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Abstract The problem of robust H∞ control is investigated for a class of linear discrete-

time switched systems with norm-bounded uncertainties and time-delay. Based on multiple

Lyapunov function techniques, a sufficient condition for the problem to be solvable is derived

by using a state-based switching law. The robust H∞ controllers for each subsystem and

switching law are simultaneously designed. As a direct application, a switching state feedback

strategy is proposed to solve the robust H∞ control problem for the linear discrete-time non-

switched systems. Finally, a simulation example is given to illustrate the validity of the

results.
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5 � QV%G�&#M;d��`/��zdErÆ H∞ W` 761'�T%"L_.:
xb H∞ U^t\?�kz℄D�E [1∼4]
. n$^����xbyl$℄YHD�AxbK8z℄D25�D[5]

. /7���xb��k'��:D�EÆ [6∼15]
. �e�
U�E8~RCE��$wa Lyapunov�OD9E�$W�U+q� [6]T\5D�!�:UO��xb%9EK!Dwa Lyapunov �O�!)8S	E��D?��D��u|C3AsLD���T��u2(t\D�E�g")57 BranickyZ5DU Lyapunov �O%J[6,7]

. >'0K��E/~R~81 _.��xb�Y Cxbea:�8%"L�:
��|D��u�U^�2(t\��q�E%"L:
��_.��xbDp� H∞ U^t\�ET8nxbR%Cp�PL�K8 H∞ �	<D-2|�d5U Lyapunov �O^X��:jWD��{H�q5kxbp�PL�K8 H∞ �	<D2h^1�' ��jWZYU^����uD2(^
�!4l8~25A`-DK8%"L�:
D��_.xb�-%9E=$DjWZYU^�=xbp�PL�K8 H∞ �	<�`�2(��jWZYU^��=xbp�PL�K8 H∞ �	<�w��'$obMfn���q8xD8	��
2 {e�NE�qe)5+|*��l2 [0,∞) �A
^S�D�jT/�Z+ �AekTO��
µmax(·) �AHRDw:�.[�*� ∗ EHR
�A$oT.8x�f+�- L � R CT.HR��}

[

L ∗
N R

]

=

[

L NT

N R

]Qt+|$℄%"L:
��_.��xb
xk+1 = Âσxk + Âdσxk−d1 + B̂σuk + B̂dσuk−d2 + Ĥ1σwk

zk = Ĉσxk + Ĉdσxk−d1 + D̂σuk + D̂dσuk−d2 + Ĥ2σwk

xk = φ(k), k = −d1,−d1 + 1, · · · ,−1, 0

(1)�e k ∈ Z+, xk ∈ Rn CxbDjW�uk ∈ Rl CU^I,�wk ∈ Rq Ci(&OI,�
wk ∈ l2, zk ∈ Rp C�KI5�φ(·) C4>[�d1, d2 l8<-[:
��OlekTO�
σ(k) CE M̄ = {1, 2, · · · , m} e�[D<2(D�����σ(k) = i +plI i onxb���[14]

. xbHR|u+|^1
[

Âσ Âdσ B̂σ B̂dσ Ĥ1σ

Ĉσ Ĉdσ D̂σ D̂dσ Ĥ2σ

]

=

[

Aσ Adσ Bσ Bdσ H1σ

Cσ Cdσ Dσ Ddσ H2σ

]

+

[

Exσ

Ezσ

]

Γσ

[

Fxσ Fdxσ Fuσ Fduσ Fwσ

]

µmax(Γσ) 6 1

(2)�e Aσ,Adσ,Bσ,Bdσ,H1σ,Cσ,Cdσ,Dσ,Ddσ,H2σ,Exσ,Ezσ,Fxσ,Fdxσ,Fuσ,Fduσ,Fwσ lK8D?nOD&X-OHR�Γσ loXHR�O�~��qL-O γ > 0. +~9E$o��u σ(k), =CTT8?�D*O%"L��xb (1) (uk = 0) |u'|^1�
a) ? wk = 0 :�xb (1) (uk = 0) C3AsLD	
b) Em4>^1|�TT8emD wk ∈ l2, �KI5 zk |u

∞
∑

k=0

‖zk‖
2

< γ2
∞
∑

k=0

‖wk‖
2



762 t Q � � � 32NH.xb (1) (uk = 0) p�sL�K8 H∞ �	< γ. +~9E$o��u σ(k)  ��jWZYU^� uk = Kσ(k)xk, =CTT8?�D*O%"L��xb (1) D��xbp�sL�K8 H∞ �	< γ, H.xb (1) p�PL�K8 H∞ �	< γ. 7:�.U^�
uk = Kσ(k)xk lxb (1) Dp� H∞ ��U^��
3 s� H∞ XaEU^� uk = Kσ(k)xk Dy5|�xb (1) D��xbl

xk+1 = (Âσ(k) + B̂σ(k)Kσ(k))xk + Âdσ(k)xk−d1 + B̂dσ(k)Kσ(k−d2)xk−d2 + Ĥ1σ(k)wk

zk = (Ĉσ(k) + D̂σ(k)Kσ(k))xk + Ĉdσ(k)xk−d1 + D̂dσ(k)Kσ(k−d2)xk−d2 + Ĥ2σ(k)wk

xk = φ(k), k = −d1,−d1 + 1, · · · ,−1, 0

(3)�	 1. qL-O γ > 0. +~9EHR Pi > 0, i ∈ M̄ �HR R1 > 0, R2 > 0, =CHR%F?
Ji =













ÃT
i PiÃi − Pi + R1 + KT

i R2Ki + γ−1C̃T
i C̃i +

m
∑

j=1

βij(Pj − Pi) ∗

ÂT
diPiÃi + γ−1ĈT

diC̃i ÂT
diPiÂdi − R1 + γ−1ĈT

diĈdi

B̂T
diPiÃi + γ−1D̂T

diC̃i B̂T
diPiÂdi + γ−1D̂T

diĈdi

ĤT
1iPiÃi + γ−1ĤT

2iC̃i ĤT
1iPiÂdi + γ−1ĤT

2iĈdi

∗ ∗

∗ ∗

B̂T
diPiB̂di − R2 + γ−1D̂T

diD̂di ∗

ĤT
1iPiB̂di + γ−1ĤT

2iD̂di ĤT
1iPiĤ1i + γ−1ĤT

2iĤ2i − γI











< 0 (4)/i�Hxb (1) p�PL�K8 H∞ �	< γ. �e
Ãi = Âi + B̂iKi, C̃i = Ĉi + D̂iKi�������D Lyapunov �Ol

V (k, xk) = Vσ(k)(k, xk) = x
T
k Pσ(k)xk+

k−1
∑

l=k−d1

x
T
l R1xl+

k−1
∑

l=k−d2

x
T
l KT

σ(l)R2Kσ(l)xl, i ∈ M̄ (5)2(��ul
σ(k) = argmin

i∈M̄
{xT

k Pixk} (6)lk�M0��%ao
σ(k) = i, σ(k − d2) = j, x̃

T
k =

[

x
T
k x

T
k−d1

x
T
k−d2

KT
j w

T
k

]0,
∆Vi(k, xk) = Vi(k + 1, xk+1) − Vi(k, xk), W (zk, wk) = −γ−1

z
T
k zk + γw

T
k wkH

∆Vi(k, xk) − W (zk, wk) = x̃
T
k Jix̃k −

m
∑

j=1

βijx
T
k (Pj − Pi)xk7 (4) � (6) SX

∆Vi(k, xk) − W (zk, wk) < 0

a) ? wk = 0 :� ∆Vi(k, xk) < W (zk, wk) = −γ−1
z

T
k zk < 0, T' Vσ(k)(k + 1, xk+1) <

Vσ(k)(k, xk)/i�7 (6)SX Vσ(k+1)(k+1, xk+1) 6 Vσ(k)(k+1, xk+1),# Vσ(k+1)(k+1, xk+1) <

Vσ(k)(k, xk). /7xb (1) D��xbC3AsLD�
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b) Em4>^1|�7 (6) SX ∆V (k, xk) = Vσ(k+1)(k + 1, xk+1) − Vσ(k)(k, xk) 6

∆Vσ(k)(k, xk),T' ∞
∑

k=0

W (zk, wk) >

∞
∑

k=0

∆V (k, xk) = V (∞) > 0,# ∞
∑

k=0

‖zk‖
2

< γ2
∞
∑

k=0

‖wk‖
2
.

�! 1. 0a 1 S$q5kxb (1) p�PL�K8 H∞ �	< γ D2h^1�>0a
1 %	Z725�/l^1 (4) e�8%"L���	 2

[11]
. 2 Y ,M ,N CqLDD?nOHR�T(+|u µmax(Γ ) 6 1 D Γ ,

Y + MΓN + NT
Γ

TMT < 0D2"^1C9E$o-O λ > 0, =C
Y + λMMT +

1

λ
NTN < 0�	 3. qL-O γ > 0. '|^1CF.D�

1) -9EHR Pi > 0, Ki, R1 > 0, R2 > 0 �-O βij > 0, ∀(i, j) ∈ M̄ × M̄ |u (4) ?�
2) -9EHR Qi > 0, Yi, S1 > 0, S2 > 0 �-O λi > 0, βij > 0, ∀(i, j) ∈ M̄ × M̄ |u



























−Qi +
m
∑

j=1

βij(QiQ
−1
j Qi − Qi) ∗ ∗

0 −γI ∗

CiQi + DiYi H2i −γI + λiEziE
T
zi + CdiS1C

T
di + DdiS2D

T
di

AiQi + BiYi H1i λiExiE
T
zi + AdiS1C

T
di + BdiS2D

T
di

FxiQi + FuiYi Fwi FdxiS1C
T
di + FduiS2D

T
di

Qi 0 0

Yi 0 0

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

−Qi + λiExiE
T
xi + AdiS1A

T
di + BdiS2B

T
di ∗ ∗ ∗

FdxiS1A
T
di + FduiS2B

T
di −λiI + FdxiS1F

T
dxi + FduiS2F

T
dui ∗ ∗

0 0 −S1 ∗

0 0 0 −S2

























< 0 (7)

���o
Qi = P−1

i , Yi = KiQi, i ∈ M̄, Sj = R−1
j , j = 1, 2 (8)d5HRD Schur $�b�0a 2  HR��*W� �~	 1. qL-O γ > 0. +~9EHR Qi > 0, Yi, S1 > 0, S2 > 0 �-O λi > 0,

βij > 0, ∀(i, j) ∈ M̄ × M̄ , =C%F?v (7) /i�Hxb (1) p�PL�K8 H∞ �	<
γ. a:=xb (1) p�PL�K8 H∞ �	< γ DjWZYR7|?q5

Ki = YiQ
−1
i , i ∈ M̄ (9)���70a 3 SX�- (7) ?/i�H (4) ?/i�7��u (6) �0a 1 SX�xb (1) p�PL�K8 H∞ �	< γ. 7 (8) ?SX��2DjWZYR7 (9) ?q5� �! 2. T:qLD βij > 0, ∀(i, j) ∈ M̄ × M̄ , d5HRD Schur $�b� (7) ?S'i
l*:�;D��HR%F? (LMI).
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4 s� H∞ �DXaQt+|K8%"L�:
D��_.xb

xk+1 = Âxk + Âdxk−d1 + B̂uk + B̂duk−d2 + Ĥ1wk

zk = Ĉxk + Ĉdxk−d1 + D̂uk + D̂duk−d2 + Ĥ2wk

xk = φ(k), k = −d1,−d1 + 1, · · · ,−1, 0

(10)�e�?eDj�T�AD+,axb (1).T:qLD γ > 0, v��Exb (10) Dp� H∞ U^t\�+~%9E=$DjWZYU^�=xb (10) p�PL�K8 H∞ �	< γ, HQt`��V�?DU^�\�;xb (10) Dp� H∞ U^t\�W��jWZYU^� uk = Kσ(k)xk ZvkKfS	��KfU^�#.l�AjWZYU^� [15].~	 2. qL-O γ > 0. +~9EHR Qi > 0, Yi, S1 > 0, S2 > 0 �-O λi > 0,

βij > 0, ∀(i, j) ∈ M̄ × M̄ , =C%F?


























−Qi +
m
∑

j=1

βij(QiQ
−1
j Qi − Qi) ∗ ∗

0 −γI ∗

CQi + DYi H2 −γI + λiEzE
T
z + CdS1C

T
d + DdS2D

T
d

AQi + BYi H1 λiExET
z + AdS1C

T
d + BdS2D

T
d

FxQi + FuYi Fw FdxS1C
T
d + FduS2D

T
d

Qi 0 0

Yi 0 0

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

−Qi + λiExET
x + AdS1A

T
d + BdS2B

T
d ∗ ∗ ∗

FdxS1A
T
d + FduS2B

T
d −λiI + FdxS1F

T
dx + FduS2F

T
du ∗ ∗

0 0 −S1 ∗

0 0 0 −S2

























< 0 (11)

/i�Hxb (10) p�PL�K8 H∞ �	< γ. a:=xb (10) p�PL�K8 H∞ �	< γ DjWZYR7|?q5
Ki = YiQ

−1
i , i ∈ M̄ (12)K
��2(D��ul

σ(k) = arg min
i∈M̄

{xT
k Q−1

i xk} (13)���-xb (1) eD m onxbDxbHRR�a�7La 1 SXLa 2 /i� �! 3. +~9E=$DjWZYU^� uk = Kxk =xb (10) p�PL�K8 H∞ �	< γ, H%�QtEpU^�Y/D��t\�WK℄C$f
YD���EKf��D8~#l m = 1 :D%F? (11). /7�La 2 lq� [2] 8~Dhz�
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5 dOhpQt m = 2 :Dxb (1), �*O+|�
A1 =

[

1.5 0
0 1

]

, A2 =

[

1 0
0 1.5

]

, Ad1 =

[

0 0
0.1 0.1

]

, Ad2 =

[

0.1 0.1
0 0

]

, B1 =

[

1
0

]

,

B2 =

[

0
1

]

, Bd1 =

[

0
0.1

]

, Bd2 =

[

0.1
0

]

, H11 =

[

0
1

]

, H12 =

[

1
0

]

, C1 =
[

0.7 −0.25
]

,

C2 =
[

−0.3 0.25
]

, Cd1 =
[

0.1 0
]

, Cd2 =
[

0 0.1
]

, D1 = 0.5, D2 = 0.25, Dd1 = 0.02,

Dd2 = 0.05, H21 = 0.5, H22 = 0.25, Ex1 =

[

0.1
0

]

, Ex2 =

[

0
0.1

]

, Ez1 = 0.01, Ez2 = 0.02,

Γ1 = sin t, Γ2 = cos t, Fx1 =
[

0.15 −0.3
]

, Fx2 =
[

−0.3 0.2
]

, Fdx1 =
[

0 0.05
]

,

Fdx2 =
[

0.05 0
]

, Fu1 = 0.1, Fu2 = 0.2, Fdu1 = 0.3, Fdu2 = 0.1, Fw1 = 0.5, Fw2 = 0.3 (14)xb (14) eD�onxbR%Cp�PLD�Wxb (14) |uLa 1 D^1�7La 1SC
Ω1 =

{

(x1, x2)
∣

∣0.0068x2
1 + 0.0006x1x2 − 0.0042x2

2 > 0
}

Ω2 =
{

(x1, x2)
∣

∣0.0068x2
1 + 0.0006x1x2 − 0.0042x2

2 < 0
}~$8 Ω1 ∪ Ω2 = Rn. sJLa 1, =xb (14) p�PLD��u2(+|

σ (k) =







1, xk ∈ Ω1

2, xk ∈ Ω2

(15)=xb (14) p�PL�K8 H∞ �	< γ DZYJ-Rl
K1 =

[

−1.3951 0.0556
]

, K2 =
[

−0.0260 −1.2895
]

(16)xb (14) DjW�2���U^��h +f 1, f 2 TA�
g 1 zd (14) EkX�3��

Fig. 1 The state response of system (14)

g 2 zd (14) W` u E��
Fig. 2 The response curve of control u

6 :{�q�E$℄K8%"L�:
D��_.��xbDp� H∞ U^t\�ET8nxbR%Cp�PL�K8 H∞ �	<D-2|�d5U Lyapunov �O^X��:j



766 t Q � � � 32NWD��{H�5��HR%F?q5kxbp�PL�K8 H∞ �	<D2h^1�a:�q5k��jWZYU^����uD2(�T:`-DK8%"L�:
D��_.xb�-%9E=$DU^�=xbp�PL�K8 H∞ �	<��q2(k$o��jWZYU^�\j/TlxbDp� H∞ U^�8WS'P5���U^+v[:kU^�J-HRD��\k�lp� H∞ U^t\D�;ZvktUDS	��
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