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1 � �
�$%&��'���

u′′(t) + f(u, t)u′(t) + g(u, t) = e(t) (1.1)

(�� [0, 2π] ��)��*+����(�,-��
u(0) − u(2π) = u′(0) − u′(2π) = 0, (1.2)

�. g(u, t) : R × R → R ��/ u �0����/ t �0�1 2π �)���0���
f(t), e(t) : R → R ��/ t �0�1 2π �)���/� ��)����(-���-23
���! [1−10]. 4"+��!��"35#$#6" [3]; 7$%%�&�'��" [2,6−7],
8&�"'(�!�))�9'3*��(1+,��)*-��

Duffing :��)����(�,-�$3./-�0;�< Mawhin, Reissig, Lazer (
12=+3''(,>�!� [4,7−8] , 1997 ,-.4?/@5 [5] 6A-7B01

u′′(t) + Cu′(t) + g(u, t) = e(t) (1.3)

(2C+3 (1.2) '�)����(�,-+���. C �)���3�(4-*899�
0�5�� a(t), b(t) 6,

n2 ≤ a(t) ≤ g′u(u, t) ≤ b(t) ≤ (n + 1)2, (1.4)
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�( [0, 2π] �,-H>?� a(t) > n2, b(t) < (n + 1)2, �� (1.3) �(�,� 2π )���
�$<I=J$ [11] ��"'(�� (1.1) !$�>+3 (1.2) '�)����(�,-+
3�?@A@,!�AK1BB�

LC�B0�"CD/$ [2–10] ��"�D! �$ [1–10] �BB�(E 4 ELC'(
5FG08MBB�5N-��

2 � O
H X , Y � Banach I���.F�CG�#7HI; ‖ · ‖, Rn×n 5 Rn #J/J n K

5�P5 n .5QL�
�R 1[10] H T : X → Y ��0 Fréchet ��SM�KLA,N x ∈ X , T � Fréchet

�O T ′(x) H� X M Y ��T-DP�I

ζ(R) = inf
x∈X,‖x‖<R

1
‖[T ′(x)]−1‖ , (2.1)

Q 
∫ +∞
0 ζ(R)dR = +∞, RS T � X M Y �DP�

<U% 1, �,Q'!�NT�
�R 2[1] H L : Dom(L) ∈ X → Y �T-OUVV�H N : Dom(L) ∈ X → Y �

�0 Fréchet ��SM� K > 0 6, ∀u ∈ Dom(L), ‖N ′(u)‖ > K. 3 L + N ′(u) A/WW
u ∈ Dom(L) �X���()� C > 0 6, ‖[L + N ′(u)]−1‖ ≤ C, X L + N � Dom(L) M Y

��DP�

�R 3 H Ai ∈ Rn×n, i = 1, 2, · · · , k Y�APP�X
k∏

i=1

min σ(Ai) ≤
∣∣∣∣∣λ
(

k∏
i=1

Ai

)∣∣∣∣∣ ≤
k∏

i=1

max σ(Ai), (2.2)

�. σ(Ai) /J Ai �ZY*� λ

(
k∏

i=1

Ai

)
/J

k∏
i=1

Ai �[Z*�
� <\PF�CQ] ρ(Ai) ≤ ‖Ai‖ = max σ(Ai), �. ρ(Ai) /J Ai �^R_��[

ρ

(
k∏

i=1

A

)
≤
∥∥∥∥∥
(

k∏
i=1

Ai

)∥∥∥∥∥ ≤
k∏

i=1

‖Ai‖ =
k∏

i=1

maxσ(Ai).

3 Ai ∈ Rn×n, i = 1, 2, · · · , k .9'3,-�ZY\P�X!�NT�
3 Ai ∈ Rn×n, i = 1, 2, · · · , k Y�X�X

ρ

⎛⎝( k∏
i=1

A

)−1
⎞⎠ ≤

∥∥∥∥∥∥
(

k∏
i=1

A

)−1
∥∥∥∥∥∥ ≤

k∏
i=1

‖A−1
i ‖ =

k∏
i=1

maxσ(A−1
i ).

!$�4]�3!�NT�
�R 4[12] H A(t) : [0, 2π] → Rn×n �0�AWW�0� r(t) : [0, 2π] → Rn, >`

w′(t) = A(t)w(t) + r(t), w(0) = w(2π) (2.3)
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�(�,��V&+3� I − W (2π) �X�8b W (t) �5]�cW��
W ′(t) = A(t)W (t), W (0) = I

�!��\P� I ∈ Rn×n �X^P��>` (2.3) ���

w(t) = W (t)
{

[I − W (2π)]−1
W (2π)

∫ 2π

0

W−1(s)r(s)ds +
∫ t

0

W−1(s)r(s)ds

}
.

3 ��_`

d C[0,2π] /J [0, 2π]���0��I��C2
[0,2π] =

{
w|[0, 2π] → R2� w �0

}
, Ĉ2

[0,2π] ={
w ∈ C2

[0,2π]|w(0) = w(2π)
}

.

aR 1 3�()� a > 0, ε1 < 0, 6,∫ 2π

0

[
−f +

√
(f − 2a)2 + (−g′u + f ′

t + a(f − a) + 1)2
]
dt ≤ ε1, ∀u ∈ C[0,2π]; (3.1)

Yb�()� a < 0, ε2 > 0, 6,∫ 2π

0

[
−f −

√
(f − 2a)2 + (−g′u + f ′

t + a(f − a) + 1)2
]
dt ≥ ε2, ∀u ∈ C[0,2π] (3.2)

NT�X+� (1.1) 5 (1.2) �(�,)���
� d F (u, t) =

∫ u

0 f(s, t)ds − au, Z;[\ x = u, y = u′ + F (u, t), X>` (1.1) Q]/⎧⎪⎨⎪⎩
x′ = −F (x, t) + y,

y′ = −g(x, t) +
∫ x

0

f ′
t(s, t)ds + a(F (x, t) − y) + e(t).

(3.3)

H w = (x, y)T, E(t) = (0, e(t))T, ^�

M(w, t) =

( −F (x, t) + y

−g(u, t) +
∫ x

0
f ′

t(s, t)ds + a(F (x, t) − y) + e(t)

)
.

X (1.1) 5 (1.2) Q]/ {
w′ = M(w, t) + E(t),

w(0) = w(2π).
(3.4)

I M(w, t) �/ w �_�

A(w, t) =
∂M(w, t)

∂w
=

( −f + a 1

−g′u + f ′
t(x, t) + a(f − a) −a

)
. (3.5)

We`L� w0 ∈ C2
[0,2π], fgT->`
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{
w′(t) = A(w0, t)w + E(t),

w(0) = w(2π),
(3.6)

^�A]�cW�� {
W ′(t) = A(w0, t)W (t),

W (0) = I.
(3.7)

H Lw = −w′, N : C2
[0,2π] → C2

[0,2π], (Nw)t = A(w(t), t), < f(u, t), g(u, t) ��0-[a
A(w(t), t) ( w b�0 Fréchet �_���()� K > 0 6, ∀w ∈ C2

[0,2π],
∥∥∂A

∂w (w, t)
∥∥ ≤ K,

c ∀w, v ∈ C2
[0,2π]

(N ′(w)v) t =
∂A

∂w
(w, t)v(t),

cd N(w) �0�_�� ∀w ∈ C2
[0,2π], ‖N ′(w)‖ ≤ K, c>` (3.6) Q]/

[L + N ′(w0)] w = −E(t), w ∈ Ĉ2
[0,2π]. (3.8)

cd3�1B0 I − W (2π) �X�h�1]JU% 2 5U% 4, &i/$ [11] .L% 2 �B
0�,M (1.1) 5 (1.2) )���(�,-B0�

'$LCB0�3 (3.1) 5 (3.2) NT�X I −W (2π) �X� ‖(I −W (2π))−1‖ ≤ C, �.
C > 0 �)��

e [0, 2π] �� n Q#�j-V��f% h = 2π
n , #b tj = jh, j = 0, 1, 2, · · · , n, (3.7) �

kl���

W (tj+1) − W (tj)
h

= A(w0(tj), tj)W (tj), j = 0, 1, 2, · · · , n − 1,

<d,
W (tn) =

n−1∏
j=0

(I + A(w0(tj), tjh)),

cdg h → 0 m� W (tn) = W (2π).
hdij W (tn) �[Z*�H AT(w0(tj), tj) + A(w0(tj), tj) �[Z*� λ(tj), j =

0, 1, 2, · · · , n − 1, < (3.5) [�

AT(w0(tj), tj) + A(w0(tj), tj) =

(
2(−f + a) −g′u + f ′ + a(f − a) + 1

−g′u + f ′ + a(f − a) + 1 −2a

)
.

/�
λ(tj) = −f ±

√
(f − 2a)2 + (−g′u + f ′

t + a(f − a) + 1)2. (3.9)

eH µ(tj) � (I + A(w0(tj), tj))
T (I + A(w0(tj), tj)) �[Z*�<(

I + A(w0(tj), tj)
)T(

I + A(w0(tj), tj)
)

= I +
(
AT

(
w0(tj), tj

)
+ A

(
w0(tj), tj

))
h + AT

(
w0(tj), tj

)
A
(
w0(tj), tj

)
h2
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[�g h V#fm� h �#�g�kn�cd µ(tj) = 1 + λ(tj)h + O(h2). Dm

maxλ(tj) = −f +
√

(f − 2a)2 + (−g′u + f ′
t + a(f − a) + 1)2,

min λ(tj) = −f −
√

(f − 2a)2 + (−g′u + f ′
t + a(f − a) + 1)2.

3+3 (3.1) NT�!$U% 3, Zd h → 0,

|λ(Wn)| ≤
n−1∏
j=0

max σ(I + A(w0(tj), tj))

≤
n−1∏
j=0

(1 + maxλ(tj)h + O(h2))
1
2

= exp

⎛⎝1
2

n−1∑
j=0

maxλ(tj)h

⎞⎠+ O(h)

= exp
(

1
2

∫ 2π

0

[
−f +

√
(f − 2a)2 + (−g′u + f ′

t + a(f − a) + 1)2
]
dt

)
≤ exp

(ε1

2

)
< 1. (3.10)

D%�3+3 (3.2) NT�!$U% 3, Zd h → 0, �3

|λ(Wn)| ≥
n−1∏
j=0

min σ(I + A(w0(tj), tj))

≥
n−1∏
j=0

(1 + min λ(tj)h + O(h2))
1
2

= exp

⎛⎝1
2

n−1∑
j=0

min λ(tj)h

⎞⎠+ O(h)

= exp
(

1
2

∫ 2π

0

[
−f −

√
(f − 2a)2 + (−g′u + f ′

t + a(f − a) + 1)2
]
dt

)
≥ exp

(ε2

2

)
> 1. (3.11)

< (3.10)5 (3.11)][�g h → 0m�I−W (2π)�X��()� C > 06, ‖(I−W (2π))−1‖ ≤
C.

+� (1.1) 5 (1.2) . f(u, t) = C )�m�]JL% 1 �3' �/ Duffing �� (1.3)
(2C�*+3 (1.2) '����(�,-!��

hi 1 3�()� a > 0, ε1 < 0, 6,∫ 2π

0

[
−C +

√
(C − 2a)2 + (−g′u + a(C − a) + 1)2

]
dt ≤ ε1, ∀u ∈ C[0,2π], (3.12)
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Yb�()� a < 0, ε2 > 0, 6,∫ 2π

0

[
−C −

√
(C − 2a)2 + (−g′u + a(C − a) + 1)2

]
dt ≥ ε2, ∀u ∈ C[0,2π] (3.13)

NT�X+� (1.3),(1.2) �(�,)���

4 j �
k 1 fg�#��

u′′ + (2 + sin2 t + 3u2)u′ + 2u + u sin2 t + u3 = e(t), (4.1)

�. e(t) �WW1 2π �)�����
e a = 1 > 0, oljV�,�A/WW� u(t),

−f +
√

(f − 2a)2 + [1 + a(f − a) − g′u]2 = −f +
√

(f − 2)2 + [f − g′u]2 = −2 < 0.

plmB�� (4.1) 2C (3.1), mD<L% 1 [q$d+3��#�� (4.1) 3�,� 2π )
���n�� (4.1) ZC2C+3 (1.5), cLCCrm$ [1,5,10] stod�#�����(
�,-�
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UNIQUE EXISTENCE OF SOLUTION TO BOUNDARY

VALUE PROBLEM OF LIÉNARD TYPE EQUATIONS

LI Weiguo CHEN Jinhai

(School of Mathematics and Computational Sciences, China University of Petroleum,

Dongying 257061)

Abstract In this paper the unique solvability of the periodic solution to the following
boundary value problem

u′′(t) + f(u, t)u′(t) + g(u, t) = e(t)

with suitable periodic boundary conditions is considered.

Key words Global inverse function theorem, Liénard type equation, periodic solution,
unique existence.


