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1 *+,-.
� Z, N 	
/�012�312
��. � p /�42, D /��� p 1�
312�5

� N(D, p) /�6 Ramanujan–Nagell ��

x2 − D = pn, x, n ∈ N (1)


� (x, n) 
�2. ��7�, 8��2 N(D, p) 
�� !9:/2";
9�<#�=

>? [1]. 1981 $, Beukers @A Diophantine %&�'B()�N(D, p) ≤ 4 (*C [2]). DE,

Beukers +,�N(D, p) ≤ 3. 1991 $, -./@A Gel’fond–Baker �'01��2)�F+G,
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7B()�8 max(D, p) > 10190 E, 98 N(D, p) ≤ 3 (*C [3]). 1CO:P;�� (1) �
Q

<=R>, ?� Diophantine %&�', S Pell ��

U2 − DV 2 = −1, U, V ∈ Z (2)

8�
T@U, AV p = 3 
BCD; N(D, p) 
EWFG
��, 7B()�
XY 8 D > 1012 E, HI Pell �� (2) 8� (U, V ), Z98 N(D, 3) ≤ 2.

2 [\*.
]Y 1 � d /JK�312, k /^� |k| > 1 7L gcd(k, d) = 1 
12. HI��

a2 − db2 = k, a, b ∈ Z, gcd(a, b) = 1 (3)

8� (a, b), ZAV (3) 
MN9_OP
� (a, b), QS`9
12 α, β, l Ra
βa − αb = 1, l = αa − dβb, 0 < l < |k|.

HS
 l TW� (a, b) 
bc2, Ud 〈a, b〉. 8 〈a, b〉 = l E, 98
l2 ≡ d (mod |k|), a ≡ −lb (mod |k|).

ef Æ*Cg [3, <> 11].

]Y 2 HI (a, b) = (a1, b1) � (a2, b2) /�� (3) 
V_�, Z 〈a1, b1〉 = 〈a2, b2〉 WX

YhT@/

a2 + b2

√
d = (a1 + b1

√
d)(f + g

√
d),

Z; (f, g) / Pell ��

f2 − dg2 = 1, f, g ∈ Z (4)


�.

ef Æ*Cg [3, <> 12].

]Y 3 HI�� (3) 
� (a, b) = (a1, b1) ^� 〈a1, b1〉 = l, Z (a, b) = (a1,−b1) i/��
(3) 
�, [\ 〈a1, b1〉 = |k| − l.

ef jW (a, b) = (a1, b1) /�� (3) 
�, k7 (a, b) = (a1,−b1) l]i/Æ
�. �

〈a1,−b1〉 = l′. mV 〈a1, b1〉 = l, ^\_<> 1 Rn l ≡ −a1/b1 (mod |k|) 7L
l′ ≡ − a1

−b1
≡ −l (mod |k|), (5)

`_�� (5) 7L 0 < l, l′ < |k| Rn l′ = |k| − l. Ba.

]Y 4 8 D /JK�312E, HI Pell �� (2) 8�, U1 + V1

√
D /Æ
01�, Z

Pell ��

u2 − Dv2 = 1, u, v ∈ Z (6)


01� u1 + v1

√
D ^�

u1 + v1

√
D = (U1 + V1

√
D)2.

ef Æ*Cg [4, b 10.9 c].
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]Y 5 8 D /JK�312E, HI��

X2 − DY 2 = pZ , X, Y, Z ∈ Z, gcd(X,Y ) = 1, Z > 0 (7)

8� (X,Y,Z), ZÆ8`9
312� (X,Y,Z) = (X1, Y1, Z1) ^�
Z1 ≤ Z 7L 1 < (X1 + Y1

√
D)/(X1 − Y1

√
D) < (u1 + v1

√
D)2,

Z; Z :�� (7)
k8� (X,Y,Z), u1+v1

√
D/ Pell�� (6)
01�. HS
 (X1, Y1, Z1)

TW�� (7) 
qr�. SE, �� (7) 
MN9_� (X,Y,Z) kRlW

Z = Z1t, X + Y
√

D = (X1 ± Y1

√
D)t(u1 − v1

√
D), t ∈ N,

Z; (u, v) / Pell �� (6) 
�.

ef Æ*Cg [3, <> 4].

]Y 6 8 D /JK�312E, HI�� (1)8� (x, n), Z�� (7)98� (X,Y,Z), [

\ (1) 
� (x, n) RlW

n = Z1t, x + λ
√

D = (X1 + Y1

√
D)t(u1 − v1

√
D)s, λ ∈ {−1, 1}, (8)

Z; (X1, Y1, Z1) /�� (7) 
qr�, t /312, s /^� s ≤ t 
Jm12, u1 + v1

√
D /

Pell �� (6) 
01�.

ef Æ*Cg [3, <> 5].

]Y 7 8 D /JK�312E, � (x, n) /�� (1) 
9_ n W�2
�, (X1, Y1, Z1)

/�� (7) 
qr�. SE, ��

a2 − pZ1b2 = D, a, b ∈ Z, gcd(a, b) = 1

8� (a, b) = (x, pZ1(t−1)/2), Z; t ^� (8); [\8 〈x, pZ1(t−1)/2〉 = l E, 98
l ≡ −X1 (modD) ns l ≡ −X1u1 (modD),

Z; u1 + v1

√
D / Pell �� (6) 
01�.

ef Æ*Cg [3, <> 13].

]Y 8 8 Pell �� (2) 8�E, HI�� (1) 
V_� (x, n) = (y1, r1) � (y2, r2) Ra n

W�2, [\ r1 < r2, Z98
y2 + pZ1(t2−1)/2

√
pZ1 = (y1 + λpZ1(t2−1)/2

√
pZ1)(f + g

√
pZ1), λ ∈ {−1, 1}, (9)

Z;
rj = Z1tj , tj ∈ N, j = 1, 2, (10)

(f, g) / Pell ��

f2 − pZ1g2 = 1, f, g ∈ Z (11)


312�.

ef op<> 6Rn r1 � r2 RlW�� (10). jW r1 � r2 k/�2, k7_�� (10)

Rn Z1 � tj = (j = 1, 2) k/�2. �

l1 = 〈y1, p
Z1(t1−1)/2〉, l2 = 〈y2, p

Z1(t2−1)/2〉.
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8 l2 = l1 E, jW r1 < r2, k7_<> 2 Rn, SE�� (9) S λ = 1 EWX. 8 l2 �= l1 E, m
V u1

2 ≡ 1 (mod D), `_<> 7 Rn
l2 ≡ l1u1 (mod D). (12)

op<> 4 Rn u1 ≡ U1
2 + DV1

2 ≡ U1
2 ≡ −1 (modD). qSrs�� (12), Xt

l2 ≡ −l1 (modD) 7L l2 = D − l1.

V/, _<> 3 �<> 2 RnSE (9) S λ = −1 EWX. Ba.

]Y 9 � F1 + G1
√

p / Pell ��

F 2 − pG2 = 1, F,G ∈ Z (13)


01�. 8 G1 �≡ 0 (mod p) E, HI (F,G) /�� (13) 
9_^� G ≡ 0 (mod ps) 
312
�, Z; s /312, Z98

F + G
√

p = (F1 + G1
√

p)m,

Z; m /�^ m ≡ 0 (mod ps) 
312.

ef Æ*Cg [3, <> 9].

]Y 10 HI (x, n) = (y1, r1) � (y2, r2) /�� (1) 
V_^� r1 < r2 
�, Z98
pr1 ≤ max(2 · 106, 600D2).

ef Æ*Cg [2, P> 1].

]Y 11 S<> 10 
?�T@U, pr2 > 4
√

D.

ef Æ*Cg [5, <> 11].

]Y 12 8 p = 3 E, �� (1) 
� (x, n) kut 3n < 10614D25.55.

ef opCg [3, <> 3] Rn, 8 n /v2E98 3n < D2, k7SE<>WX. 8 n /
�2E, _�� (1), Rt

x

3n/2
− 1 =

D

3n/2(x + 3n/2)
<

D

2 · 3n
. (14)

jW n /�2, `_Cg [5, wu (32)] Rn
∣∣
∣

x

3n/2
− 1

∣∣
∣ > 3−51−96085n. (15)

q�� (15) rs�� (14), 7t1<>. Ba.

3 -.vwx
� D /^� D > 1012 
312. 8 Pell �� (2) 8�E, D ^�

D ≡ 1 (mod 4), ns D ≡ 2 (mod 8), (16)

HI��

x2 − D = 3n, x, y ∈ N (17)
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8� (x, n) Ra n Wv2, Z_ 3n ≡ 1 (mod 8) 7L�� (17) Rn D ^� D ≡ 3 (mod 4), n

s D ≡ 6 (mod 8), y�� (16) xy. jS, 8 Pell �� (2) 8�E, �� (17) 
� (x, n) ; n

zW�2.

{H N(D, 3) > 2, Z�� (17) 98 3 _� (x, n) = (xi, ni) (i = 1, 2, 3) ^�
x1 < x2 < x3, n1 < n2 < n3. (18)

op<> 10– <> 12, _�� (18) Rn
4
√

D ≤ 3n2 ≤ 600D2, (19)

3n2 < 10614D25.55. (20)

DE, _<> 6 Rn
ni = Z1ti, ti ∈ N, i =, 1, 2, 3, (21)

Z; ti (i = 1, 2, 3) /�2, (X1, Y1, Z1) /�� (7) S p = 3 E
qr�, z|
 Z1 i/�2.

_�� (17) � (21), Rn��
a2 − 3Z1b2 = D, a, b ∈ Z, gcd(a, b) = 1 (22)

8V_�
(a, b) = (xj , 3Z1(tj−1)/2), j = 2, 3. (23)

5_<> 8 RnzV_�ut
x3 + 3Z1(t3−1)/2

√
3Z1 = (x2 ± 3Z1(t3−1)/2

√
3Z1)(f + g

√
3Z1), (24)

Z; (f, g) / Pell ��

f2 − 3Z1g2 = 1, f, g ∈ Z (25)


312�. _�� (24), Rt

3Z1(t3−1)/2 = x2g ± 3Z1(t2−1)/2f. (26)

_�� (26) Rn
g ≡ 0 (mod 3Z1(t2−1)/2). (27)

mV Pell �� (25) 
� (f, g) k/ Pell ��

F 2 − 3G2 = 1, F,G ∈ Z. (28)

^� G ≡ 0 (mod 3(Z1−1)/2) 
�, [\ 2 +
√

3 /�� (28) 
01�, k7op<> 9, _��

(21) � (27) Rn
f + g

√
3Z1 = (2 +

√
3)m, m = 3(n2−1)/2s, s ∈ N. (29)

}9�~, _�� (24), Rt

x3+3Z1(t3−1)/2
√

3Z1 ≥ (x2 − 3Z1(t2−1)/2
√

3Z1)(f + g
√

3Z1)

=
D

x2+3Z1(t2−1)/2
√

3Z1
(f+g

√
3Z1). (30)
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q�� (21) � (29) rs (30) Rn
x3 + 3n3/2 ≥ D

x2 + 3n2/2
(2 +

√
3)m. (31)

?��� (19), (20) � (31) Rn
3 · 10307D12.775 > 3n3/2+1 > x3 + 3n3/2 >

1
50

(2 +
√

3)1/4. (32)

_�� (32), Rt

548 + 12.775 log D > D1/4. (33)

_�� (33) ��{; D < 1012 z9y?�xy
?I. jS, 8 D > 1012 E, HI Pell ��

(2) 8�, Z98 N(D, 3) ≤ 2. Ba.
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