
� 51�� 2� � � � � ��� Vol.51, No.2

2008�3� ACTA MATHEMATICA SINICA, Chinese Series Mar., 2008

����: 0583-1431(2008)02-0365-06 �����: A

	
���������

�������	


 �
������������ �� 510320

E-mail: hongyong59@sohu.com

� � ������� K(m,n)  !"#$ T : T{an} =
∑∞

n=1 K(m,n)an, {an} ∈
lω(n), l = {{an} | an ≥ 0,

∑∞
n=1 ω(n)an < +∞}, %&'() T  *"+,, -./0

12.

��� �����; !"#$; #$34; *"
MR(2000) 5��� 26D15
6��� O178

On the Norm of a Series Operator with a Symmetric and Homogeneous Kernel

and Its Application

Yong HONG

Department of Mathematics, Guangdong Business College, Guangzhou 510320, P. R. China

E-mail: hongyong59@sohu.com

Abstract For a series operator T with a symmetric and homogemecus rernel k(m,n)
defined by T{an}=

∑∞
n=1 K(m,n)an, {an}∈lω(n), lw(n) = {{an} | an ≥ 0,
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n=1 ω(n)·
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1 78Æ9�: 
� p > 1, 1

p + 1
q = 1, ω(n) ≥ 0 (n ∈ N), �!�	
 Hilbert "�� lpω(n):

lpω(n) =
{
{an} | an ≥ 0, ‖{an}‖p,ω =

( ∞∑
n=1

ω(n)ap
n

) 1
p

< +∞
}

.

 ω(n) = 1 �, � lp = lp1 .
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� K(m,n)  -!". K(m,n) = K(n,m) # λ Æ$Æ. K(tm, tn) = tλK(m,n), "
K(m,n) /!"$Æ%, ! {an} ∈ lpω(n), �!&012 T :

T{an} =
∞∑

n=1

K(m,n)an, m ∈ N. (1)

'(3)0 M > 0, *

‖T{an}‖q,ω ≤ M‖{an}‖p,ω1 , {an} ∈ lpω1(n),

4" T / (lpω1
→ lqω) 56+12, ,Æ (lpω1

→ lqω) 56+12�/ B(lpω1
→ lqω). T 
-0�!

/
‖T‖ = sup

{an}∈lpω1

‖T{an}‖q,ω

‖{an}‖p,ω1

.

� K(m,n) = 1
m+n , 7.68/
 Hardy–Hilbert 019 [1]

∞∑
m=1

( ∞∑
n=1

an

m + n

)p

≤
[ π

sin(π/p)

]p ∞∑
n=1

ap
n, (2)

2:
)0;2<=3
. >456
‖T{an}‖p ≤ π

sin(π/p)
‖{an}‖p,

7 ‖T‖ = π/ sin(π/p). Hardy–Hilbert 019<8?@:
AB019, 9CD
E:F;<G
6H=6>I
?@ [2−8]. =A, J [3] 3K�LBM6C

∞∑
m=1

n
pλ
2 −1

[ ∞∑
n=1

an

(m + n)λ

]p

< Bp

(
λ

2
,
λ

2

) ∞∑
n=1

np(1−λ
2 )−1ap

n. (3)

DN
EO<PFG:HQ!M
�!"$Æ%
&012 T 
6+., I6C T 
-0
JK, R�SL2TU.

>V 1.1 � a, b, p, q ∈ R, K(m,n)  -!".M λ Æ$Æ.: K(m,n) = K(n,m),
K(tm, tn) = tλK(m,n) (t ∈ R). '

k(b, p) =
∫ +∞

0

K(1, t)t−bpdt

WN, 7 bp + aq = 2 + λ, 4 k(b, p) = k(a, q).
?X ;/ bp = 2 + λ − aq, C<

k(b, p) =
∫ +∞

0

K(1, t)taq−2−λdt =
∫ +∞

0

K
(1

t
, 1

)
taq−2dt

= −
∫ 0

+∞
K(u, 1)u2−aq 1

u2
du =

∫ +∞

0

K(1, u)u−aqdu = k(a, q).

2 YZ[\]^_`ab@_AcBdeafg
hV 2.1 � p > 1, 1

p + 1
q = 1, a ∈ R, b ∈ R, λ ∈ R, 1 > bp > 0, 1 > aq > 0,

ω1(n) = n1+λ+(a−b)p, ω(n) = n(1−p)(λ+1)+(a−b)p, OPQiR0 K(x, y) 8S9C x M y TU7

 -
K(x, y) = K(y, x), K(tx, ty) = tλK(x, y).
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'

k(b, p) =
∫ +∞

0

K(1, t)t−bpdt, k(a, q) =
∫ +∞

0

K(1, t)t−aqdt

WN, 412 T : T{an} =
∑∞

n=1 K(m,n)an,  -
(i) T ∈ B(lpω1

→ lpω), 7

‖T{an}‖p,ω < k
1
p (b, p)k

1
q (a, q)‖{an}‖p,ω1 , {an} ∈ lpω1

; (4)

(ii) 'd6 bp + aq = λ + 2, K(1, t) ≤ M ()0), 4
‖T‖ = sup

{an}∈ lpω1

‖T{an}‖p,ω

‖{an}‖p,ω1

= k(b, p). (5)

?X � {an} ∈ lpω1
, �

bm = m(1−p)(λ+1)+(a−b)p

( ∞∑
n=1

K(m,n)an

)p−1

, m ∈ N.

> Holder 019, 6
‖T{an}‖p

p,ω =
∞∑

m=1

m(1−p)(λ+1)+(a−b)p

( ∞∑
n=1

K(m,n)an

)p

=
∞∑

m=1

∞∑
n=1

K(m,n)anbm =
∞∑

m=1

∞∑
n=1

(
an

na

mb

)(
bm

mb

na

)
K(m,n)

≤
( ∞∑

m=1

∞∑
n=1

ap
n

nap

mbp
K(m,n)

) 1
p
( ∞∑

m=1

∞∑
n=1

bq
m

mbq

naq
K(m,n)

) 1
q

=

[ ∞∑
n=1

ap
nnap

( ∞∑
m=1

K(m,n)m−bp

)] 1
p

[ ∞∑
m=1

bq
mmbq

( ∞∑
n=1

K(m,n)n−aq

)] 1
q

,

> K(x, y) 9C x # y 
TU.M bp > 0, aq > 0, 6
∞∑

m=1

K(m,n)m−bp <

∞∑
m=1

∫ m

m−1

K(n, t)t−bpdt =
∫ +∞

0

K(n, t)t−bpdt

= nλ

∫ +∞

0

K
(
1,

t

n

)
t−bpdt = n1+λ−bp

∫ +∞

0

K(1, u)u−bpdu

= k(b, p)n1+λ−bp.

Re, 6
∞∑

n=1

K(m,n)n−aq < k(a, q)m1+λ−aq,

C<56

‖T{an}‖p
p,ω < k

1
p (b, p)k

1
q (a, q)

( ∞∑
n=1

n1+λ+(a−b)pap
n

) 1
p
( ∞∑

m=1

m1+λ+(b−a)qbq
m

) 1
q

= k
1
p (b, p)k

1
q (a, q)‖{an}‖p,ω1‖T{an}‖p−1

p,ω .

>46C (4) 9.
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(ii) 'd6 bp + aq = λ + 2, >oe 1, 6 k(b, p) = k(a, q), C<> (4) 9, 6C

‖T{an}‖p,ω < k(b, p)‖{an}‖p,ω1 .

f@ (5) 90gh, 4(3)0 C < k(b, p), * ‖T{an}‖p,ω ≤ C‖{an}‖p,ω1 , C<
∞∑

m=1

m(1−p)(λ+1)+(a−b)p

( ∞∑
n=1

K(m,n)an

)p

< Cp
∞∑

n=1

n1+λ+(a−b)pap
n = Cp

∞∑
n=1

n−1+apqap
n

!i8p
 ε > 0, j an = n−(apq+ε)/p, 6
∞∑

n=1

n−1+apqap
n =

∞∑
n=1

n−1−ε = 1 +
∞∑

n=2

n−1−ε < 1 +
∫ +∞

1

t−1−εdt = 1 +
1
ε
,

∞∑
m=1

m(1−p)(λ+1)+(a−b)p

( ∞∑
n=1

K(m,n)an

)p

=
∞∑

m=1

m(1−p)(λ+1)+(a−b)p

( ∞∑
n=1

K(m,n)n− apq+ε
p

)p

.

q;/
∞∑

n=1

K(m,n)n− apq+ε
p >

∫ +∞

1

K(m, t)t−
apq+ε

p dt

= mλ

∫ +∞

0

K
(
1,

t

m

)
t−

apq+ε
p dt − mλ

∫ 1

0

K
(
1,

t

m

)
t−

apq+ε
p dt

= m1+λ− apq+ε
p

∫ +∞

0

K(1, u)u− apq+ε
pq qdu − m1+λ− apq+ε

p

∫ 1/m

0

K(1, u)u− apq+ε
p du

≥ m1+λ− apq+ε
p k

(apq + ε

pq
, q

)
− m1+λ− apq+ε

p M

∫ 1/m

0

u− apq+ε
p du

= m1+λ− apq+ε
p k

(
a +

ε

pq
, q

)
− pM

p − apq − ε
mλ,

kU (x − y)p(x > 0, y > 0) 9Clm y 
rnso9, 56019 (x − y)p > xp − pxp−1y, C
<>4019, 56( ∞∑

n=1

K(m,n)n− apq+ε
p

)p

≥
[
m1+λ− apq+ε

p k
(
a +

ε

pq
, q

)
− pM

p − apq − ε
mλ

]p

≥ mp(1+λ)−apq−εkp
(
a +

ε

pq
, q

)
− p2M

p − apq − ε
mλ

[
m1+λ− apq+ε

p k
(
a +

ε

pq
, q

)]p−1

= mp(1+λ)−apq−εkp
(
a +

ε

pq
, q

)
− p2M

p − apq − ε
kp−1

(
a +

ε

pq
, q

)
mλ+(p−1)(λ+1)−apq+ε

q ,

pq
∞∑

m=1

m(1−p)(λ+1)+(a−b)p

( ∞∑
n=1

K(m,n)an

)p

> kp
(
a +

ε

pq
, q

) ∞∑
m=1

m−1−ε − P 2M

p − apq − ε
kp−1

(
a +

ε

pq
, q

) ∞∑
m=1

m−(2−aq+ ε
q )

>
1
ε
kp

(
a +

ε

pq
, q

)
− O(1).
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tr56
1
ε
kp

(
a +

ε

pq
, q

)
− O(1) < Cp

(
1 +

1
ε

)
.

C<
kp

(
a +

ε

pq
, q

)
− εO(1) < Cp(1 + ε).

j ε → 0+, 6 k(a, q) ≤ C, s k(b, p) ≤ C, u<Ktuv, w (5) 9gh.

3 CD
v/ (4) M (5) 9
TU, �! {an} F {bn} 
xy/

({an}, {bn}) =
∞∑

n=1

anbn, {an} ∈ l, {bn} ∈ l.

7.6fM�e
hV 3.1 � p > 1, 1

p + 1
q = 1, a ∈ R, b ∈ R, λ ∈ R, 0 < bp < 1, 0 < aq < 1,

ω1(n) = n1+λ+(a−b)p, ω2(n) = n1+λ+(b−a)q, K(x, y)  -�e 2.1 
LB. '

k(b, p) =
∫ +∞

0

K(1, t)t−bpdt, k(a, q) =
∫ +∞

0

K(1, t)t−aqdt

WN, 412 T : T{an} =
∑∞

n=1 K(m,n)an  -
(i) !C {an} ∈ lpω1

, {bn} ∈ lqω2
, 6019

(T{an}, {bn}) ≤ k
1
p (b, p)k

1
q (a, q)‖{an}‖p,ω1‖{bn}‖q,ω2 ; (6)

(ii) 'd6 bp + aq = λ + 2, K(1, t) ≤ M ()0), 4
(T{an}, {bn}) ≤ k(b, p)‖{an}‖p,ω1‖{bn}‖q,ω2 , (7)

2: (7) :
)0;2 k(b, p) <=3
.

?X � ω(m) = m(1−p)(λ+1)+(a−b)p, kU�e 2.1 
 (4) 9# Holder 019, 6
(T{an}, {bn}) =

∞∑
m=1

∞∑
n=1

K(m,n)anbm

=
∞∑

m=1

(
m− 1+λ+(b−a)q

q

∞∑
n=1

K(m,n)an

)(
m

1+λ+(b−a)q
q bm

)

≤
[ ∞∑

m=1

m(p−1)(1+λ)+(a−b)p

( ∞∑
n=1

K(m,n)an

)p
] 1

p
[ ∞∑

m=1

m1+λ+(b−a)qbq
m

] 1
q

= ‖T{an}‖p,ω‖{bn}‖q,ω2 ≤ k
1
p (b, p)k

1
q (a, q)‖{an}‖p,ω1‖{bn}‖q,ω2 ,

w (6) gh.

zw{,> (6)9x5|} (4)9,w (6)F (4)91>. pq, bp+aq = 2+λ, K(1, t) ≤ M

�, (7) F (5) 91>, w (7) 9gh, 7 (7) 9:
)0;2<=3
.

yz 3.1 � p > 1, 1
p + 1

q = 1, {an} ∈ lp, {bn} ∈ lq, OPQiR0 K(x, y)  -
K(x, y) = K(y, x), K(tx, ty) = t−1K(x, y), K(1, t) ≤ M,
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7 k(p) =
∫ +∞
0

K(1, t)t−
1
p dt WN, 412 T : T{an} =

∑∞
n=1 K(m,n)an (m ∈ N)  -

‖T‖ = sup
{an}∈ lp

‖T{an}‖p

‖{an}‖p
= k(p), (8)

(T{an}, {bn}) ≤ k(p)‖{an}‖p‖{bn}‖q, (9)

2: (9) 9:
)0;2 k(p) <=3
.
?X 3 (5) M (7) 9:~ λ = −1, a = b = 1

pq s6.
yz 3.2 � p > 1, 1

p + 1
q = 1, r > 1, 1

r + 1
s = 1, 0 < λ < s, 4

∞∑
m=1

mp λ
s −1

( ∞∑
n=1

an

max{mλ, nλ}
)p

≤
[

s2

λ(s − λ)

]p ∞∑
n=1

np(1−λ
r )−1ap

n; (10)

∞∑
m=1

∞∑
n=1

anbm

max{mλ, nλ} ≤ s2

λ(s − λ)

( ∞∑
n=1

np(1−λ
r )−1ap

n

) 1
p
( ∞∑

n=1

nq(1−λ
s )−1bq

n

) 1
q

, (11)

2: (10) M (11) 9:
)0;2 [
s2

λ(s−λ)

]p
M s2

λ(s−λ) �<=3
.

?X 3 (5) M (7) 9:8S~
K(x, y) =

1
max{xλ, yλ} , a =

1
q

(
1 +

λ

r

)
, b =

1
p

(
1 +

λ

s

)
s5.

E 1 3 (5) M (7) 9:{{|~ K(x, y), a, b M λ, d56CH=}
019.

~ � F G
[1] Hardy G. H., Littlewood J. E., Polya G., Inequalities, Cambridge: Cambridge University Press, 1952
[2] Yang B., Debnath L., On the extended Hardy-Hilbert’s type inequality, J. Math. Anal. Appl., 2002, 272:

187–199.
[3] Yang B. C., On Hilbert’s type inequality with some paraneters, Acta Mathematica Sinica, Chinese Series,

2006, 49(5): 1122–1126.
[4] Hu K., On Hilbert’s type inequality, Chinese Ann. Math., 1992, 13B(2): 35–39 (in Chinese).
[5] Yang B. C., On Hilbert’s inegral inequality, J. Math. Anal. Appl., 1998, 220: 778–785.
[6] Hong Y., On Hardy-type integral inequalities with some functions, Acta Mathematica Sinica, Chinese Series,

2006, 49(1): 39–44.
[7] Kuang J. C., Applied inequalities, Jinan: Shandong Science and Technology press, 2004 (in Chinese).
[8] Yang B. C., On the norm of an integral operator and application, J. Math. Anal. Appl., 2006, 321(1):

182–192.


