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u′′(t) − u(t) + f(t, u(t)) = 0, 0 < t < 1,

u′(0) = 0,

α1u(1) + u′(1) = 0,

(� α1 > − 1
2
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u′′(t) − u(t) + f(t, u(t)) = 0, 0 < t < 1,

u′(0) = 0,

α1u(1) + u′(1) = 0.

(1.1)

 �3 α1 > − 1
2 !"#$�� (1.1) ���%&����4��'()*�+�,�-./

��� � ( ! [1,2] 0). &!"#��!")*�+ Z2 '1#52���3��"�$
%4&'$,!")+ Z2 '1#52�6% (�! [3,4]).

78 1.1 �5 x0 ∈ E (9 g′(x0) = θ, & x0 6' g �!")� g(x0) 6' g �!"

1�'�!")�)6' g � &)") c �()��5 g−1(c) 3'7!")�& c 6' g

� &1"* K = {x ∈ E|g′(x) = θ}, Kc = {x ∈ E|g′(x) = θ, g(x) = c}. K 6' g �!"

+"* gc = {x ∈ E|g(x) ≤ c}, gc 6' g �*,+"

* 89�+:,;:--../ (20020558092), <=0;1-�./ (031608), >2;1-�./ (10471155)

?��0:,@-.<=:-�A (2006FJ4249) <=-3B
/C45D2005-03-10, /E0FC45D2006-03-27.
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78 1.2 ) g ∈ C1(E, R). �5 {xn} ⊂ E, g(xn) $"� g′(xn) → θ(n → ∞) 6G {xn}
$78>9�&6 g (9 Palais-Smale 8:�H%6 P.S. 8:"

78 1.3 ) E �( Banach ;<�= Σ = {A| A ⊂ E \ {θ} �$6I+ }. *9
γ : Σ → Z+

⋃{+∞} ��

γ(A) =

⎧⎪⎪⎨
⎪⎪⎩

min{n ∈ Z|J:>;?�� ϕ : A → Rn \ {θ}};
0, K A = ∅ <;

+∞,�5$=@> n ∈ Z, 'J:>;?�� A → Rn \ {θ}

&6 γ � Σ �� Z2 #�'152�%6AL"
78 1.4 6 i1(g) = lim

a→−0
γ(ga), i2(g) = lim

a→−∞ γ(ga), ' Clark B"

?@ 1.5[3] ) I ∈ C1(X, R1), (9 P.S. 8:�CM)�?)
(P1) J: ρ, α > 0 @D$EA>;< E, B.

I|E⊥∩Sρ
≥ α.

(P2) J:C9>;< Ẽj , dim(Ẽj) = j, @D Rj > 0 B.

I(x) ≤ 0 ∀x ∈ Ẽj\BRj , j = 1, 2, 3, · · ·

& I $DE�N'E�!")�$F0 !"1"
?@ 1.6 F) E �CN Hilbert ;<�G9 {xn} ⊂ E (9 xn ⇀ x0 + ‖xn‖ → ‖x0‖,

GHG9 {xn} I78 x0, J xn → x0.
&!AH����� 1.5 O��������1��"

2 BCDE
7@ 2.1 F) f (98:
i) f ∈ C([0, 1] × R, R);

ii) J:() T,B. lim
u→0

f(t, u)
u

≤ T ;

iii) J: θ > 2, α > 0, B. 0 < G(t, u) =
∫ u

0

f(t, v)dv ≤ 1
θ
uf(t, u(t)), ∀ |u(t)| ≥ α;

iv) f(t, u) ,= u �?M)"

GH��1�� (1.1) $DE�N'E�P,Q�"
F �� (1.1) ��$F=��RM�!")

I(u) =
∫ 1

0

[1
2
(|u′(t)|2 + |u(t)|2) − G(t, u)

]
dt +

1
2
α1u

2(1), u ∈ H1
0 (0, 1), (2.1)

IK G(t, u) =
∫ u

0 f(t, ω)dω. �3 H1
0 (0, 1) �CN Sobolev ;<�J�CN Hilbert ;<��

LM+S)�T*9'

(u, v) =
∫ 1

0

(u′(t)v′(t) + u(t)v(t))dt,
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‖u‖ =
(∫ 1

0

(|u′(t)|2 + |u(t)|2)dt
) 1

2
, (2.2)

J$

H1
0 (0, 1) = W 1,2

0 (0, 1) = C2
0 [0, 1] ,=S) (2.2) NXY"

* E = H1
0 (0, 1), O= f(t, u) �,= u �>;?M)�P3 I ∈ C1(E, R) �,= u �CR

M�O I(θ) = 0. Q:RP�SQ I(u) $F�RS��T��1TU (1.1). O

I(u + sv) = I(u) + s
{∫ 1

0

[u′(t)v′(t) + u(t)v(t) − f(t, u + θsv)v]dt + α1u(1)v(1)
}

+
s2

2

{∫ 1

0

(|v′(t)|2 + |v(t)|2)dt + α1v
2(1)

}
∀u, v ∈ E, 0 < θ < 1, (2.3)

U@VQ

(I ′(u), v) =
∫ 1

0

[u′v′ + uv − f(t, u(t))v]dt + α1u(1)v(1), ∀u, v ∈ E. (2.4)

O I ′(u) = 0, J$@> v ∈ E $

∫ 1

0

[u′v′ + uv − f(t, u(t))v]dt + α1u(1)v(1) = 0, (2.5)

VC�$�O�ZM�-$

∫ 1

0

u′(t)v′(t)dt +
∫ 1

0

u′′(t)vdt = v(1)u′(1) − u′(0)v(0). (2.6)

� (2.6) WX (2.5), @D�18:RP$
∫ 1

0

v(u′′(t) − u + f(t, u(t)))dt = v(1)(u′(1) + α1u(1)) − u′(0)v(0) = 0.

O1�W�'Y./
u′′(t) − u + f(t, u(t)) = 0,

J I(u) �!")��1�� (1.1) ��"
GHVQRM

I(u) =
∫ 1

0

[1
2
(|u′(t)|2 + |u(t)|2) − G(t, u(t))

]
dt +

1
2
α1u

2(1), u ∈ H1
0 (0, 1)

$DE�$!")JU"Q:��� 1.5 �VQ"O8: i) +8: iv) $� I ∈ C1(E, R) �
CRM�O I(θ) = 0.

[ (2.4) X\�$�0Æ��

∫ 1

0

f(t, u(t))vdt =
∫ 1

0

(u′v′ + uv)dt − (I ′(u), v) + α1u(1)v(1), ∀u, v ∈ E. (2.7)
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YZ[V P.S. 8:") {un} ⊂ E @D�) c1, c2 (9
c1 ≤ I(un) ≤ c2, (2.8)

I ′(un) → 0 (n → ∞<). (2.9)

[ (2.9) X\�0Æ��

sup
{∫ 1

0

[u′
nv′ + unv − f(t, un(t))v]dt + α1un(1)v(1)

}
→ 0, K n → ∞, (2.10)

�3 u, v ∈ E, ‖v‖ = 1, = ‖zn‖ = ‖I ′(xn)‖ , * εn = ‖zn‖, GH εn → 0 K n → ∞ <"

� un ]\ v, O (2.10) + (2.4), ].

‖un‖2 =
∫ 1

0

f(t, un(t))un(t)dt − α1u
2
n(1) + 〈zn, un〉. (2.11)

�$VQ:8: (2.8) + (2.9) \Z<� ‖un‖ �$"�"
� 2 Æ[�\@VQ"* E1 = {t ∈ [0, 1]||un(t)| ≥ α}, E2 = [0, 1] \ E1.
(A) K − 1

2 < α1 < 0 <�O8: iii) + (2.7) $

I(un) =
1
2
‖un‖2 −

∫ 1

0

G(t, un(t))dt +
1
2
α1u

2
n(1)

=
1
2
‖un‖2 −

∫
E1

G(t, un(t))dt −
∫

E2

G(t, un(t))dt +
1
2
α1u

2
n(1)

≥ 1
2
‖un‖2 −

∫
E1

1
θ
un(t)f(t, un(t))dt − c3 +

1
2
α1u

2
n(1)

≥ 1
2
‖un‖2 −

∫ 1

0

1
θ
un(t)f(t, un(t))dt − c4 +

1
2
α1u

2
n(1)

=
1
2
‖un‖2 − 1

θ

(∫ 1

0

(|u′
n(t)|2 + |un(t)|2)dt − (I ′(un), un) + α1u

2
n(1)

)
− c4 +

1
2
α1u

2
n(1)

=
(1

2
− 1

θ

)
‖un‖2 +

1
θ
(I ′(un), un) − c4 +

(1
2
− 1

θ

)
α1u

2
n(1)

≥
(1

2
− 1

θ

)
‖un‖2 +

1
θ
‖I ′(un)‖‖un‖ − c4 +

(1
2
− 1

θ

)
α1u

2
n(1).

�3�) c3, c4 ^�!� ci ]^= 0.
� 2 Æ[��SQ {un} $""
1) K max

0≤t≤1
|u(t)| ≤ 1 <�&$

I(un) ≥
(1

2
− 1

θ

)
‖un‖2 +

1
θ
‖I ′(un)‖‖un‖ − c4 +

(1
2
− 1

θ

)
α1,

_` (1
2
− 1

θ

)
‖un‖2 ≤ I(un) − 1

θ
‖I ′(un)‖‖un‖ + c4 −

(1
2
− 1

θ

)
α1,
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O θ > 2 'Y_/ {‖un‖} $""
2) K max

0≤t≤1
|u(t)| > 1 <�

i) ^J: t0 ∈ [0, 1] , B. u(t0) = 0, GH$

|u(1)| =
∣∣∣ ∫ 1

t0

u′(s)ds
∣∣∣ ≤ ∫ 1

0

|u′(s)|ds ≤
√

2‖u‖;

ii) ^'J: t1 ∈ [0, 1], B. u(t1) = 0, GHO u(t) �>;`6� u(t) > 0 H u(t) < 0,
$@>� t ∈ [0, 1], 'a) u(t) > 0. O>;`6J: t2 ∈ [0, 1], B.� u(t2) = min

0≤t≤1
u(t). _

`$

u(1) − u(t2) =
∣∣∣ ∫ 1

t2

u′(s)ds
∣∣∣ ≤ ∫ 1

0

|u′(s)|ds,

J

u(1) ≤ u(t2) +
∫ 1

0

|u′(s)|ds ≤
(∫ 1

0

u2(t)dt
) 1

2
+

( ∫ 1

0

|u′(t)|2dt
) 1

2

≤ √
2
( ∫ 1

0

u2(t)dt +
∫ 1

0

|u′(t)|2dt
) 1

2
.

Hb i), ii) $
u2(1) ≤ 2‖u‖2,

_`$ (1
2
− 1

θ

)
α1u

2(1) ≥
(1

2
− 1

θ

)
2α1‖un‖2

+

I(u) ≥
(1

2
− 1

θ

)
(1 + 2α1)‖un‖2 − 1

θ
‖I ′(un)‖‖un‖ − c4,

O (2.8) + (2.9), $

(1
2
− 1

θ

)
(1 + 2α1)‖un‖2 ≤ I(un) +

1
θ
‖I ′(un)‖‖un‖ + c4 ≤ c5‖un‖ + c5,

aO θ > 2 + α1 > − 1
2 , 6G9 {‖un‖} $""aHb 1), 2) 6K − 1

2 < α1 < 0 <�G9
{‖un‖} $""

(B) K α1 > 0 <�_b (A) �VQ�'Y./

I(un) =
1
2
‖un‖2 −

∫ 1

0

G(t, un(t))dt +
1
2
α1u

2
n(1)

≥ 1
2
‖un‖2 −

∫ 1

0

1
θ
un(t)f(t, un(t))dt +

1
2
α1u

2
n(1) − c4

≥
(1

2
− 1

θ

)
‖un‖2 − 1

θ
‖I ′(un)‖‖un‖ − c4 +

(1
2
− 1

θ

)
α1u

2
n(1)

≥
(1

2
− 1

θ

)
‖un‖2 − 1

θ
‖I ′(un)‖‖un‖ − c4,
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(3O��� (1
2 − 1

θ )α1u
2(1) ≥ 0 ) +

(1
2
− 1

θ

)
‖un‖2 ≤ 1

θ
‖I ′(un)‖‖un‖ + I(un) + c4 ≤ c5‖un‖ + c5,

aO θ > 2, 6G9 {‖un‖} $""Hb (A) + (B) ./ {‖un‖} $"�` E = H1
0 (0, 1) �I

c� Banach ;<�_`G9 {un} :;< H1
0 (0, 1) 3J:C9`78>9�'aab*'

{un} ' E 3�`78>9"=�./dJ: u0 ∈ E, B.K n → ∞ <� un ⇀ u0.
`O (2.11) + ‖un‖ �$"`�RP$

‖un‖2 −
∫ 1

0

f(t, un(t))undt + α1u
2
n(1) → 0, K n → ∞ <;

VC�$�: H1
0 (0, 1) 3�`78G9 {un}, 670 {un} :;< C([0, 1], R) �CJ78�

(! [5] 3�`K 1.2). P3cCe$

‖un‖2 →
∫ 1

0

f(t, u0(t))u0dt − α1u
2
0(1), K n → ∞ <,

O�� 1.6 U6�:;< H1
0 (0, 1) � ‖un‖ �78��c@RM I (9 P.S. 8:"

�$[V�� 1.5 �8: (P1) + (P2) \Z"YZ[V8: (P1) \Z�dIb) m2 >

max{T, T
1+α1

}, = vj(t) = sin jt, j = 1, 2, · · · , *9 V = span{v1, v2, · · · , vm}, X = V ⊥. O8

: ii), J: δ > 0, BK |u| ≤ δ, <�$ |f(t, u(t))| ≤ T |u|, dd ρ = δ, &K u ∈ Sρ

⋂
X <

‖u‖C ≤ ‖u‖ = ρ = δ,

O ∫ 1

0

|u(t)|2dt ≤ 1
m2

∫ 1

0

|u′(t)|2dt,

'Y./ ∫ 1

0

|u(t)|2dt ≤ ρ2

m2 + 1
,

_`$K α1 ≥ 0 <�

I(u) =
1
2
‖u‖2 −

∫ 1

0

G(t, u(t))dt +
1
2
α1u

2(1)

≥ 1
2
‖u‖2 −

∫ 1

0

G(t, u(t))dt

≥ 1
2
ρ2 −

∫ 1

0

(∫ |u(t)|

0

Tvdv
)
dt

≥ 1
2
ρ2 − T

2(m2 + 1)
ρ2

=
1
2

(
1 − T

m2 + 1

)
ρ2

> 0.
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K − 1
2 < α1 < 0 <�

I(u) =
1
2
‖u‖2 −

∫ 1

0

G(t, u(t))dt +
1
2
α1u

2(1)

≥ 1 + α1

2
‖u‖2 −

∫ 1

0

G(t, u(t))dt

≥ 1 + α1

2
ρ2 −

∫ 1

0

( ∫ |u(t)|

0

Tvdv
)
dt

≥ 1 + α1

2
ρ2 − T

2(m2 + 1)
ρ2

=
1
2

(
1 + α1 − T

m2 + 1

)
ρ2

> 0.

Hb�ÆU6 I(u) > 0, ∀u ∈ Sρ

⋂
X <�J�� 1.5 8: (P1) \Z"

Lf�[V�� 1.5 8: (P2) \Z"O8: iii) 6
G(t, u(t)) ≥ c7|u|θ − c8.

$=eN$eA>;< E1 ⊂ E, J: c9 > 0, B.

(∫ 1

0

|u(t)|θdt
) 1

θ ≥ c9‖u‖, ∀u ∈ E1.

P3�K u ∈ E1, + − 1
2 < α1 < 0 <�$

I(u) =
1
2
‖u‖2 −

∫ 1

0

G(t, u(t))dt +
1
2
α1u

2(1)

≤ 1
2
‖u‖2 −

∫ 1

0

G(t, u(t))dt

≤ 1
2
‖u‖2 − c7

∫ 1

0

|u(t)|θdt + c8

≤ 1
2
‖u‖2 − c7c

θ
9‖u‖θ + c8

=
(1

2
− c7c

θ
9‖u‖θ−2

)
‖u‖2 + c8.

u ∈ E1, + α1 ≥ 0 <�$

I(u) =
1
2
‖u‖2 −

∫ 1

0

G(t, u(t)dt +
1
2
α1u

2(1)

≤ 1 + α1

2
‖u‖2 − c7

∫ 1

0

|u(t)|θdt + c8

≤ 1 + α1

2
‖u‖2 − c7c

θ
9‖u‖θ + c8

=
(1 + α1

2
− c7c

θ
9‖u‖θ−2

)
‖u‖2 + c8,
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P3�Hb�ÆK R = R(E1) g�^<�h$ I(u) ≤ 0, ∀ u ∈ E1\BR. J�� 1.5 8:
(P2) \Z"_` I $DE�$!")�c@�1�� (1.1) $DE�N'E�P,Q�"
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INFINITELY MANY SOLUTIONS OF BOUNDARY VALUE

PROBLEMS FOR A CLASS OF SECOND-ORDER ORDINARY

DIFFERENTIAL EQUATIONS

SHU Xiaobao

(Department of Mathematics, Hunan University, Changsha 410082)

Abstract By means of variational structure and Z2 group index theory, infinitely many
solutions of boundary value problems for second-order ordinary differential equations⎧⎪⎨

⎪⎩
u′′(t) − u(t) + f(t, u(t)) = 0, 0 < t < 1,

u′(0) = 0,

α1u(1) + u′(1) = 0,

are obtained, where α1 > − 1
2 .

Key words Variational structure, Z2 group index theory, boundary value problems.


