = O(h2). (4.20)

X1lJ 4.2, T${ 1 ≤ n ≤ N " 1 ≤ j ≤ J − 1 '

|τn
2j | =

∣∣∣∣
∫ tn

0

β(tn − s)uxx(xj , s)ds − qn

( 1
h2

δ2uj

)∣∣∣∣
≤

∣∣∣∣
∫ tn

0

β(tn − s)(uxx(xj , s)ds − qn

(
uxx(xj , ·)

)∣∣∣∣
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+
∣∣∣qn(uxx(xj , ·)) − qn

( 1
h2

δ2uj

)∣∣∣
≤ Ck

(k

n

) 1
2

+ Ch2

(
k

1
2

n∑
p=0

βp + wn0(k)
)

≤ Ck
(k

n

) 1
2

+ Ch2
(
2
( tn

π

) 1
2
)

≤ C(T )
(
h2 + k

(k

n

) 1
2
)
.

X
N∑

n=1

k ‖ τn
2 ‖≤

N∑
n=1

k

( J−1∑
j=1

h(τn
2j)

2

) 1
2

≤
N∑

n=1

k
(
h2 + k

(k

n

) 1
2
)
≤ C(T )(h2 + k2),

N∑
n=1

k

6h
‖ τn

3 ‖≤
N∑

n=1

k

6h

( J−1∑
j=1

h(τn
3j)

2

) 1
2

≤
N∑

n=1

k

( J−1∑
j=1

h
( 1

6h
τn
3j

)2
) 1

2

≤ C(T )h2.

Wv"
, N = 1 "&1 (4.14) H

‖ e1 ‖2 = 〈e0, e1〉 +
k

3
2

h2

1∑
p=0

βp〈δ2e1−p, e1〉 +
kω10

h2
〈δ2e0, e1〉

+k〈τ1
1 , e1〉 − k〈τ1

2 , e1〉 +
k

6h
〈τ1

3 − kτ1
5 , e1〉

≤‖ e0 ‖‖ e1 ‖ +
4k

3
2

h2
β0 ‖ e0 ‖‖ e1 ‖ +

4k|ω10|
h2

‖ e0 ‖‖ e1 ‖

+k
(
‖ τ1

1 ‖‖ e1 ‖ + ‖ τ1
2 ‖‖ e1 ‖ +

1
6h

‖ τ1
3 ‖‖ e1 ‖ +C ‖ e1 ‖2

)
, (4.21)

4*
‖ e1 ‖≤ ‖ e0 ‖ +

4k
3
2

h2
β0 ‖ e0 ‖ +

4k|ω10|
h2

‖ e0 ‖

+k ‖ τ1
1 ‖ +k ‖ τ1

2 ‖ +
k

6h
‖ τ1

3 ‖, (4.22)

'

‖ τ1
1 ‖≤ C

∫ k

0

s−
1
2 ds ≤ Ck

3
2 ,

‖ τ2
1 ‖≤ C

∫ 2k

0

s−
1
2 ds ≤ C(T )(h2 + k2). (4.23)

1 (4.17)–(4.19), (4.22)–(4.23), jW"
� 3 T��/}��}3!~P:g}�eD (1.1) �~�*��&�(��#1

(Iαuxx)(x, t) =
∫ t

0

(t − s)α−1uxx(x, s)ds, 0 ≤ α ≤ 1 (4.24)

\p&CHBM��s<!H%1v���&��kE%"q~%"
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A SECOND ORDER FULLY DISCRETE DIFFERENCE

SCHEME FOR A NONLINEAR PARTIAL

INTEGRO-DIFFERENTIAL EQUATION

CHEN Hongbin

(Institute of Mathematics and Physics, College of Science, Central South University of Forestry

and Technology, Changsha 410004)

XU Da

(College of Mathematics and Computer Science, Hunan Normal University, Changsha 410081)

Abstract In this paper, the second order fully discrete difference method for a nonlinear
partial integro-differential equation is considered. The integral term is treated by means of the
second order convolution quadrature raised by Lubich. By the second order backward difference
scheme, the stability and the error estimate are given.

Key words Partial integro-differential equation, fractional calculus, convolution quadra-
ture, finite difference scheme, second order fully discrete scheme.


