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��	 Robbins [1] W)���*�X��P�� !+"Æ��#����$"	,-.�
������%�. Y&, /0�%��'(1)*�+,23, �4 [2–5] -.O !5�6X
23/7XO Banach 01X23�%�, 4 [5–7] -.O2323�%�. 84X��9�

Katz [2], Baum 	 Katz [3] ����:�%�: ; {X,Xn, n ≥ 1} 
 !+"Æ��#���
�, �� n ≥ 1, $"	� Sn =

∑n
i=1 Xi. �� 0 < p < 2, r ≥ 1, Z E|X|rp < ∞ 5<65

∞∑
n=1

nr−2P{|Sn − nb| > εn1/p} < ∞, ∀ ε > 0, (1.1)

/
∞∑

n=1

nr−2P
{

max
1≤k≤n

|Sk − kb| > εn1/p
}

< ∞, ∀ ε > 0, (1.2)

=M5 rp ≥ 1 5, b = EX; 5 0 < rp < 1, b = 0.
Chow [8] >��7������%�: ; {X,Xn, n ≥ 1} 
 !+"Æ��#����,

�� n ≥ 1, $"	� Sn =
∑n

i=1 Xi. �� 0 < p < 2, r > 1, rp ≥ 1, Z55 E{|X|rp +
|X| log(1 + |X|)} < ∞, P

∞∑
n=1

nr−2−1/pE
{

max
1≤k≤n

|Sk − kEX| − εn1/p
}

+
< ∞, ∀ ε > 0, (1.3)

=M�� x ≥ 0, Z x+ = x; �� x < 0, Z x+ = 0.
?8
	@9 [9] : Chow [8] �%�1)*�A -p Banach 0123, �*�;"<���

%�. Chen [10] :?8
	@9 [10] �%�1)*�ÆP=>?@A;BB� Banach 012
3. Li 	 Zhang [11] [CC�7BB:>��DDE�#����EF.�	�%�. ?8
	
\F [12] Z>��DDE�#�����7�����, �*�;"<��%�.
WG Li 	 Spătaru [13] ���������H"3G: ; {X,Xn, n ≥ 1} 
 !+"Æ�

�#����, �� n ≥ 1, $"	� Sn =
∑n

i=1 Xi. �� 0 < p < 2, r ≥ 1, q > 0, Z∫ ∞

ε

∞∑
n=1

nr−2P{|Sn − nb| > x1/qn1/p}dx < ∞, ∀ ε > 0

5<65 ⎧⎪⎨
⎪⎩

E|X|rp < ∞, if 0 < q < rp,

E|X|rp log(1 + |X|) < ∞, if q = rp,

E|X|q < ∞, if q > rp,

=M5 rp ≥ 1 5, b = EX; 5 0 < rp < 1, b = 0.
7�����	������H"3GIJK
����%��HL, MI]^1NJK


-O�. L6M, Chen 	Wang [14] �*��:%�: ; an > 0, bn > 0, q > 0, {Zn, n ≥ 1} 
�
��#����, Z:NPO-O∫ ∞

ε

∞∑
n=1

anP{|Zn| > x1/qbn}dx < ∞, ∀ ε > 0,

∞∑
n=1

anE{b−1
n |Zn| − ε}q

+ < ∞, ∀ ε > 0.

Q4[+"Æ ρ 2323:, 1)	RS Chow [8] / Li 	 Spătaru [13] �%�.
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_; {Xn, n ≥ 1} 
8X[��01 (Ω,F , P ) M��#����. Y A 
 F �` σ- ]
�, ^ Lp(A ) (p > 0) 
ZP A N_� p `7P���#����[. ��� {Xn, n ≥ 1} 

ρ 23�, ��

ρ(n) = sup
k≥1

sup
X∈L2(Fk

1 ),Y ∈L2(F∞
n+k)

{ |EXY − EXEY |√
E(X − EX)2E(Y − EY )2

}
→ 0, n → ∞,

=M Fn
m = σ(Xm, . . . ,Xn).

ρ 23��	
 Kolmogorov 	 Rozanov [15] [ 1960 \���. *]^�a, P. ρ 23�

����%����bc, � ρ 23���M_��8�, `I�a�, d�8a, �����8
�	CI�a� ("4ebcd [6], bcd [7, 16, 17] /eeff	gbh�cd [18]). ei%�
�7�ghO�j� ρ 23�#�������I-G	7I-G, �bcd [7] ���:N�

�%�:

fg 1.1 ; {Xn, n ≥ 1}
 ρ23��#����, s ≥ 2. Y EXn = 0, EXs
n < ∞ (n≥1),

Zi[6EjO s 	 ρ(·) b�� K = K(s, ρ(·)), k��� n ≥ 1, P

E max
1≤k≤n

∣∣∣∣
k∑

i=1

Xi

∣∣∣∣
s

≤ K

{
exp

(
K

[log n]∑
i=0

ρ(2i)
)(

n max
1≤i≤n

E|Xi|2
)s/2

+ n exp
(

K

[log n]∑
i=0

ρ2/s(2i)
)

max
1≤i≤n

E|Xi|s
}

, (1.4)

=M [x] kl x �h�$".

:NPOQ4i�%�.

�O7�����	������H"3G-O, majnl7������%�. ��:
7�����m
�
����H"3G, :N�8�o

!�.

kg 1.1 ; r > 1, 0 < p < 2, q > 0, {X,Xn, n ≥ 1} 
+"Æ� ρ 23�#����, �
� n ≥ 1,$"	� Sn =

∑n
i=1 Xi. 23j�dl∑∞

n=1 ρ2/s(2n) < ∞,=M5 max{rp, q} < 2
5, s = 2; 5 max{rp, q} ≥ 2 5, s > max{(r − 1)(1/p − 1/2)−1, rp, q}, Z:�PO-O⎧⎪⎨

⎪⎩
E|X|rp < ∞, if 0 < q < rp,

E|X|rp log(1 + |X|) < ∞, if q = rp,

E|X|q < ∞, if q > rp,

(1.5)

∞∑
n=1

nr−2−q/pE
{

max
1≤k≤n

|Sk − kb| − εn1/p
}q

+
< ∞, ∀ ε > 0, (1.6)

∞∑
n=1

nr−2E
{

sup
k≥n

k−1/p|Sk − kb| − ε
}q

+
< ∞, ∀ ε > 0, (1.7)

=M�� 0 < p < 1, b = 0; �� 1 ≤ p < 2, b = EX; xq
+ = (x+)q.

�� r = 1, ZP
kg 1.2 ; 0 < p < 2, q > 0, {X,Xn, n ≥ 1} 
+"Æ� ρ 23�#����, �� 

n ≥ 1, $"	� Sn =
∑n

i=1 Xi. 23j�dl ∑∞
n=1 ρ2/s(2n) < ∞, =M5 q < 2 5, s = 2; 5
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q ≥ 2 5, s > q, Z:�PO-O⎧⎪⎨
⎪⎩

E|X|p < ∞, if 0 < q < p,

E|X|p log(1 + |X|) < ∞, if q = p,

E|X|q < ∞, if q > p,

(1.8)

∞∑
n=1

n−1−q/pE
{

max
1≤k≤n

|Sk − kb| − εn1/p
}q

+
< ∞, ∀ ε > 0, (1.9)

=M�� 0 < p < 1, b = 0; �� 1 ≤ p < 2, b = EX.

kg 1.3 ; 0 < p < 2, q > 0, {X,Xn, n ≥ 1} 
+"Æ� ρ 23�#����, �� 
n ≥ 1, $"	� Sn =

∑n
i=1 Xi. 23j�dl ∑∞

n=1 ρ2/s(2n) < ∞, =M5 q < 2 5, s = 2; 5
q ≥ 2 5, s > q, Z:�PO-O⎧⎪⎨

⎪⎩
E|X|p log(1 + |X|) < ∞, if 0 < q < p,

E|X|p log2(1 + |X|) < ∞, if q = p,

E|X|q < ∞, if q > p,

(1.10)

∞∑
n=1

n−1−q/p(log n)E
{

max
1≤k≤n

|Sk − kb| − εn1/p
}q

+
< ∞, ∀ ε > 0, (1.11)

∞∑
n=1

n−1E
{

sup
k≥n

k−1/p|Sk − kb| − ε
}q

+
< ∞, ∀ ε > 0, (1.12)

=M�� 0 < p < 1, b = 0; �� 1 ≤ p < 2, b = EX.

Q4m8, I(·) ]kl�n�, C ]kb��, �[I+�o�N]kI+�X.

2 nopqr
kg 1 stu p)v (1.5) ⇒ (1.6). Ip; b = 0, m

∞∑
n=1

nr−2−q/pE
{

max
1≤k≤n

|Sk| − εn1/p
}q

+

=
∞∑

n=1

nr−2−q/p

∫ ∞

0

P
{

max
1≤k≤n

|Sk| − εn1/p > t1/q
}

dt

=
∞∑

n=1

nr−2−q/p

(∫ nq/p

0

P
{

max
1≤k≤n

|Sk|>εn1/p+t1/q
}
dt+

∫ ∞

nq/p

P
{

max
1≤k≤n

|Sk|>εn1/p+t1/q
}

dt

)

≤
∞∑

n=1

nr−2P
{

max
1≤k≤n

|Sk| > εn1/p
}

+
∞∑

n=1

nr−2−q/p

∫ ∞

nq/p

P
{

max
1≤k≤n

|Sk| > t1/q
}

dt

= I1 + I2,

5 rp ≥ 1 5, � Shao [7] �8� 3.1 /�4 [18, 1� 8.4.1] Æ, � E|X|rp < ∞ q EX = 0, P
I1 < ∞; 5 0 < rp < 1 5, � Markov I-Gqrw�s,, P

I1 ≤
∞∑

n=1

nr−2

(
nP{|X| > n1/p} + P

{
max

1≤k≤n

∣∣∣∣
k∑

i=1

XiI(|Xi| ≤ n1/p)
∣∣∣∣ > εn1/p

})
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≤
∞∑

n=1

nr−2

(
nP{|X| > n1/p} + Cn−1/pE max

1≤k≤n

∣∣∣∣
k∑

i=1

XiI(|Xi| ≤ n1/p)
∣∣∣∣
)

≤
∞∑

n=1

nr−1P{|X| > n1/p} + C
∞∑

n=1

nr−1−1/pE|X|I(|X| ≤ n1/p)

≤ CE|X|rp < ∞.

_^, q0P I1 < ∞, O
jrvs I2 < ∞. �O
P

{
max

1≤k≤n
|Sk| > t1/q

}
≤ nP{|X| > t1/q} + P

{
max

1≤k≤n

∣∣∣∣
k∑

i=1

XiI(|Xi| ≤ t1/q)
∣∣∣∣ > t1/q

}
.

ma

I2 ≤
∞∑

n=1

nr−1−q/p

∫ ∞

nq/p

P{|X| > t1/q}dt

+
∞∑

n=1

nr−2−q/p

∫ ∞

nq/p

P

{
max

1≤k≤n

∣∣∣∣
k∑

i=1

XiI(|Xi| ≤ t1/q)
∣∣∣∣ > t1/q

}
dt

= I3 + I4.

)v I3 < ∞. �t"MX8�qrw�s,, P
I3 =

∞∑
n=1

nr−1−q/p
∞∑

m=n

∫ (m+1)q/p

mq/p

P{|X| > t1/q}dt

≤ C

∞∑
n=1

nr−1−q/p
∞∑

m=n

mq/p−1P{|X| > m1/p}

=
∞∑

m=1

mq/p−1P{|X| > m1/p}
m∑

n=1

nr−1−q/p

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C

∞∑
m=1

mr−1P{|X| > m1/p}, if q < rp,

C
∞∑

m=1

log(1 + m)P{|X| > m1/p}, if q = rp,

C

∞∑
m=1

mq/p−1P{|X| > m1/p}, if q > rp

≤

⎧⎪⎨
⎪⎩

CE|X|rp < ∞, if q < rp,

CE|X|q log(1 + |X|) < ∞, if q = rp,

CE|X|q < ∞, if q > rp.

=tuvs I4 < ∞. x *5 0 < p < 1 5, �vy��8�, P
max

t≥nq/p
max

1≤k≤n

∣∣∣∣t−1/q
k∑

i=1

EXiI(|Xi| ≤ t1/q)
∣∣∣∣ ≤ max

t≥nq/p
nt−1/qE|X|I(|X| ≤ t1/q)

≤ max
t≥nq/p

n

∫ 1

0

P{|X| > t1/qx}dx

≤
∫ 1

0

nP{|X| > n1/px}dx → 0;
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5 1 ≤ p < 2 5, � EX = 0, P

max
t≥nq/p

max
1≤k≤n

∣∣∣∣t−1/q
k∑

i=1

EXiI(|Xi| ≤ t1/q)
∣∣∣∣ = max

t≥nq/p
max

1≤k≤n

∣∣∣∣t−1/q
k∑

i=1

EXiI(|Xi| > t1/q)
∣∣∣∣

≤ max
t≥nq/p

nt−1/qE|X|I(|X| > t1/q)

≤ n1−1/pE|X|I(|X| > n1/p)

≤ E|X|pI(|X| > n1/p) → 0.

ma5 n lwd5, � t ≥ nq/p, P

P

{
max

1≤k≤n

∣∣∣∣
k∑

i=1

XiI(|Xi| ≤ t1/q)
∣∣∣∣ > t1/q

}

≤ P

{
max

1≤k≤n

∣∣∣∣
k∑

i=1

(XiI(|Xi| ≤ t1/q) − EXiI(|Xi| ≤ t1/q))
∣∣∣∣ > t1/q/2

}
. (2.1)

�� max{rp, q} < 2, � (2.1) G, Markov I-G, �� 1.1, t"MX8�qrw�s,P

I4 ≤ C

∞∑
n=1

nr−2−q/p

∫ ∞

nq/p

P

{
max

1≤k≤n

∣∣∣∣
k∑

i=1

(XiI(|Xi| ≤ t1/q) − EXiI(|Xi| ≤ t1/q))
∣∣∣∣ > t1/q/2

}
dt

≤ C
∞∑

n=1

nr−2−q/p

∫ ∞

nq/p

t−2/qE max
1≤k≤n

∣∣∣∣
k∑

i=1

(XiI(|Xi| ≤ t1/q) − EXiI(|Xi| ≤ t1/q)
∣∣∣∣
2

dt

≤ C

∞∑
n=1

nr−2−q/p

∫ ∞

nq/p

nt−2/qE|X|2I(|X| ≤ t1/q)dt

= C

∞∑
n=1

nr−1−q/p
∞∑

m=n

∫ (m+1)q/p

mq/p

t−2/qE|X|2I(|X| ≤ t1/q)dt

≤ C
∞∑

n=1

nr−1−q/p
∞∑

m=n

mq/p−2/p−1E|X|2I(|X| ≤ (m + 1)1/p)

= C

∞∑
m=1

mq/p−2/p−1E|X|2I(|X| ≤ (m + 1)1/p)
m∑

n=1

nr−1−q/p

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C

∞∑
m=1

mr−2/p−1E|X|2I(|X| ≤ (m + 1)1/p), if q < rp,

C
∞∑

m=1

mq/p−2/p−1 log(1 + m)E|X|2I(|X| ≤ (m + 1)1/p), if q = rp,

C

∞∑
m=1

mq/p−2/p−1E|X|2I(|X| ≤ (m + 1)1/p), if q > rp

≤

⎧⎪⎨
⎪⎩

CE|X|rp < ∞, if q < rp,

CE|X|q log(1 + |X|) < ∞, if q = rp,

CE|X|q < ∞, if q > rp.

��max{rp, q} ≥ 2,� (2.1)G, MarkovI-G,�� 1.1� s > max{(r−1)(1/p−1/2)−1, rp, q},
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P

I4 ≤ C

∞∑
n=1

nr−2−q/p

∫ ∞

nq/p

P

{
max

1≤k≤n

∣∣∣∣
k∑

i=1

(XiI(|Xi| ≤ t1/q) − EXiI(|Xi| ≤ t1/q)
∣∣∣∣ > t1/q/2

}
dt

≤ C

∞∑
n=1

nr−2−q/p

∫ ∞

nq/p

t−s/q{ns/2(E|X|2I(|X| ≤ t1/q))s/2 + nE|X|sI(|X| < t1/q)}dt

≤ C

∞∑
n=1

nr+s/2−2−q/p

∫ ∞

nq/p

t−s/q(E|X|2I(|X| ≤ t1/q))s/2dt

+ C
∞∑

n=1

nr−1−q/p

∫ ∞

nq/p

t−s/qE|X|sI(|X| < t1/q)dt

= I5 + I6.

�O max{rp, q} ≥ 2, mM

E|X|2I(|X| ≤ t1/q) ≤ E|X|2 < ∞,

O
P
I5 ≤ C

∞∑
n=1

nr+s/2−2−q/p(−t−s/q+1)|∞nq/p = C
∞∑

n=1

nr+s/2−2−s/p < ∞.

xu[23 max{rp, q} < 2 5 I4 < ∞ Nv I6 < ∞. ma�
� (1.5) ⇒ (1.6) �vs.

=tv (1.6)⇒(1.7). m�
∞∑

n=1

nr−2E
{

sup
k≥n

k−1/p|Sn| − ε
}q

+
=

∞∑
n=1

nr−2

∫ ∞

0

P
{

sup
k≥n

k−1/p|Sk| > ε + t1/q
}
dt

=
∞∑

i=1

2i∑
n=2i−1

nr−2

∫ ∞

0

P
{

sup
k≥n

k−1/p|Sk| > ε + t1/q
}
dt

≤ C

∞∑
i=1

2i(r−1)

∫ ∞

0

P
{

sup
k≥2i−1

k−1/p|Sn| > ε + t1/q
}

dt

≤ C
∞∑

i=1

2i(r−1)
∞∑

j=i

∫ ∞

0

P
{

max
2j−1≤k<2j

k−1/p|Sk| > ε + t1/q
}

dt

≤ C

∞∑
j=1

2j(r−1)

∫ ∞

0

P
{

max
1≤k≤2j

|Sk| > (ε + t1/q)2(j−1)/p
}

dt

≤ C
∞∑

j=1

2j(r−1−q/p)

∫ ∞

0

P
{

max
k≤2j

|Sk| > 2(j−1)/pε + y1/q
}

dy (y = 2(j−1)q/pt)

≤ C

∞∑
n=1

nr−2−q/p

∫ ∞

0

P
{

max
k≤n

|Sk| > 2−2/pn1/pε + y1/q
}

dy

= C
∞∑

n=1

nr−2−q/pE
{

max
1≤k≤n

|Sk| − ε0n
1/p

}q

+
< ∞ (ε0 = 2−2/pε),

O
� (1.6) Æ (1.7) G
!.
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Wyv (1.7) ⇒ (1.5). � (1.7) GvwP
∞∑

n=1

nr−2E
{

sup
k≥n

k−1/p|Sk+1 − (k + 1)b| − ε
}q

+
< 0, ∀ ε > 0.

�MGq (1.7) GN1l
∞∑

n=1

nr−2E
{

sup
k≥n

k−1/p|Xk − b| − ε
}q

+
< ∞, ∀ ε > 0. (2.2)

� (2.2), E(supk≥1 k−1/p|Xk − b|)q < ∞, mai[ M > 0, k��x n ≥ 1, P
P

{
sup
k≥n

k−1/p|Xk − b| > M
}
≤ 1/2. (2.3)

x * {max2i≤k<2(i+1) k−1/p|Xk − b|, i ≥ 1} 
� ρ 23��, =23j�dl
∞∑

i=1

ρ(i) < ∞.

O
�z!y	zz{ [19] ��� A.5 	�� A.6 P�� m ≥ 1 q t > 0, P
∞∑

i=m

P
{

max
2i≤k<2(i+1)

k−1/p|Xk − b| > M + t1/q
}

≤ 2P
{

sup
i≥m

max
2i≤k<2(i+1)

k−1/p|Xk − b| > M + t1/q
}
. (2.4)

� (2.3) GÆ�� i ≥ 1,

P
{

max
2i≤k<2(i+1)

|Xk − b| > M2(i+1)/p
}
≤ P

{
max

2i≤k<2(i+1)
k−1/p|Xk − b| > M

}
≤ 1/2. (2.5)

O
��� 2.1 qz!y	zz{ [19] ��� A.6, �� i ≥ 1 q t > 0, P
2iP{|X| > (M + t1/q)2(i+1)/p} ≤ 2P

{
max

2i≤k<2(i+1)
|Xk − b| > (M + t1/q)2(i+1)/p

}
. (2.6)

[ (2.2) GM7 ε = M , � (2.4) q (2.6) G, {|}*t"MX8�, P
∞ >

∞∑
n=1

nr−2E
{

sup
k≥n

k−1/p|Xk − b| − M
}q

+

=
∞∑

m=1

2m−1∑
n=2m−1

nr−2E
{

sup
k≥n

k−1/p|Xk − b| − M
}q

+

≥ C

∞∑
m=1

2m(r−1)E
{

sup
k≥2m

k−1/p|Xk − b| − M
}q

+

= C

∞∑
m=1

2m(r−1)

∫ ∞

0

P
{

sup
k≥2m

k−1/p|Xk − b| > M + t1/q
}

dt

= C
∞∑

m=1

2m(r−1)

∫ ∞

0

P
{

sup
i≥m

max
2i≤k<2(i+1)

k−1/p|Xk − b| > M + t1/q
}

dt

≥ C

∞∑
m=1

2m(r−1)
∞∑

i=m

∫ ∞

0

P
{

max
2i≤k<2(i+1)

k−1/p|Xk − b| > M + t1/q
}

dt (by (2.4))

≥ C
∞∑

i=1

2i(r−1)

∫ ∞

0

P
{

max
2i≤k<2(i+1)

|Xk − b| > (M + t1/q)2i+1
}
dt
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≥ C

∞∑
i=1

2ir

∫ ∞

0

P{|X − b| > (M + t1/q)2(i+1)/p}dt (by (2.6))

= C
∞∑

i=1

2i(r−q/p)

∫ ∞

0

P{|X − b| > M2(i+1)/p + s1/q}ds (s = t2(i+1)q/p)

≥ C

∞∑
i=1

2i(r−q/p)

∫ ∞

Mq2iq/p

P{|X − b| > M2(i+1)/p + s1/q}ds

= C

∞∑
i=1

2i(r−q/p)
∞∑

j=i

∫ Mq2(j+1)q/p

Mq2jq/p

P{|X − b| > M2(i+1)/p + s1/q}ds

≥
∞∑

i=1

2i(r−q/p)
∞∑

j=i

∫ Mq2(j+1)q/p

Mq2jq/p

P{|X − b| > M2(i+1)/p + s1/q}ds

≥ C

∞∑
i=1

2i(r−q/p)
∞∑

j=i

2jq/pP{|X − b| > M2(j+1)/p+1}

= C

∞∑
j=1

2jq/pP{|X − b| > M2(j+1)/p+1}
j∑

i=1

2i(r−q/p)

≥

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C
∞∑

j=1

2jrP{|X − b| > M2(j+1)/p+1} ≥ CE|X|rp, if q < rp,

C

∞∑
j=1

2jr(1 + j)P{|X − b| > M2(j+1)/p+1} ≥ CE|X|q(log(1 + |X|)), if q = rp,

C
∞∑

j=1

2jq/pP{|X − b| > M2(j+1)/p+1} ≥ CE|X|q, if q > rp.

|M8��v.
8� 1.2 	8� 1.3 �vs
xu�, |M~�.
{ 1 |8��vsu}, .~
}*� Rosenthal A7WdXI-G, ��� 1.1. =��

23/DE�#����� ϕ 23�#����, DDE�#����, ρ∗ 23�#����
oPD|� Rosenthal A7WdXI-G (e4 [5, 20–21]), mMQ48� 1.1– 8� 1.3 �ei
23/DE��#����o

!�. 84, [DDE23:, Q4>�� q ≥ rp -235�

%�, M?8
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