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1 $ %
�������������Æ���




ut + f(u)x = 0, x > 0, t > 0,

u(x, 0) = u0(x) :=

{
um, 0 < x < a,

u+, x > a,

u(0, t) = ub(t) := u−, t > 0,

(1.1)

Æ� a � �, u±, um ���!�"� �, f ∈ C2 ����#$ uc, � 

(u − uc)f ′′(u) < 0, u �= uc (1.2)

�

(u − uc)f ′′(u) > 0, u �= uc. (1.3)

��Æ�����!"�������# �!$, "� #$"��%&%�'&%
'(()*+ [1,2]. )�, Bustos " [3−6] ,�������Æ���!*Æ'&�"&+
$�#,��. �������Æ���$%- Bardos-Leroux-Nedelec[7] -.'&, &./

∗ '('/(0012 (04010473), 1))02334**0�++12 (51204033) 564
.

,,-.: 2003-12-12.
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78"91-( Kruzkov .-#��/06�7�12:89������Æ����;
�2<:�3#"(3�". 4 [8];'&9#��<46�7�������Æ����;
�2<:�3�". Æ'&==�Æ�<��, 5>>)6Æ���>:�Æ��� ��
!"7. ?856��Æ����Æ����'&91�:, ;<@�A7�=8. Joseph[9]

/78"91-( Hopf-Cole /?.-'&9B@������� Hopf .9��Æ���.

4 [10,11] >:9�����������Æ����;�2<:� Lax Æ;<7. 4 [12]

/7C!=)-'&A�����������>�Æ����;�2<:�3#". 6D
���E��Æ���, 4 [13] '&9���E�Æ�<��, 4 [14–16] ?$9�����

E�Æ�?"��, 4 [17] /7@A�B8"91-:89"< .9E�Æ����;�
2<:�3#". -D�Æ����FG, 85��� (E) �Æ����;�2<:�CB
,D:�C<E"@".F�'&DAH��A���E!G=. IH!J, FD?K.F
�'&CI;JB. 4 [3,5,6] 67K*C�"&+$�#,����LG��������
�Æ���M���H ��NKDE�Æ��FLBM9;�2<:, Æ:�CB>AH
��A���7G, IH&.A�5JFD���H ��KN�Æ���>CI. 6D�
G������������A�!��O�EL$�1HMO6�(Æ��! �6�
��Æ���, 4 [18] ?$9�"N>Æ��APP7, OP9�Æ���2<:���B
M.-, QI92<:�CB(Æ�"@, RSQ9#�������Æ����:CB�
!;DAH��A����RQS, QJKN>Æ�APP7<,TLRN. 6DLG��
����������A�(LGÆ��S! ���Æ���, 4 [19] '&9�"N>L
ÆÆ��APP7D:�C<E"@, RSQ9#:�C<E"@��>�A���!;�
QS.

6D���������A���, -D%UEL�PQ, 85FD2<:�TUCB
(VW"@�'&/591VT(G=. FD 6����O�#$������, 4 [20]

87DU.-#�71MMO:�BM9�A����;�2<:, :891MMO�2<
:�3�", WN, �XYOX95J7�A�!�>��<46�<�A����;�2
<:�3#". 7�A�!���ZX��/06�<, 4 [21] /7C!=)-6���>
�� 6��������A���BM9�71M ��)G:, R-W5J;�2<:
�3#". #:�VW"(V)"X.F,JOP!J, �:[9 6�����#$�FL,

Y\4 [22–25].

Z4]6 6�����#$���������Æ��� (1.1) BMÆ;�2<:.

#[ 2 ^, OP�� (1.1) �2<:�\+(Æ�<��, ,D�� (1.1) ��1MMO�2
<:���]1^)��. #[ 3 ^, >_4 [18] ��1Q.-JR.���, R87[ 2 ^

�OP�]1^)��, OP�Æ��� (1.1) 2<:���BM.-, QI2<:#Æ�`
)�CB, RSQ��������Æ����:CB��!;DAH�������Æ�
���QS, YQ, ��%U��%URNSJÆ�, Æ�a_���%URN.

2 &'(Z)*
bT4 [7,13,12,6], R.OP�Æ��� (1.1) �2<:�\+.
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[+ 2.1 # [0,∞)×[0,∞) V�����ZX��/06� u(x, t) d!�Æ��� (1.1)

���2<:, WI6b��ec\6� φ∈C∞
0 ([0,∞)×[0,∞)) (b�� k∈(−∞,∞), u(x, t)

� ��!"7 ∫ ∞

0

∫ ∞

0

{|u − k|φt + sgn(u − k)(f(u) − f(k))φx} dxdt

+
∫ ∞

0

sgn(ub(t) − k)(f(u(0, t)) − f(k))φ(0, t)dt

+
∫ ∞

0

|u0(x) − k|φ(x, 0)dx

≥ 0. (2.1)

6���>��<4��Æ�, �� (1.1) # (2.1) 7*+��2<:�3#3�"]5
J, H2<:� ��Æ�<�� (2.2) (Y\4 [7,13,12]).

,- 2.2 X u(x, t) ��� (1.1) �2<:, W��Æ�<��fd
u(0, t) = ub(t) �

f(u(0, t)) − f(k)
u(0, t) − k

≤ 0, k ∈ I(u(0, t), ub(t)), k �= u(0, t), a.e. t ≥ 0,
(2.2)

Æ� I(u(0, t), ub(t))=[min{u(0, t), ub(t)}, max{u(0, t), ub(t)}].
-\+ 2.1 D^# 2.2, 61MMO:, ��^#Y_5J:8 [26,12].

,- 2.3 eZ (1.2) 7� (1.3) 7fd. ����1HMOEL!�1MMO6� u(x, t)

��Æ��� (1.1) # (2.1) 7*+��2<:7H>7����� 
(1) #ÆMO[`\, u(x, t) � (1.1)1 7;

(2) X x=x(t) � u(x, t) ���2EL, W dx(t)
dt =f ′(u(x(t), t)). X x=x(t) � u(x, t) �]

EL, W dx(t)
dt = f(u−)−f(u+)

u−−u+ (Rankine-Hugoniot ��) ( f(u−)−f(u+)
u−−u+ ≤ f(u−)−f(u)

u−−u (Oleinik <�
�), ?f u−=u(x(t)−0, t), u+=u(x(t)+0, t), u !^D u− ( u+ aE�_*�;

(3) Æ�<�� (2.2) 7fd;

(4) u(x, 0)=u0(x) a.e. x≥0.

#BM�� (1.1) �2<:<, b)7J^# 2.3.

3 &'(Z./
#?�^, R.gcD4 [18] ��1Q.-, 87^# 2.3 KBM�Æ��� (1.1) �;

�2<:, '&�"N>Æ��APP7, R5J:#Æ�`)�CB.

�������H ���A���


vt + f(v)x = 0, −∞ < x < ∞, t > 0,

v(x, 0) = v0(x) :=




u−, x < 0,

um, 0 < x < a,

u+, x > a.

(3.1)
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7 um, u±≤uc � um, u±≥uc <, �� (1.1) `h!��FL, Æ?$\4 [18]. gha4,

!ieZ�� um, u±≤uc ( um, u±≥uc S!fd. ?f@!ieZ um �=u±, Xj, Wd��
FL�e, b u(x, t)=v(x, t)|R+×R+ , Æ� v(x, t) !�� (3.1) �2<:, Wki^# 2.3 _:
u(x, t) ��� (1.1) �2<:.

,�12M f � (1.2) 7( (1.3) 7����KBM�� (1.1) �2<:.

!jF.lc\, #BM:aP, %^W�Kmk. R(u−, u+) ;d��nfIgl% u−
( u+ ��=JKN. S(u−, u+) ;d��nfIgl% u− ( u+ ��%URN x = X(t),

?f x=X(t) � Rankine-Hugoniot ��( Lax RN��

X ′(t) =
f(u−) − f(u+)

u− − u+
, (3.2)

f ′(u+) < X ′(t) < f ′(u−).

7 Sl(u−, u+) � Sr(u−, u+) � Slr(u−, u+) 12;d��l% u− ( u+ �f%URN�g
%URN��Æ%URN x = X(t), ?f x = X(t) � �� (3.2) 7(AH�%U��
X ′(t) = f ′(u−) > f ′(u+) � f ′(u−) > X ′(t) = f ′(u+) � f ′(u−) = X ′(t) = f ′(u+). of(g%
URND�Æ%URNpd!%URN. o%URN(�%URNed!RN. hfij, #
x-t gFV�$ (a, b) qSP�RN: S(u−, u+)(� Sl(u−, u+) � Sr(u−, u+) � Slr(u−, u+))

(�=JKN: R(u−, u+) 12;d!

u(x, t) =




u−, x < a +
f(u−) − f(u+)

u− − u+
(t − b),

u+, x > a +
f(u−) − f(u+)

u− − u+
(t − b),

(

u(x, t) =




u−, x < a + f ′(u−)(t − b),

(f ′)−1
(x − a

t − b

)
, a + f ′(u−)(t − b) < x < a + f ′(u+)(t − b),

u+, x > a + f ′(u+)(t − b),

Æ� t>b. X v(x, t) nfIgl% u− ( u+ HFD x rk (�rm), Wd v(x, t) ���l
% u− ( u+ �nlN (�mhN), 7 E(u−, u+)(� C(u−, u+)) ;d. D2s, X E(u−, u+)

� C(u−, u+) �!o%U(�%URNELH u− �=u+, Wd E(u−, u+) � C(u−, u+) !��
l% u− ( u+ �JKN. ij, RN(�=JKNS�nlN�mhN�Dp, �=JKN
�JKN�Dp. X E(u−, u+)(� C(u−, u+)) ;��=#$ A �kLN, Wd E(u−, u+)(�

C(u−, u+)) ��=#$ A ��=nlN (��=#$ A ��=mhN). -D f ����#
$, 6R.��� (3.1)1 In, :�!o�Æ%URNEL, �of�g%URNEL, oI,

���=nlN E(u−, u+) ����=mhN C(u−, u+) 12!��FLa�: R(u−, u+),

S(u−, u+), Sl(u−, u+), Sr(u−, u+), R(u−, u1)
⋃

Sl(u1, u+), Sr(u−, u1)
⋃

R(u1, u+).

3.1 f01 (1.2) 2p34
#?�q^, eZ (1.2) 7fd. #�4�, v(x, t) S;d�A��� (3.1) �2<:.
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�?$ f ′′(u−)≥0 �FL. 6D f ′′(u−)<0 �FLl7Gs?$. ki u± ( um �Cr,

]WFL1f����qFL
u−, u+<um;

u−<um<u+;

um<u−<u+.

3.1.1 534 u−, u+<um

-PF�s\, um>uc. %qm�� (3.1) �2<: v(x, t) �CB. # x-t gFV�$

(0, 0) ( (a, 0) q12SP���=nlN E(u−, um) (���=mhN C(um, u+). ki4

[27], E(u−, um) ( C(um, u+) ]#N�O<r t=t∗ APP7, tÆAPP77Æ1!��s
N<l"

(I) E(u−, um)=S(u−, um) � Sl(u−, um), C(um, u+)=R(um, u+);

(II) E(u−, um)=S(u−, um) � Sl(u−, um), C(um, u+)=S(um, u+) � Sl(um, u+);

(III) E(u−, um)=S(u−, um) � Sl(u−, um), C(um, u+)=R(um, u2)
⋃

Sl(u2, u+);

(IV) E(u−, um)=R(u−, u1)
⋃

Sl(u1, um), C(um, u+)=S(um, u+) � Sl(um, u+);

(V) E(u−, um)=R(u−, u1)
⋃

Sl(u1, um), C(um, u+)=R(um, u+);

(VI) E(u−, um)=R(u−, u1)
⋃

Sl(u1, um), C(um, u+)=R(um, u2)
⋃

Sl(u2, u+).

E(u−, um) ��RN, 7 x=x1(t) ;d, ]>ÆgÆN C(um, u+) #<r t=t∗ -AAPP7,

ÆAPP7�nfRN!�%U�%URN, ot! x=x1(t). ?<nfRN�fÆ! t
@ u− �JKN (!�\��=�). X u+<uc H E(u−, um) ( C(um, u+) !;<!RN, W
x=x1(t) ;u>ÆfÆ�JKNAPP7RhXÆfÆ�JKN (\p 2, p 4, p 6), ki4

[27],X u+<u−, WRN#�O<rlqahrfÆ�;�JKN;X u+=u−, ��7 t→∞<
WRNulqahrfÆ�;�JKN; X u+>u−, WRN!lqahrÆfÆ�;�JK
N,WAPP7�nfRN<vf x=x1(t)�us, ;�7 x=x1(t);d. WRN x=x1(t)(t>0)

� v(x, t) �BfÆ[��RN (YQ x=x1(t)(t>0) ���1HMO�!, Æ�bHMO�!
S! v(x, t) �RN�!, H7 x<x1(t)(t>0) < v(x, t) FD x ( t vvlw), 5�LH��H

MO�lw�!, Æ^x!,�LNFL: (a) x=x1(t)(t>0) ^D x–t gFVww t- y�[�
SO�^D[vSOHRNt8�V�nww t- y�[�SOhX t- yWuRx#[vS
O (W\p 3– p 5); (b) #N��O<rP x=x1(t) ^D[vSOHNt-e/!V, Q3

# t∗∗>t∗ 8 s(t∗∗)=0, H7 0<t<t∗∗ <, s(t)<0; 7 t vD t∗∗ �Nw=gy`< s(t)>0, Æ�
s(t) !RN x=x1(t) �t8 (W\p 1, p 2, p 6).

#FL (a), z u(x, t)=v(x, t)|R+×R+ , W-^# 2.3 Y_\: v(x, t) !�� (1.1) �2<
:.

#FL (b), XdFL (a) xeBM:, W7 t>t1 <, Æ�<!"7 (2.2) !fd, Æ� t1

�n$ (x1(t∗∗), t∗∗) y�Pt8! f ′(u(x1(t∗∗)+0, t∗∗)) �DU> t- yA"�<r (\p 1,

p 2, p 6), D�-^# 2.3 jdFL (a) xeBM�6� u(x, t) !��� (1.1) �2<:. o
Ib(RBM:. Qb

V (x, t) =

{
v(x, t), 0 < t < t1,

v1(x, t), t ≥ t1,
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Æ� v1(x, t) ����A���



v1t + f(v1)x = 0, x > 0, t > t1,

v1(x, t1) =




u−, x < 0,

v(x, t1 − 0), x > 0,

(3.3)

�2<:. 6W V (x, t) In, #$ (0, t1) SP���%URN, 5]>ÆgÆ�mhNAP
P7 (W\p 1, p 2, p 6). z u(x, t)=V (x, t)|R+×R+ , WH7^# 2.3 Y_\: u(x, t) ��

� (1.1) �2<: (\p 1, p 2, p 6).

z 1

z 2

D�nVF:�BM<j,�� (1.1) �: u(x, t) ��"N>Æ��APP7ww: RN

>Æ�AzRxÆ�{| (Wp 3, p 4); �=JKNSJÆ�RxÆ�X1�aX{| (Wp

5); �=JKN>Æ�Az, Æ�TL���%U�%URN (#�� C(um, u+)=R(um, u+)

� R(um, u2)
⋃

Sl(u2, u+), u−≤uc<um, f(u−)≥f(um) �)(Wp 1, p 2, p 6).

3.1.2 534 u−<um<u+

$%ym�A��� (3.1) �2<: v(x, t) ��APP7. # x-t gFV�$ (0, 0) (
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z 3 z 4 z 5

z 6

(a, 0) q12SP���=nlN E1(u−, um) (���=nlN E2(um, u+), Æ�

E1(u−, um) = R(u−, um), E2(um, u+) = S(um, u+)�Sl(um, u+);

�

E1(u−, um) = R(u−, um), E2(um, u+) = R(um, u2)
⋃

Sl(u2, u+);

�

E1(u−, um) = S(u−, um)�Sl(u−, um), E2(um, u+) = S(um, u+);

�

E1(u−, um) = R(u−, u1)
⋃

Sl(u1, um), E2(um, u+) = S(um, u+).

E1(u−, um) ( E2(um, u+) #�O<r]APP7, ÆAPP7CI!��nlN. �z�

AN E1(u−, um) ( E2(um, u+) �^DBfÆ�RN, t! x=x1(t). XWRN>Æf�gÆ
��"NAPP7, ÆnfRNot! x=x1(t), {N7 E1(u−, um)=R(u−, u1)

⋃
Sl(u1, um),

E2(um, u+)=S(um, u+) <, ?� x=x1(t) ;]>ÆfÆ��=JKN R(u−, u1) APP7, Æ

nfRN;�;d! x=x1(t). D� x=x1(t)(t>0) � v(x, t) �BfÆ[��RN, Æ^xW
�: x=x1(t)(t>0) ^D x-t gFVww t- y�[�SO�^D[vSOHRNt8�V�n
ww t- y�[�SOhX t- yWuRx#[vSO. W-^# 2.3 j, u(x, t)=v(x, t)|R+×R+
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��� (3.1) �2<:. u(x, t) ��"N>Æ��APP7ww: RN>Æ�AzRxÆ�{
|; �=JKNSJÆ�RxÆ�X1�aX{|.

3.1.3 534 um<u−<u+

%{m�� (3.1) �2<: v(x, t) �CB. # x-t gFV�$ (0, 0) ( (a, 0) q12SP

���%URN S(u−, um) (���=nlN E(um, u+), Æ�

E(um, u+) = S(um, u+)�Sl(um, u+)�R(um, u2)
⋃

Sl(u2, u+).

RN S(u−, um),;d! x=x1(t),#N��O<r t=t∗q> E(um, u+)APP7.7 E(um, u+)

=S(um, u+) � Sl(um, u+) <, #<r t=t∗, S(u−, um) > E(um, u+) |Rf���%URN.

7 E(um, u+)= R(um, u2)
⋃

Sl(u2, u+) <, S(u−, um) #<r t = t∗ > R(um, u2) AS, RhX

R(um, u2), X u1 < u−, WRN#�O<rqahr;� R(um, u2) R;<> Sl(u2, u+) |

Rf��%URN|X u1=u−, ��7 t → ∞ <WRNulqahr;� R(um, u2)|X

u1>u−, WRN!lqahr;� R(um, u2). ]RN S(u−, um) >;� E(um, u+) APP7
<�nfRNo7 x = x1(t) ;d, ÆfÆ! t@ u−. D�RN x = x1(t)(t > 0) �LH�

�HMO�lw�!, 5� v(x, t) �BfÆ[��RN.

7 x = x1(t)(t > 0) ^Dww t- y�[�SO�^D[vSOHNt�V�nww t-

y�[�SOhX t- yWuRx#[vSO<, b u(x, t)=v(x, t)|R+×R+ ; jW x=x1(t)(t>0)

#N�<rP^D[vSOHNt-e/!V,YQ3# t∗∗>t∗, 857 0<t< t∗∗ <RNt

8!e, 7 t=t∗∗ <, RNt8!}, 7 t vD t∗∗ �N�w=gy`<RNt8!V, dqF
L 3.1.1 xe, b u(x, t)=V (x, t)|R+×R+ , Æ� V (x, t) -qFL 3.1.1 �f\+. D�87^#
2.3 j, ,V\+� u(x, t) !�� (1.1) �2<:. 2<: u(x, t) ��"N>Æ��APP7
ww: RN>Æ�AzRxÆ�{|; �=JKNSJÆ�RxÆ�X1�aX{|; �=J
KN>Æ�Az, Æ�TL���%U�%URN (#�� E(um, u+)=R(um, u2)

⋃
Sl(u2, u+)

H f(um)≥f(u−) �).

3.2 f01 (1.3) 2p34
�6 f ′′(u−)≤0 �FL~,?$. 7 f ′′(u−)>0 <, l7Gs?$. dV�^�e, ki

u± ( um �Cr, ]WFL1f���NqFL
u−<um<u+;

um<u−, u+ ;

u−, u+<um.

3.2.1 534 u−<um<u+

$%qm�A��� (3.1)�2<: v(x, t) ��"N�APP7.# x-tgFV�$ (0, 0)

( (a, 0) q12SP���=nlN E1(u−, um) (�=nlN E2(um, u+), Æ�

E1(u−, um) = S(u−, um)�Sr(u−, um), E2(um, u+) = R(um, u+);

�

E1(u−, um) = S(u−, um), E2(um, u+) = S(um, u+)�Sr(um, u+);
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�

E1(u−, um) = S(u−, um), E2(um, u+) = Sr(um, u2)
⋃

R(u2, u+);

�

E1(u−, um) = Sr(u−, u1)
⋃

R(u1, um), E2(um, u+) = R(um, u+).

]E1(u−, um)��RN;d! x=x1(t). 7E1(u−, um) = Sr(u−, u1)
⋃

R(u1, um)(E2(um, u+)

= R(um, u+) <, ?L�nlN E1(u−, um) ( E2(um, u+) 8|f��nlN E = E1(u−, um)⋃
R(um, u+); 7 E1(u−, um)=S(u−, um) � Sr(u−, um) <, #�O<r5> E2(um, u+) AS,

APP7CI!�nlN, oÆnfRNo;d! x=x1(t). D� v(x, t) ��BfÆ[��
RN� x=x1(t)(t>0), ^Dww t- y�[�SO�^D[vSOHRNt8�V�nww t-

y�[�SOhX t- yWuRx#[vSO. W u(x, t)=v(x, t)|R+×R+ ��� (1.1) �2<
:. W< u(x, t) ��"N>Æ��APP7ww: RN>Æ�AzRxÆ�{|; �=JK
NSJÆ�RxÆ�X1�aX{| (Wp 7).

z 7 z 8

3.2.2 534 um<u−, u+

%�z�� (3.1) �2<:�CB. # x-t gFV�$ (0, 0) ( (a, 0) q12SP���
=JKN R(u−, um) (�=nlN E(um, u+), Æ�

C(um, u+) = S(um, u+)�Sr(um, u+)�Sr(um, u2)
⋃

R(u2, u+).

E(um, u+) ��RN, t! x=x1(t), u>ÆfÆ��=JKN R(u−, um) APP7, ÆnfR

N, ot! x=x1(t), gÆ! t@ u+ ���JKN. W x=x1(t)(t>0) ^D[�SO�n[
�SOhX t- yWuRx#[vSO. z u(x, t)=v(x, t)|R+×R+ , D� u(x, t) ��� (1.1) �

2<:. W<�"N>Æ��APP7CIww: RNxÆ�{|; JKN (!�\��=�)

xÆ�X1�aX{| (pW\p (8)).

3.2.3 534 u−, u+<um

#WqFL, 6�� (3.1) In, # x-t gFV�$ (0, 0) ( (a, 0) q12SP���=n
lN E(u−, um) (�=mhN C(um, u+), E(u−, um) > C(um, u+) #�O<rAS. tÆA
PP77Æ1!��sN<l"
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(I) E(u−, um)=R(u−, um), C(um, u+)=S(um, u+)� Sr(um, u+)� Sr(um, u2)
⋃

R(u2, u+);

(II) E(u−, um)=S(u−, um) � Sr(u−, um), C(um, u+)=S(um, u+) � Sr(um, u+);

(III) E(u−, um)=S(u−, um) � Sr(u−, um), C(um, u+)=Sr(um, u2)
⋃

R(u2, u+);

(IV) E(u−, um)=Sr(u−, u1)
⋃

R(u1, um), C(um, u+)=S(um, u+) � Sr(um, u+);

(V) E(u−, um)=Sr(u−, u1)
⋃

R(u1, um), C(um, u+)=Sr(um, u2)
⋃

R(u2, u+).

�F126bNAPP77ÆKBM�� (1.1) �2<:.

(I) E(u−, um)=R(u−, um), C(um, u+)=S(um, u+)� Sr(um, u+)� Sr(um, u2)
⋃

R(u2, u+).

W< f ′′(u−)=0. C(um, u+) ��RN, t! x=x1(t), uhX R(u−, um), H��# t→∞
<ulqahr;� R(u−, um), ÆnfRN (%U��%U) �gÆ!JKN (��=�), o

]WnfRN;d! x=x1(t). W x=x1(t)(t>0) n[�SOhX t- yWuRx#[vSO.

D�H7^# 2.3 Y_\: u(x, t)=v(x, t)|R+×R+ ��� (1.1) �2<:. u(x, t) ��"N>
Æ��APP7ww: RN>Æ�AzRxÆ�{|;JKN (!�\��=�) SJÆ�R

xÆ�X1�aX{| (pW@\p 8).

(II) E(u−, um)=S(u−, um) � Sr(u−, um), C(um, u+)=S(um, u+) � Sr(um, u+).

W< u−<uc<um. E(u−, um) > C(um, u+) #N�O<r t=t∗ |R!��R��%U
RN S(u−, u+)(\p 9). ]�ARN C(um, u+) t! x=x2(t)(0<t<t∗).

#�� f(u−)≤f(um) � f(u−)>f(um), f(u−)≥f(u+) �, �A��� (3.1) �2<:
v(x, t) �BfÆRN x=x1(t)(t>0) (7 0<t<t∗, x=x1(t) ! E(u−, um); 7 t≥t∗ <, x=x1(t)

!�%URN S(u−, u+)), 12^Dww t- y�[�SO�[vSOHRNt8�V. W
u(x, t)=v(x, t)|R+×R+ !�� (1.1) �2<:, u(x, t) ��"N>Æ��APP7CI!RN
xÆ�{|.

#�� f(um)<f(u−)<f(u+) �, 7 t<t∗ <, v(x, t) �BfÆ[��RN x=x1(t) �t8

!e, 7 t>t∗ < x=x1(t) �t8!V. W x=x1(t)(t>0) un[vSOhX t- yWu[�SO.

Xb u(x, t)=v(x, t)|R+×R+ , W7 t>t1 <?� u(x, t) !� Æ�<�� (2.2), Æ� t1 �RN

x=x2(t)(0<t<t∗) > t- yA"�<r, oI!��� (1.1) �2<:. �F(RBM:. z

V (x, t) =




v(x, t), 0 < t < t1,

v1(x, t), t ≥ t1,

Æ� v1(x, t) ��A��� (3.3) �2<:, W V (x, t) #$ (0, t1) qSP��t8!V��
%URN S(u−, u+). -^# 2.3 l\: u(x, t)=V (x, t)|R+×R+ !�� (1.1) �2<:, ?�:
u(x, t) ��"N>Æ��APP7! (%U��%U) RN C(um, u+) SJÆ�, Æ�;<a

_���%URN S(u−, u+)(\p 9).

(III) E(u−, um)=S(u−, um) � Sr(u−, um), C(um, u+)=Sr(um, u2)
⋃

R(u2, u+).

?< u+<uc<um. RN E(u−, um) >g%URN Sr(um, u2) #N�O<r t=t∗ |R!

���%URN, W�%URN{hX�=JKN R(u2, u+), H7 u+>u− <#�O<rq
ahr;� R(u2, u+), 7 u+=u− <��# t→∞ <WRNulqahr;� R(um, u2), 7

u+<u− <WRN!lqahr;� R(um, u2). W�%URN> R(um, u2) APP7�nf
RNo!�%URN. ] E(u−, um) DÆ> C(um, u+) APP7�nfRNt! x=x1(t). D



2 . `aUc: ��	
�Æ���
	
���
���
� 155

z 9 z 10

� x=x1(t)(t>0) ��� (3.1) �2<: v(x, t) �BfÆ[��RN. x=x1(t)(t>0) �^x!
,�LN: (a) ^Dww t- y�[�SO�^D[vSOHRNt8�V; (b) n[vSOh
X t- yWu[�SO, YQRNt8-e/!V (\p 10, p 11).

7 x=x1(t)(t>0) #^x (a) <, u(x, t)=v(x, t)|R+×R+ !�� (1.1) �2<:, H# u(x, t)

��"N>Æ��APP7ww�=JKNzJÆ�RxÆ�X1�aX{|; (%U��

%U) RN>Æ�AzRxÆ�{|.

7 x=x1(t)(t>0) #^x (b) <, z

V (x, t) =




v(x, t), t < t1,

v1(x, t), t ≥ t1,
(3.4)

Æ� v1(x, t) ��A��� (3.3) �:, t1 -,�.7[\: WI f(u−)<f(u2), WRN
x=x1(t)(t>0) �t87 t<t∗ <!eH7 t>t∗ <!V, b t1 !RN Sr(um, u2)(t! x=x2(t)

(0 < t < t∗)) > t- yA"�<r (\p 10); WI f(u−)≥f(u2), W3# t∗∗≥t∗ 8 x=x1(t) #
t<t∗∗ <t8!e, # t=t∗∗ <t8!}, # t∗∗ �N�w=gy`\t8!V, ?<, b t1 !

n$ (x1(t∗∗), t∗∗) y�Pt8! f ′(u(x1(t∗∗)+0, t∗∗)) �DU> t- yA"�<r (\p 11).

V (x, t) #$ (0, t1) qSP��t8�e��%URN, 5]hXÆgÆ��=JKN. nI

-^# 2.3 <\: u(x, t)=V (x, t)|R+×R+ ��� (1.1) �2<: (\p 10, p 11). D�np�
<j, u(x, t) ��"N>Æ��APP7!�� (%U��%U) RN>Æ�AS, Æ�;<

�}ja_���%URN.

(IV) E(u−, um)=Sr(u−, u1)
⋃

R(u1, um), C(um, u+)=S(um, u+) � Sr(um, u+).

W<, um>uc. C(um, u+) #�O<r> R(u1, um) ASR]hX R(u1, um).

7 u+≥u1 <, C(um, u+) #�O<r!lqahr;� R(u1, um). W<�A��� (3.1)

�: v(x, t) �BfÆ[��RN��AN Sr(u−, u1), ^Dww t- y�[�SO�^D[v
SOHRNt8!e. D� u(x, t)=v(x, t)|R+×R+ ��� (3.1) �2<:, u(x, t) ��"N>
Æ��APP7!RNzJÆ�RxÆ�{|.

] Sr(u−, u1) t! x=x1(t). 7 u+<u1 <, C(um, u+) #N�O<r t=t∗ qahr;�
R(u1, um), ÆAPP7�nfRN (%U��%U) �gt@� u+ �JKN (��=�). ?
�nfRNot! x=x1(t), {> Sr(u−, u1) # t=t∗ |Rf���%URN. W�%URN
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z 11 z 12

@7 x=x1(t) ;d, 5uhXÆgÆ�JKN, 7 u+>u− <5#�O<rqahrÆgÆ�
;�JKN, 7 u+≤u− <5#�O<r!lqahrÆgÆ�;�JKN. ]�%URN

>ÆgÆ�JKNAPP7�nfRN;�t! x=x1(t). D� x=x1(t)(t>0) ��� (3.1)

�: v(x, t) �BfÆ[��RN, Æ^xW�: (a) ;� x=x1(t)(t>0) ^Dww t- y�[�
SO�^D[vSOHNt�V; (b) 7 0<t<t∗ <, x=x1(t) ^D[vSOHNt!e, 7

t>t∗, x=x1(t) n[vSOhX t- yWu[�SO, Q3# t∗∗≥t∗, 8 x=x1(t) �t87 t<t∗∗
<!e, 7 t>t∗∗ <!V. (1) 7 f(u−)≤f(u1) � f(u−)>f(u1), f ′(u−)≤0 � f(u−)>f(u1),

f(u−)≥f(u+), f ′(u+)<0<f ′(u−) <, x=x1(t)(t>0) vD^x (a), z u(x, t)=v(x, t)|R+×R+ .

(2) 7 f(u−)>f(u1), f ′(u−) > 0, f ′(u+) ≥ 0 � f(u+) > f(u−) > f(u1), f ′(u+) < 0 < f ′(u−)

<, x = x1(t)(t > 0)vD^x (b), z u(x, t)=V (x, t)|R+×R+ , Æ� V (x, t) - (3.4)7OP, (3.4)

7�� t1 -��.7[\: X t∗∗=t∗, W t1 � x=x2(t)(0<t<t∗) (x=x2(t) -RN C(um, u+)

DÆ> R(u1, um) APP7�nfRN~%If)> t- yA"�<r (\p 12). X t∗∗>t∗, n

$ (x1(t∗∗), t∗∗) y�Pt8! f ′(u(x1(t∗∗)+0, t∗∗)) �DU, WI}DU!> t- yA", Wb
t1 ! x=x2(t)(0<t<t∗) > t- yA"�<r (\p 13); WI}DU> t- yA", Wb t1 !}D

U> t- yA"�<r (\p 14). D�-^# 2.3, ,VBM� u(x, t) !�� (1.1) �2<:
(Wp 12–14). nVF:�BMX9j, : u(x, t) ��"N>Æ��APP7!: ����=
JKNzJÆ�RxÆ�X1�aX{|;�� (%U��%U) RN>Æ�AzRxÆ�{
|; ��%U��%URNSJÆ�, Æ�;<�}ja_���%URN (\p 12–14).

(V) E(u−, um)=Sr(u−, u1)
⋃

R(u1, um), C(um, u+)=Sr(um, u2)
⋃

R(u2, u+).

?< um>uc>u+. $%ym�A��� (3.1) �:�CB. ] Sr(um, u2) ;d! x=x2(t),

5#�O<r> R(u1, um) ASRhX R(u1, um), #N�O<r t=t∗ lqahr;�
R(u1, um), ÆnfRN!g%URN, ot! x=x2(t)(0<t<t∗), ÆgÆ!JKN (��=
�), 5#<r t=t∗ > Sr(u−, u1) |Rf���%URN. BjW�%URN{hXÆgÆ�
JKN, 7 u+>u− <, #�O<rlqahrÆgÆ�;�JKN,7 u+≤u− <, #�O<
r!lqahrÆgÆ�;�JKN. dFL (IV) �e, �A��� (3.1) �: v(x, t) �B
fÆ[��RN x=x1(t)(t>0)(5- Sr(u−, u1) DÆ>gÆNAPP7�nfRN~%If)

�^xW�: (a) ;� x=x1(t)(t>0) ^Dww t- y�[�SO�^D[vSOHNt�V (#
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z 13 z 14

f(u−)≤f(u1) � f(u−)>f(u1), f ′(u−)≤0 � f ′(u+)<0<f ′(u−), f(u−)>f(u1), f(u−)≥f(u+) �

���); (b) 7 0<t<t∗ <, x=x1(t) ^D[vSOHNt!e, 7 t>t∗, x=x1(t) n[vSOh
X t- yWu[�SO, Q3# t∗∗≥t∗, 8RN x=x1(t) 7 t<t∗∗ <t8!e, 7 t>t∗∗ <t8

!V (#�� f(u−)>f(u1), f ′(u−) > 0, f ′(u+)≥0 � f(u+)>f(u−)>f(u1), f ′(u+)< 0<f ′(u−)

�). kiRN x=x1(t)(t>0) �^xlBM�� (1.1) �2<:, ÆBM.->FL (IV) A;.

n 3.1.1–3.1.3( 3.2.1–3.2.3�FL�?$<j, �� (1.1) �2<: u(x, t) �BM|)}
�D�A��� (3.1) �2<: v(x, t) �BfÆ[��RN�^x,YQ,VKNqFL��
RN x=x1(t)(t>0)�^x,;>BfÆ[v�RN, YQ,VqFL��RN x=x2(t)(0<t<t∗)

�F. 7 x=x1(t)(t>0) ^D x-t gFVww t- y�[�SO�^D[vSOHNt�V�
n[�SOhX t- yWuRx#[vSOHNt�V<, u(x, t)=v(x, t)|R+×R+ !�� (3.1)

�2<:; 7 x=x1(t)(t>0) #N�<rP^D[vSOHNt-e/!V, YQ3# t∗∗≥t∗
8 x=x1(t) # t<t∗∗ <t8!e, # t∗∗ �N�w=gy`\t8!V< (t∗ PQ#V4�),

!ldPFxeBM u(x, t), o7 t>t1 <Æ�<!"7 (2.2) !fd, b(RBM:, ?<b
u(x, t)=V (x, t)|R+×R+ , W?� u(x, t) !�� (3.1) �2<:, ?f t1 ( V (x, t) \+#qF
L 3.1.1, 3.1.3 ( 3.2.3 � (II)-(V) �, #qFL 3.2.3 � (II) � (III) � (IV) � (V), t1 ;>
x=x2(t)(0<t<t∗) �F. # u(x, t) ��"N>Æ��APP7!��JKN (!�\��=
�) zJÆ�RxÆ�X1�aX{|; �=JKN>Æ�Az, Æ�TL���%U�%U
RN; �� (%U��%U) RN>Æ�AzRxÆ�{|; ��%U��%URNSJÆ�,

Æ�;<�}ja_���%URN. >~~��������Æ���AD, �����

���Æ����2<:�ww��R�APP77Æ: ��%U��%URNSJÆ�,

Æ�a_���%URN.

6 1 -D�Æ��� (1.1) �2<:�CB]QI, <877GD4 [18,28] �1Q.

-:8�� (1.1) �2<:>Æ8")G:E� L1- �0�! O(
√

ε).

6 2 Z4FD��������Æ����2<:�BM.-l>_J f ����#
$H�A�!���O�EL$�1HMO6��FL� f ���O��#$H�A�!
LH ��FL.
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CONSTRUCTION OF GLOBAL WEAK ENTROPY SOLUTION

OF INITIAL-BOUNDARY VALUE PROBLEM FOR NONCONVEX

SCALAR CONSERVATION LAWS

Liu Hongxia Pan Tao
(Department of Mathematics, Jinan University, Guangzhou 510632)

Abstract This paper is concerned with an initial-boundary problem of nonconvex scalar

conservation laws with two pieces of constant initial data and constant boundary data. Under

the condition that the flux function has one inflection point, by the structure of weak entropy

solution of the corresponding initial value problem and the boundary entropy condition devel-

oped by Bardos-Leroux-Nedelec, we give a construction method for the global weak entropy

solution of the initial-boundary value problem and clarify the solution structure nearby the

boundary. In contrast to the initial-boundary value problem for strictly convex scalar conserva-

tion laws, the weak entropy solution of the initial-boundary value problem for nonconvex scalar

conservation laws includes the following new interaction type: a contact or non-contact shock

collides with the boundary and a new non-contact shock wave rebounds from the boundary.

Key words Nonconvex scalar conservation laws, initial-boundary problem, boundary

entropy condition, global weak entropy solution.


