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1 ijklm� 
���!"�{

ρ(|x|)ut = div(um−1|Du|λ−1Du) − f(u), x ∈ R
N , t > 0,

u(x, 0) = u0(x), x ∈ R
N ,

(1.1)

�# u = u(x, t), x = (x1, x2, . . . , xN ), N ≥ 1, |x| = (
∑N

i=1 x2
i )

1
2 , Du = (ux1 , ux2 , . . . , uxN );

m ≥ 1, λ ≥ 1 $	�, � m + λ − 2 > 0; %�& f ∈ C1([0,∞)), f(s) ≥ 0, �	� f(s) = c0s
p,

(c0 > 0, p > 0 $	�); 
' u0(x) �(
u0 ≥ 0, suppu0 ⊂ BR0 := {x ∈ R

N : |x| < R0}, ‖u0‖L∞(RN ) < ∞. (1.2)

�� ρ(s) $ [0,∞) ��
���)��, � ρ(0) = 1, �	� ρ = ρ(x) $�!*�
ρ(x) =

ρ0

(1 + |x|)k
, k > 0. (1.3)

+� ρ0 $)	�.
��,���"��� u(x, t) �-!�./ (P1):

∀x ∈ R
N , ∃T = T (x) > 0,  � ∀ t > T, u(x, t) > 0, (P1)

0!���-). (Positivity property); ",���"��� u(x, t) �-!�./ (P2):

∃L > 0,  � suppu(., t) ⊂ BL (t ≥ 0), (P2)

1���-#�. (Localization property).
"� (1.1) $%&��2'3�-����245(67�) [1]. *�8� ρ(x) �	Æ+

�,-.%����//0�. 95(2#, 1 u(x, t) Æ+230�, "Æ+�5('3���
"���-)., 1Æ4�23:; 5!"<�6=; "Æ+�5('3���"���-#
�., Æ42397#89$%>?9,�->6=:. ;<=, "� (1.1) @A>?@!���
&B, '(� ρ,m, λ �ACBCD*, �"?)*�E� (+DE [2–3] ,�(�DE).

��).-#�.4��./F (interfaces) 0GF&. 9,G6= (N = 1), � u(x, t) �
./F�H�!

ξ+(t) := sup{x ∈ R : u(x, t) > 0}, (t ≥ 0),

ξ−(t) := inf{x ∈ R : u(x, t) > 0}, (t ≥ 0).

� ξ+(t) - ξ−(t) 01$ u(x, t) 9 t 89�I./F-J./F. KH, 'L232I4�
'
u0, - ξ−(t) ≤ ξ+(t).
9ACJ5!, ��./F97M89$69 (+DE [1, 4, 5]), 7�8*K9N,O-LN

P, :6989 t0 ∈ (0,∞),  �; t → t−0 8, - |ξ±| → ∞, +ONP�$� u(x, t) �Q<9
->89=M, R�� u(x, t) �./F9->89SN, >�� u(x, t) �- BFT ./. ?1�
� u(x, t) �-->O!@AP�, >��- FSP ./.

&L"� (1.1) ��Q<./, ; N = 1 (,GD*), f(s) = sp (p > 0 $	�) 8, 9DE
[6] #, B�?��Q<=M�J5, DE [3] 8B�?!&E�:

(i) " p < m + λ − 1 8, 1"� (1.1) ��-#�., �69QTRL m,λ, p - ‖u0‖∞ �
	� L,  �

|ξ±(t)| ≤ L, (t ≥ 0).
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(ii) " p > m + λ − 1, k < k∗ := (p−1)(λ+1)
p−(m+λ−1) , �69	� ρ1, ρ2 > 0 �(

ρ1

(1 + |x|)k
≤ ρ(x) ≤ ρ2, (x ∈ R), (1.4)

1"� (1.1) ��./F<369, �69QTRL m,λ, p, k, ρ1 - u0 �	� a, b > 0,  �

|ξ±(t)| ≤ b(at + 1)
1

k∗−k , (t ≥ 0).

(iii) " p > m + λ − 1, k > k∗, �69	� ρ3 > 0 �(
ρ(x) ≤ ρ3

(1 + |x|)k
, (x ∈ R), (1.5)

169)� T ∈ (0,∞),  �

u(x, t) > 0, (∀x ∈ R, ∀ t ≥ T ).

P8"� (1.1) ��-)., ���./F9->89SN.
(iv) " p > m + λ − 1, k = k∗, ρ(x) �(J5 (1.4), 169QTRL m,λ, p, k, ρ1, u0 �	

� B, β,  �
|ξ±(t)| ≤ Beβt, t ≥ 0.

P8"� (1.1) ��./F<369.
'L7MGYQ (N ≥ 1) �D*, Z

P (t) := {x ∈ R
N : u(x, t) > 0}, η(t) := inf{r > 0 : P (t) ⊂ Br}, (t ≥ 0).

RS1 0 ∈ Int suppu0, Z u0 �[[.\ η(0) > 0, T7 ∀ t > 0, η(t) > 0. �6= P (t) �U\
]F ∂P (t)$� u(x, t) 9 t 89�./F. "69 t0 ∈ (0,∞),  �; t → t−0 8, - η(t) → ∞,
1���./F9->89SN, V���- BFT ./, ?10!���-->O!@AP�,
>���- FSP ./.
F',GD*7], ^_'"� (1.1) 9WGD*��Q<./�^`Xa. 9DE [4] #,

Bertsch Y@bc?; ρ(x) ≡ 1, λ = 1 8��).4#�.; Tedeev ^`?_%�&�D*
(f(s) ≡ 0), B�?��- FSP ./- BFT ./�Z0J5 [2].

dDE [1, 7–8] e`�f�, g7 Young RY�[Nirenberg-Gagliardo RY�Y\�, 'L
%�&$,]E^*��D*, 97MGYQ� (N ≥ 1) a4"� (1.1) ���#�.. _�;
%�& f(s) = c0s

p (c0 > 0, p > 0 $	�) 8, g7�!�`a8a4?��b;./, �N;
0 < p < 1 8, �9->89bh (extinction). cdE��!.
en 1.1 (��#�.) 1 u(x, t) i"� (1.1) 9J5 (1.2) cj8��, "69)� ε0,

 �

ρ(r)rk∗
N−ε0$ (0,∞) :�R���, (1.6)

1 u(x, t) �-#�., �#

k∗
N :=

⎧⎨
⎩

N(m + λ − 2) + λ + 1
m + λ − 1

, λ + 1 < N,

λ + 1, λ + 1 ≥ N.
(1.7)

o 1 �� ρ $ (1.3) �$�H���, *� ε0 = k∗
N − k, fP; k < k∗

N 8, J5 (1.6) c
j, $g�( 1.1 RQdk-l�?D [1–3] �E�, 7�8me?YQG��>?, f7�-f
���67g'.
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en 1.2 (��b;.) 1 u(x, t) i"� (1.1) ��, J5 (1.2) cj, N ≥ 1, f(u) = c0u
p

(c0 > 0, p > 0 $	�), 1-
‖u(., t)‖∞ → 0, (t → ∞).

B1h, ; 0 < p < 1 8, � u(x, t) 9->89bh, :69 T ∗ ∈ (0,∞),  � ∀(x, t) ∈
R

N × (T ∗,∞), - u ≡ 0.

iDj 2 nbco��-&kp-lXh(, j 3 n97MGYQ�bc��#�., m9
�( 1.1 �a4, :n,nbc��b;./, m9�( 1.2 �a4.

2 piqr
RN,]., o1 f(s) = c0s

p, Z v = uσ, σ = m+λ−1
λ , "� (1.1) Ygh�*$

ρ
∂v

1
σ

∂t
= σ−λdiv(|Dv|λ−1Dv) − c0v

p
σ , (x, t) ∈ R

N × (0, T ), (2.1)

v
1
σ (x, 0) = u0(x), x ∈ R

N . (2.2)

es 2.1 !�
'"�
ρ
∂v

1
σ

∂t
= σ−λdiv(|Dv|λ−1Dv) − c0v

p
σ , (x, t) ∈ Br × (0, T ), (2.3)

v|∂Br×(0,T ) = 0, (2.4)

v
1
σ (x, 0) = u0(x), x ∈ Br (2.5)

�o�i�(!�J5�23-\�� v(x, t):

(i) ∀ τ > 0, v(x, τ) ∈ L∞([τ, T ) : W 1,λ+1
0 (Br)) ∩ C([0, T ] : L1(Br));

(ii) ∀ϕ(x, t) ∈ C1
0 (Br × (0, T )),∫ T

0

∫
Br

(−ρv
1
σ ϕt + σ−λ|Dv|λ−1Dv · Dϕ + c0v

p
σ ϕ)dxdt = 0. (2.6)

(iii) limt→0 ‖v 1
σ (., t) − u0‖L1(Br) = 0.

o 2 p (2.6) �#�Yq “=” d$RYq “≤” (V “≥”), 9�H (2.1) #F6h�""�
(2.3)–(2.5) �!�-����H.
o 3 qrLDE [9] �`a, sja4"� (2.3)–(2.5) ��69�t,.

es 2.2 " ∀ r > 0, u(x, t) $i"� (2.3)–(2.5) �23-\o�, 1�u$"� (1.1) �
o�.

Z L u := ρ(|x|)ut − div(um−1|Du|λ−1Du) + c0u
p.

o 4 qrLDE [10–11] �`a, sja4"� (1.1) �lXh(cj, :
tn 2.1 1 u, u, ū 01$"� (1.1) ��[!�-��, 1 u ≤ u ≤ ū.

tn 2.2 1 M0 $	�, ū(x, t) �(:
(i) 0 ≤ L ū ≤ M0, (x, t) ∈ R

N × (0, T ); (ii) ū(x, 0) ≥ u0(x), x ∈ R
N ,

1 ū i"� (1.1) ���.

tn 2.3 "�� u(x, t) �(:
(i) L u ≤ 0, (x, t) ∈ R

N × (0, T ); (ii) u(x, 0) ≤ u0(x), x ∈ R
N ,

1 u i"� (1.1) �!�.
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3 klmnu
0!Æ=bc"� (1.1) ��#�.,  7D [1, 7] - [8] �e`=a4�( 1.1.

en 1.1 ovw 0vOD*.

xy I λ+1 ≥ N, k∗
N = λ+1. Z R > 4R0, Rn = R(1+ δ

2n ), R̄n = R
2 (1− δ

2n ), n = 0, 1, . . . ,
^p�(�!./�rs�� ζn(x):

ζn(x) =
{

1, x ∈ BRn\BR̄n
,

0, x 
∈ BRn−1\BR̄n−1
,

|Dζn| ≤ 2nc

Rδ
,

�# 0 < δ < 1
2 , KH, Rn−1 ≥ Rn ≥ R

2 ≥ R̄n ≥ R̄n−1 � suppu0 ∩ suppζn = Φ, T7
u0(x)ζn(x) ≡ 0, (x ∈ R

N ).

1 0 < θ < 1, 9"� (1.1) �`��vUw8tg ζλ+1
n uθ, Hn9 Qt := R

N × (0, t) �u
0, -

1
1 + θ

∫
RN

ρu1+θζλ+1
n dx + θ

∫ t

0

∫
RN

um+θ−2|Du|λ+1ζλ+1
n dxdτ

= −(λ + 1)
∫ t

0

∫
RN

ζλ
num+θ−1|Du|λ−1Du · Dζndxdτ−

∫ t

0

∫
RN

f(u(x, τ))uθζλ+1dxdτ. (3.1)

67 Young RY�, -
− (λ + 1)

∫ t

0

∫
RN

ζλ
num+θ−1|Du|λ−1Du · Dζndxdτ

≤ λhλ+1

∫ t

0

∫
RN

ζλ+1
n um+θ−2|Du|λ+1dxdτ + h−λ+1

λ

∫ t

0

∫
RN

|Dζn|λ+1um+θ+λ−1dxdτ, (3.2)

�# h > 0 $7Mx�. q� h = ( θ
2λ )

1
λ+1 , yv (3.1) - (3.2) �, -∫

RN

ρu1+θζλ+1
n dx +

θ(1+θ)
2

∫ t

0

∫
RN

um+θ−2|Du|λ+1dxdτ + (1 + θ)
∫ t

0

∫
RN

f(u(x, τ))uθζλ+1
n dxdτ

≤ (1 + θ)
(2λ

θ

) 1
λ

∫ t

0

∫
RN

|Dζn|λ+1um+θ+λ−1dxdτ,

T7 ∫
RN

ρu1+θζλ+1
n dx +

θ(1 + θ)
2

∫ t

0

∫
RN

um+θ−2|Du|λ+1dxdτ

≤ (1 + θ)
(2λ

θ

) 1
λ

∫ t

0

∫
RN

|Dζn|λ+1um+θ+λ−1dxdτ. (3.3)

k,wh ∫
RN

ρu1+θ(., τ)ζλ+1
n dx +

∫ t

0

∫
RN

um+θ−2|Du|λ+1ζλ+1
n dxdτ

≤ c

∫ t

0

∫
RN

um+θ+λ−1|Dζn|λ+1dxdτ, (3.4)

�# c =
(

2λ
θ

) 1
λ
[

2
θ + (1 + θ)

]
.

Z

vn = u
m+λ+θ−1

λ+1 ζs
n, s >

m + λ + θ − 1
1 + θ

, β =
(1 + θ)(λ + 1)
m + λ + θ − 1

,
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g7 ζn �./-���z., Z (3.4) �, �

Mn := sup
0<τ<t

∫
RN

ρvβ
ndx +

∫ t

0

∫
RN

|Dvn|λ+1dxdτ ≤ c
2n(λ+1)

(δR)λ+1

∫ t

0

∫
RN

vλ+1
n−1dxdτ. (3.5)

Z Nirenberg–Gagliardo RY� (+DE [12] �j 24 r), -
∫

RN

vλ+1
n−1dx ≤ c

( ∫
RN

|Dvn−1|λ+1dx

)α( ∫
RN

vβ
n−1dx

) (1−α)(λ+1)
β

, (3.6)

�# α = N(m+λ−2)
Kθ

, Kθ = N(m + λ − 2) + (1 + θ)(λ + 1).
ZL ρ(r)rk∗

N−ε0 9 (0,∞) :iR��, fP, '7M b > 1, r > 0, -
ρ(br) ≥ bε0−k∗

N ρ(r), (3.7)

$g ∫
RN

vβ
n−1dx ≤ c

ρ(R)

∫
RN

ρvβ
n−1dx. (3.8)

(3.6) ��vUw8&L8Q�{ t u0, _ 7 Hölder RY�, w8BM" (3.8) �, �
∫ t

0

∫
RN

vλ+1
n−1dxdτ ≤ ct1−α

(∫ t

0

∫
RN

|Dvn−1|λ+1dxdτ

)α(
sup

0<τ<t

∫
RN

vβ
n−1dx

) (1−α)(λ+1)
β

. (3.9)

g7 Young RY�, (3.9) �IU��s*7!�xy
ct1−α

ρ(R)
(1−α)(λ+1)

β

M
1+(1−α)( λ+1

β −1)

n−1 .

BM" (3.5) �, -
Mn ≤ c

2n(λ+1)t1−α

Rλ+1ρ(R)
(1−α)(λ+1)

β

M
1+(1−α)( λ+1

β −1)

n−1 . (3.10)

g7DE [13, A( 5.6], "

M
(1−α)( λ+1

β −1)

0 t1−α

Rλ+1ρ(R)
(1−α)(λ+1)

β

≤ c (3.11)

cj, 1; n → ∞ 8, - Mn → 0.
BM"

M0 ≤ c

Rλ+1

∫ t

0

∫
R
2 <|x|<R

um+λ+θ−1dxdτ ≤ ct‖u0‖m+λ+θ−1
∞ RN−λ−1. (3.12)

yv (3.11) - (3.12) �*\, ;
t

Rλ+1ρ(R)
≤ c (3.13)

cj8, - u ≡ 0.
|x�, 9 (3.7) �#, � b = R, r = 1, 1 ρ(R) ≥ Rε0−k∗

, fP; t
Rλ+1+ε0−KN ∗ ≤ c 8,

(3.13) �cj. :; λ + 1 ≥ N , k∗
N = λ + 1, - u ≡ 0. T7, '7M |x| > R ≥ ct

1
ε0 + 4R0, -

suppu(., t) ⊂ BR.
xy II λ + 1 < N, k∗

N := N(m+λ−2)+λ+1
m+λ−1 . ^pt� {ri} - {r̄i} �(

ri = ri−1 + (1 − δ)δi−1(Rn−1 − Rn),
r̄i = r̄i−1 − (1 − δ)δi−1(R̄n − R̄n−1),

(i = 1, 2, . . .),
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�# r0 = Rn, r̄0 = R̄n, ZP*\, r∞ = Rn−1, r̄∞ = R̄n−1.

1 Ui = Bri\Br̄i , qrL (3.5) - (3.10) ��lz, -
Yi : = sup

0<τ<t

∫
Ui

ρwβdx +
∫ t

0

∫
Ui

|Dw|λ+1dxdτ ≤ c
2n(λ+1)δ−i(λ+1)

Rλ+1

∫ t

0

∫
Ui+1

wλ+1dxdτ

≤ c
2n(λ+1)δ−i(λ+1)

Rλ+1ρ(R)
(1−α)(λ+1)

β

( ∫ t

0

∫
Ui+1

|Dw|λ+1dxdτ

)α ∫ t

0

( ∫
Ui+1

ρwβdx

) (1−α)(λ+1)
β

dτ

≤ h1Yi+1 + Ah
− α

1−α

1 δ−
i(λ+1)
1−α .

+� w = u
m+λ+θ−1

λ+1 ζs
i , ζi $ Ui+1 ��rs��, �

A :=
dn

R
λ+1
1−α ρ(R)

λ+1
β

∫ t

0

( ∫
RN

ρvβ
n−1dx

)λ+1
β

dτ, h1 > 0, d = d(N,λ,m).

Z{}l(, -
Y0 ≤ hj

1Yj + cAh
− α

1−α

1

j∑
i=1

( h1

δ(λ+1)/(1−α)

)i

.

q� h1 = δ(λ+1)/(1−α)

2 , ; j → ∞ 8, - Y0 ≤ cA, T7

zn ≤ ctdnz
1+( λ+1

β −1)

n−1

R
λ+1
1−α ρ(R)

λ+1
β

, (3.14)

�# zn := sup0<τ<t

∫
RN ρvβ

ndx.

��

tz
λ+1

β −1

0

R
λ+1
1−α ρ(R)

λ+1
β

≤ c (3.15)

cj, Z (3.14) �\, ; n → ∞ 8, zn → 0.

N9=xy z0, 9"� (1.1) `��vUw8tg uθ, Hn9 Qt �u0, �
1

1 + θ

∫
RN

ρu1+θdx − 1
1 + θ

∫
RN

ρu1+θ
0 dx

= −θ

∫ t

0

∫
RN

um+θ−2|Du|λ+1dx −
∫ t

0

∫
RN

f(u)uθdx ≤ 0.

Li,
∫

RN ρu1+θ(., τ)dx ≤ ∫
RN ρu1+θ

0 dx. $g
z0 ≤ sup

0<τ<t

∫
RN

ρu1+θdx ≤
∫

RN

ρu1+θ
0 dx := B0.

fP, ud
tB

λ+1
β −1

0

R
λ+1
1−α ρ(R)

λ+1
β

≤ c (3.16)

cj, (3.15)�|cj. |x�,� R�( t1+θ

Rε0(m+λ−1)+θ(λ+1+ε0−k∗
N

) ≤ c.g7 ρ(r)rk∗
N−ε0 9 (0,∞)

:��v.*\ (3.16) �cj. B1h, q� θ < ε0(m+λ−1)
2k∗

N
, 1; |x| > 4R0 + ct

2k∗
N (1+θ)

ε0(m+λ−1) 8,

u ≡ 0, :"� (1.1) ���-#�.. �( 1.1 a}.



298 � � � � f g h 51�

4 klwxuz{
N9=bc"� (1.1) ��b;./.
en 1.2 ovw ZL f(u) = c0u

p, 0~OD*.
(i) p > 1: ^p��

w(x, t) := a(1 + t)−
1

p−1 ,

T7 L w = a(1 + t)−
p

p−1
( − ρ(|x|)

p−1 + c0a
p−1

)
. q� a > max

{( ‖ρ‖∞
c0(p−1)

) 1
p−1 , ‖u0‖∞

}
, Li 0 ≤

L w ≤ c0a
p, w(x, 0) ≥ u0(x), (x ∈ R

N ). $g, w(x, t) i"� (1.1) ���.
(ii) p = 1: ^p��

w(x, t) := ae−
t
b ,

T7 L w = ae−
t
b

(− ρ(|x|)
b + c0

)
. q� a > ‖u0‖∞, b > ‖ρ‖∞

c0
, 1 0 ≤ L w ≤ ac0, $g w(x, t) $

"� (1.1) ���.
(iii) 0 < p < 1: ^p��

w(x, t) := a(1 − bt)
1

1−p

+ ,

q� a > ‖u0‖∞, b < c0(1 − p)ap−1‖ρ‖−1
∞ , 1 w(x, t) $"� (1.1) ���.

g�~OD*$- ‖w‖∞ → 0, (t → ∞), fP ‖u(., t)‖∞ → 0. B1h, ; 0 < p < 1 8, �
u(x, t) ≡ 0 (t ≥ b−1). fP� u(x, t) 9->89bh.

|} yz'�~@Æ+{|�}.
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