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u
′′′
i (t) = fi(t, u1(t), u2(t), u3(t)), t ∈ [0, 1],

u′
i(0) = u′′

i (0) = ui(1) = 0, i = 1, 2, 3.
(1)

���� /0!"�0# u = (u1, u2, u3) ��� (1) ����$% u ∈ (C[0, 1])3 =
C[0, 1] × C[0, 1] × C[0, 1], & 1� i ∈ {1, 2, 3}, t ∈ [0, 1]  /'(� θi ∈ {−1, 1}, !)
θiui ≥ 0 *"##2$+���,-3�#

.4�������.���+�$56/0�%1$�� [1–6]. � [1] &78'�2
34((+�)������{

u′′′ + a(t)f(u) = 0, t ∈ [0, 1],
y′(0) = y′′(0) = y(1) = 0.

�.��3�� /0#� [2] 5 a(t)f(u) *67 f(t, u) &7 Leggett-Williams 234((
+�)�������.��"83�� /0$� [3] &7 Krasnoselskii 234((+�
)������ {

u′′′ + λf(t, u) = 0, t ∈ [0, 1],
y′(0) = y′′(0) = y(1) = 0.

* 9:9+��;Æ (10471075) <���9+��;Æ (Y2003A01) :;=
,>-.?2005-12-21, ,@<A>-.?2006-04-10.
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�.��3�� /0)+)@AB�%1#
BCC,$&4������-�.��$+��345$BD�EFG5�"#B&4

D8��$��-�.���+�GEF67$89FGEF/0#Æ�&7 Krasnoselskii
234((! Leray-Schauder G$/C46H�:I,H;)����-�.�� (1) ��
�� /0$JK+"8���� /0#Æ�&7��L!:I2M<N�%=I� [3]
O2>$JA%=P?QK�E#

Æ�L,@RS�-*#/T 2 S�ABK+MUNC!O(#T 3 S�ABD=��
 /0#PVK+EQRFAB<)%1�D7#

2 
S�TU)V
WX 2.1[7] G B � Banach HW# E � B YIXY$ U � E YB&JY$ 0 ∈ U . �

1 /KZL[M S : U → E. NO

a) S / U Y6234Z[
b)  / u ∈ ∂U, λ ∈ (0, 1) !) u = λSu.

WX 2.2[8] G B = (B, ‖ · ‖) �@8 Banach HW#G C � B Y8#G Ω1 ! Ω2 F B

YP\ 0 ∈ Ω1, Ω1 ⊂ Ω2 6QJQY$G S : C ∩ (Ω2 \ Ω1) → C �@8RKZSQ$JT
a) ‖Su‖ ≤ ‖u‖, u ∈ C ∩ ∂Ω1; ‖Su‖ ≥ ‖u‖, u ∈ C ∩ ∂Ω2 [
b) ‖Su‖ ≥ ‖u‖, u ∈ C ∩ ∂Ω1; ‖Su‖ ≤ ‖u‖, u ∈ C ∩ ∂Ω2.

NO S / C ∩ (Ω2 \ Ω1) Y6234#
U G(t, s) ��.�� {

y′′′(t) = 0, t ∈ [0, 1],
y′(0) = y′′(0) = y(1) = 0.

�\V]W#ABL� [1] #2N^

G(t, s) =

⎧⎪⎨⎪⎩
1
2
(1 − s)2 − 1

2
(t − s)2, 0 ≤ s ≤ t ≤ 1,

1
2
(1 − s)2, 0 ≤ t ≤ s ≤ 1.

(2)

]X_S6�,%=
G(t, s) ≥ 0, t, s ∈ [0, 1]; G(t, s) > 0, t, s ∈ [0, 1), (3)

G(j(s), s) = max
0≤t≤1

G(t, s) =
1
2
(1 − s)2 ≤ 1

2
, t, s ∈ [0, 1], (4)

G(t, s) ≥ 1
4
G(j(s), s), t ∈

[
1
4
,
3
4

]
, s ∈ [0, 1]. (5)

U B = (C[0, 1])3, u = (u1, u2, u3) ∈ B `^aW
‖u‖ = max

1≤i≤3
sup

t∈[0,1]

|ui(t)| = max
1≤i≤3

|ui|0, YY |ui|0 = sup
t∈[0,1]

|ui(t)|, 1 ≤ i ≤ 3.

_ (B, ‖ · ‖) � Banach HW#
USQ S : (C[0, 1])3 → (C[0, 1])3

Su(t) = (Su1(t), Su2(t), Su3(t)), t ∈ [0, 1], (6)
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YY
Sui(t) =

∫ 1

0

G(t, s)fi(s, u(s))ds, t ∈ [0, 1], 1 ≤ i ≤ 3. (7)

a] S �234���- (1) ��#
F)�d^+,@eG77�@A:I#YY θi ∈ {1,−1},

K̃ = {u ∈ B| θiui(t) ≥ 0, t ∈ [0, 1], 1 ≤ i ≤ 3},
K = {u ∈ K̃| / t ∈ [0, 1],  / j ∈ {1, 2, 3}, !) θjuj(t) > 0} = K̃ \ {0}.

(C1) fi / [0, 1] × K̃ 'KZ$ 1 ≤ i ≤ 3 JT

θifi(t, u) ≥ 0, (t, u) ∈ [0, 1] × K̃; θifi(t, u) > 0, (t, u) ∈ [0, 1]× K.

(C2)  K i ∈ {1, 2, 3}  /KZ]W qi : [0,∞) → [0,∞) !KZb]W wij : [0,∞) →
[0,∞) !)

θifi(t, u) ≤ qi(t)wi1(|u1|)wi2(|u2|)wi3(|u3|), (t, u) ∈ [0, 1]× K̃.

(C3)  / α > 0, !)& 1 i ∈ {1, 2, 3} 6
α > diwi1(α)wi2(α)wi3(α),

YY
di = sup

t∈[0,1]

∫ 1

0

G(t, s)qi(s)ds, 1 ≤ i ≤ 3.

(C4)  K j ∈ {1, 2, 3}  /_@8 i ∈ {1, 2, 3} ( i c` j ), 6

θifi(t, u) ≥ τij(t)wij(|uj |), (t, u) ∈
[
1
4
,

3
4

]
× K,

YY τij :
[

1
4 , 3

4

] → (0,∞) �KZ�#
(C5)  / β > 0, !)& 1� j ∈ {1, 2, 3}  /_@8 i ∈ {1, 2, 3} ( i c` j > (C4)

) P\
β ≤ wij

(
1
4
β

) ∫ 3
4

1
4

G(σij , s)τij(s)ds,

YY ∫ 3
4

1
4

G(σij , s)τij(s)ds = sup
t∈[0,1]

∫ 3
4

1
4

G(t, s)τij(s)ds, σij ∈ [0, 1].

3 �def
gX 3.1 G fi : [0, 1]×R3 → R, 1 ≤ i ≤ 3 �KZ�$�1 /2c` λ ��W ρ > 0,

!)��-

ui(t) = λ

∫ 1

0

G(t, s)fi(s, u(s))ds, t ∈ [0, 1], 1 ≤ i ≤ 3, λ ∈ (0, 1) (8)
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� @� u ∈ (C[0, 1])3,6 ‖u‖ 
= ρ.NO��- (1)h56@� u∗ ∈ (C[0, 1])3,JT ‖u∗‖ ≤ ρ.
 G u ���- (8) �@8�$L (6) ! (7) a#N u � u = λSu �@8234$J

TL Arzela-Ascoli ((#N S �RKZ�#U U = {u ∈ B| ‖u‖ < ρ}, L4 ‖u‖ 
= ρ, #NO
( 2.1 %= a) @(*"#% S / U Y6@234 u∗ !) u∗ = Su∗. if u∗ ���- (1)
��JT ‖u∗‖ ≤ ρ.

gX 3.2 �1 (C1) − (C3) *"$NO��- (1) 6@��� u∗ ∈ (C[0, 1])3, !)
‖u∗‖ < α M 0 ≤ θiu

∗
i (t) < α, t ∈ [0, 1], 1 ≤ i ≤ 3.

 bc,^��-

ui(t) =
∫ 1

0

G(t, s)f̂i(s, u(s))ds, t ∈ [0, 1], 1 ≤ i ≤ 3, (9)

YY f̂i : [0, 1]× R3 → R

f̂i(t, u1, u2, u3) = fi(t, θ1|u1|, θ2|u2|, θ3|u3|), 1 ≤ i ≤ 3. (10)

j17 (θ1|u1|, θ2|u2|, θ3|u3|) ∈ K̃, L (C1) #N f̂i 6(kJT�KZ�#
lH;��- (9) 6�#FfABbc��-

ui(t) = λ

∫ 1

0

G(t, s)f̂i(s, u(s))ds, t ∈ [0, 1], 1 ≤ i ≤ 3, 0 < λ < 1. (11)

U u ∈ (C[0, 1])3 ���- (11) � @�$ABlH; ‖u‖ 
= α. L (10), (3) ! (C1) #2)
7

θiui(t) = λ

∫ 1

0

G(t, s)θif̂i(s, u(s))ds,

= λ

∫ 1

0

G(t, s)θifi(s, θ1|u1(s)|, θ2|u2(s)|, θ3|u3(s)|)ds ≥ 0,

YY t ∈ [0, 1], 1 ≤ i ≤ 3.

if
|ui(t)| = θiui(t), t ∈ [0, 1], 1 ≤ i ≤ 3. (12)

L (12), (C2) M (C3), AB#Ng t ∈ [0, 1], 1 ≤ i ≤ 3, d6
|ui(t)| = θiui(t)

≤
∫ 1

0

G(t, s)θifi(s, θ1|u1(s)|, θ2|u2(s)|, θ3|u3(s)|)ds

≤
∫ 1

0

G(t, s)qi(s)wi1(|u1(s)|)wi2(|u2(s)|)wi3(|u3(s)|)ds

≤
∫ 1

0

G(t, s)qi(s)wi1(‖u‖)wi2(‖u‖)wi3(‖u‖)ds

≤ diwi1(‖u‖)wi2(‖u‖)wi3(‖u‖).

if#2)+
|ui|0 ≤ diwi1(‖u‖)wi2(‖u‖)wi3(‖u‖), 1 ≤ i ≤ 3. (13)
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iF ‖u‖ = max
1≤i≤3

|ui|0, <2 /_8 m ∈ {1, 2, 3} 6 ‖u‖ = |um|0. / (13) YU i = m F*
"$%

‖u‖ ≤ dmwm1(‖u‖)wm2(‖u‖)wm3(‖u‖). (14)

&C (14) ! (C3) #2)+ ‖u‖ 
= α. L(( 3.1 #N��- (9) 6@8� u∗ = (u∗
1, u

∗
2, u

∗
3) ∈

(C[0, 1])3 JT ‖u∗‖ ≤ α.
7'@Be��L9m)+

|u∗
i (t)| = θiu

∗(t), t ∈ [0, 1], 1 ≤ i ≤ 3, JT ‖u∗‖ 
= α. (15)

if u∗ ����$JTP\ ‖u∗‖ < α .
,@H; u∗ ���- (1) ��#L (10) ! (15) #Ng t ∈ [0, 1], 1 ≤ i ≤ 3 d

u∗
i (t) =

∫ 1

0

G(t, s)f̂i(s, u∗(s))ds

=
∫ 1

0

G(t, s)fi(s, θ1|u∗
1(s)|, θ2|u∗

2(s)|, θ3|u∗
3(s)|)ds

=
∫ 1

0

G(t, s)fi(s, θ2
1u

∗
1(s), θ

2
2u

∗
2(s), θ

2
3u

∗
3(s))ds

=
∫ 1

0

G(t, s)fi(s, u∗(s))ds.

<2 u∗ ���- (1) ��#
� 3.1 (( 3.2 )7����6#f�gh�$,@K+igh���� /0#
gX 3.3 �1 (C1) − (C5) *"$NO (1) 6@8��� u∗ ∈ (C[0, 1])3 P\
a) h α < β, _ α < ‖u∗‖ ≤ β JT / j ∈ {1, 2, 3} !) min

t∈[ 14 , 3
4 ]

θju
∗
j (t) > 1

4α;

b) h α > β, _ β ≤ ‖u∗‖ < α JT / j ∈ {1, 2, 3} !) min
t∈[ 14 , 34 ]

θju
∗
j (t) ≥ 1

4β.

 U

C =

{
u ∈ B| θiui(t) ≥ 0, t ∈ [0, 1], min

t∈[ 14 , 3
4 ]

θiui(t) ≥ 1
4
|ui|0, YY 1 ≤ i ≤ 3

}

_ C � B Y8$JT C ⊆ K̃. ,@H; S(C) ⊆ C.
U u ∈ C, L (3) ! (C1) #N

θi(Sui)(t) =
∫ 1

0

G(t, s)θifi(s, u(s))ds ≥ 0, t ∈ [0, 1], 1 ≤ i ≤ 3. (16)

L (16) ! (4), #N& 1 t ∈ [0, 1], 1 ≤ i ≤ 3 6

|Sui(t)| = θi(Sui)(t) ≤
∫ 1

0

G(j(s), s)θifi(s, u(s))ds.

if
|Sui|0 ≤

∫ 1

0

G(j(s), s)θifi(s, u(s))ds, 1 ≤ i ≤ 3. (17)
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D7 (16), (C1), (5) ! (17), #Ng t ∈ [
1
4 , 3

4

]
, 1 ≤ i ≤ 3 d$AB#2)7

θi(Sui)(t) ≥
∫ 1

0

1
4
G(j(s), s)θifi(s, u(s))ds ≥ 1

4
|Sui|0.

if
min

t∈[ 14 , 3
4 ]

θi(Sui)(t) ≥ 1
4
|Sui|0, 1 ≤ i ≤ 3. (18)

L (16) ! (18) #N S(C) ⊆ C.
U Ωα = {u ∈ B| ‖u‖ < α}, Ωβ = {u ∈ B| ‖u‖ < β}, #2H; i), ii) *"#
i) g u ∈ C ∩ ∂Ωα d$ ‖Su‖ ≤ ‖u‖;
ii) g u ∈ C ∩ ∂Ωβ d$ ‖Su‖ ≥ ‖u‖ .

lH; i). jG u ∈ C ∩ ∂Ωα, _ ‖u‖ = α. L (16), (C2) ! (C3) #Ng t ∈ [0, 1], 1 ≤ i ≤ 3 d
6

|Sui(t)| = θi(Sui)(t)

≤
∫ 1

0

G(t, s)qi(s)wi1(|u1(s)|)wi2(|u2(s)|)wi3(|u3(s)|)ds

≤
∫ 1

0

G(t, s)qi(s)wi1(α)wi2(α)wi3(α)ds

≤ diwi1(α)wi2(α)wi3(α) < α = ‖u‖.

%g 1 ≤ i ≤ 3 d$6 |Sui|0 ≤ ‖u‖. if ‖Su‖ = max
1≤i≤3

|Sui|0 ≤ ‖u‖.
nH; ii). jG u ∈ C ∩ ∂Ωβ , _ ‖u‖ = β. U ‖u‖ = |um|0, m ∈ {1, 2, 3}, L C �(k#

N
1
4
β =

1
4
|um|0 ≤ |um(s)| ≤ |um|0 = β, s ∈

[
1
4
,
3
4

]
. (19)

L (C4), (19) ! (C5) #N$ /_8 i ∈ {1, 2, 3}(i c` m) !)

|Sui(σim)| = θi(Sui)(σim) =
∫ 1

0

G(σim, s)θifi(s, u(s))ds

≥
∫ 3

4

1
4

G(σim, s)θifi(s, u(s))ds ≥
∫ 3

4

1
4

G(σim, s)τim(s)wim(|um(s)|)ds

≥
∫ 3

4

1
4

G(σim, s)τim(s)wim

(1
4
β
)
ds ≥ β = ‖u‖.

#N |Sui|0 ≥ ‖u‖, if ‖Su‖ ≥ ‖u‖.
iF S : (C[0, 1])3 → (C[0, 1])3 �RKZSQ$NOL i) ! ii) kiO( 2.2 #N$ S 6

234 u∗ ∈ C ∩ (Ωmax{α,β} \ Ωmin{α,β}), JT min{α, β} ≤ ‖u∗‖ ≤ max{α, β}.
L(( 3.2 �H;#N ‖u∗‖ 
= α. if#2)+

gα < βd α < ‖u∗‖ ≤ β; gα > βd β ≤ ‖u∗‖ < α. (20)
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 / j ∈ {1, 2, 3} !) ‖u∗‖ = |u∗
j |0. L4 u∗ ∈ C, #2)+

min
t∈[ 14 , 34 ]

θju
∗
j (t) ≥

1
4
|u∗

j | =
1
4
‖u∗‖.

4�L (20) #N
gα > βd min

t∈[ 14 , 3
4 ]

θju
∗
j (t) ≥

1
4
β; gα < βd min

t∈[ 14 , 3
4 ]

θju
∗
j(t) >

1
4
α.

,@K+j8���� /0#
gX 3.4 �1 (C1) − (C5) *"$JT α < β, NO (1) h56j8��� u1, u2 ∈

(C[0, 1])3 P\
0 ≤ ‖u1‖ < α < ‖u2‖ ≤ β JT

 / j ∈ {1, 2, 3}, !) min
t∈[ 14 , 3

4 ]
θju

2
j(t) >

1
4
α.

 L(( 3.2 !(( 3.3 a) #N$�l / u1, u2 !)(( 3.4 *"#/(( 3.4 Y$
6#f ‖u1‖ = 0. ,@H; /j8igh����#

gX 3.5 �1 (C1) − (C5) ! (C5)|β=β̃
*"$JT 0 < β̃ < α < β. NO (1) h56j

8��� u1, u2 ∈ (C[0, 1])3 P\
0 < β̃ ≤ ‖u1‖ < α < ‖u2‖ ≤ β, JT

 / j, k ∈ {1, 2, 3} !) min
t∈[ 14 , 34 ]

θku1
k(t) ≥ 1

4
β̃, min

t∈[ 14 , 3
4 ]

θju
2
j(t) >

1
4
α.

 L(( 3.3 b) ! a) �l / u1, u2 !)(( 3.4 *"#
gX 3.6 jG (C1), (C2) ! (C4) *"$JTg α = αl, l = 1, 2, 3, · · · , k d (C3) *"$

g β = βl, l = 1, 2, 3, · · · , m d (C5) *"#
a) �1 m = k + 1 JT 0 < β1 < α1 < · · · < βk < αk < βk+1, NO (1) h56 2k 8�

�� u1, u2, · · · , u2k ∈ (C[0, 1])3 !)

0 < β1 ≤ ‖u1‖ < α1 < ‖u2‖ ≤ β2 ≤ · · · < αk < ‖u2k‖ ≤ βk+1.

b) �1 m = k JT 0 < β1 < α1 < · · · < βk < αk, NO (1) h56 2k − 1 8���
u1, u2, · · · , u2k−1 ∈ (C[0, 1])3 !)

0 < β1 ≤ ‖u1‖ < α1 < ‖u2‖ ≤ β2 ≤ · · · ≤ βk ≤ ‖u2k−1‖ < αk.

c) �1 k = m + 1 JT 0 < α1 < β1 < · · · < αm < βm < αm+1, NO (1) h56 2m + 1
8��� u0, u1, · · · , u2m ∈ (C[0, 1])3 !)

0 ≤ ‖u0‖ < α1 < ‖u1‖ ≤ β1 ≤ ‖u2‖ < α2 < · · · ≤ βm < ‖u2m‖ < αm+1.

d) �1 k = m JT 0 < α1 < β1 < · · · < αk < βk, NO (1) h56 2k 8���

u0, u1, · · · , u2k−1 ∈ (C[0, 1])3 !)

0 ≤ ‖u0‖ < α1 < ‖u1‖ ≤ β1 ≤ ‖u2‖ < α2 < · · · < αk < ‖u2k−1‖ ≤ βk.



818 = / 0 > ? 1 > 27 2

 L(( 3.3 #) a) ! b); L(( 3.2 #N / u0 ∈ (C[0, 1])3 JT 0 ≤ ‖u0‖ < α1, ]
VD7(( 3.3 a) %#)7 c), d).
� 3.2 &4��- (1), g`^�,�.:I
1) u(0) = u′(0) = u(1) = 0;
2) u(0) = u′(0) = u′(1) = 0;
3) u(0) = u′(0) = u′′(1) = 0;
4) u(0) = u′′(0) = u(1) = 0;
5) u(0) = u′′(0) = u′(1) = 0.

d$ABko� [3] Y�O( (2.1) !O( (2.2), m7Æ�Y((�H;�L$lgno
(C4), (C5) #2K+BD�.������ /0!"�0#

4 p �
bc��- ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

u′′′
1 (t) = exp(|u1| + |u2| 17 + |u3| 18 ), t ∈ [0, 1],

u′′′
2 (t) = exp(|u1| 15 + |u2| + |u3| 16 ), t ∈ [0, 1],

u′′′
3 (t) = exp(|u1| 13 + |u2| 14 + |u3|), t ∈ [0, 1],

u′
i(0) = u′′

i (0) = ui(1) = 0, i = 1, 2, 3.

(21)

/Jm f1(t, u) = exp(|u1| + |u2| 17 + |u3| 18 ), f2(t, u) = exp(|u1| 15 + |u2| + |u3| 16 ), f3(t, u) =
exp(|u1| 13 + |u2| 14 + |u3|); θ1 = θ2 = θ2 = 1. a] (C1) *"#/ (C2) Y$U q1 = q2 = q3 = 1
JT

w11(u1) = exp(|u1|), w12(u2) = exp(|u2| 17 ), w13(u3) = exp(|u3| 18 ),

w21(u1) = exp(|u1| 15 ), w22(u2) = exp(|u2|), w23(u3) = exp(|u3| 16 ),

w31(u1) = exp(|u1| 13 ), w32(u2) = exp(|u2| 14 ), w33(u3) = exp(|u3|),

_ (C2) *"#/ (C3) Y$L (2) Y G(t, s) #2_S)+ d1 = d2 = d3 = 1
6 . (C3) Y α P\

�2paoF ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
α >

1
6

exp(α + α
1
7 + α

1
8 ),

α >
1
6

exp(α
1
5 + α + α

1
6 ),

α >
1
6

exp(α
1
3 + α

1
4 + α).

]X_S#2)7g α ∈ [0.402175, 5.25982] d$'@2pa-*"$if (C3) *"#/
(C4) Y$n τij = 1, i, j ∈ {1, 2, 3} %##PVL4 lim

z→∞
(

z
wij(z)

)
= 0, i, j,∈ {1, 2, 3} 9mqn

α > β, !) (C5) *"#
L(( 3.4, ��- (21) 6j8igh���� u1, u2 ∈ (C[0, 1])3 !) (L (21) #N

‖u1‖ 
= 0) ⎧⎨⎩
0 < ‖u1‖ < α < ‖u2‖ ≤ β,

 / j ∈ {1, 2, 3} !) min
t∈[ 14 , 3

4 ]
θju

2
j(t) >

1
4
α.
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L4 α ∈ [0.402175, 5.25982], AB#2o@q)+⎧⎨⎩
0 < ‖u1‖ < 0.402175; ‖u2‖ > 5.25982,

 / j ∈ {1, 2, 3} !) min
t∈[ 14 , 3

4 ]
θju

2
j(t) >

1
4
α.
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THE EXISTENCE OF CONSTANT-SIGN SOLUTIONS OF BVPS

FOR THIRD ORDER DIFFERENTIAL SYSTEMS

Sun Zhongmin

(Weifang Educational College, Shandong, 262500)

Zhao Zengqin

(Department of Mathematics, Qufu Normal University, Shandong, 273165)

Abstract Consider the following third-order system of two-point boundary value prob-
lems: {

u
′′′
i (t) = fi(t, u1(t), u2(t), u3(t)), t ∈ [0, 1],

u′
i(0) = u′′

i (0) = ui(1) = 0, i = 1, 2, 3.

Using a nonlinear alternative of Leray-Schauder type and Krasnoselskii’s fixed point theorem,
we establish the existence of one or more constant-sign solutions for the system.

Key words Third-order differential systems, constant-sign solutions, boundary value
problems.


