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Abstract：We propose a new trust region projected Hessian algorithm with nonmonotonic backtracking interi— 

or po int technique for linear constrained optimization．Based on performing QR decompo sition of an affine scal— 

ing equality constraint matrix，the conducted subproblem in the algorithm is the general trust region subprob— 

lem defined by minimizing a quadratic function subject only to an ellipsoidal constraint．By using both trust re— 

gion strategy and line search technique，each iterate switches to backtracking interior po int step generated by 

the trust region subproblem．The global convergence and fast local convergence rate of the propo sed algorithm 

are established under some reasonable conditions． A nonmonotonic criterion iS used to speed up the conver- 

gence progress in some iU— conditioned cases． 
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1 Intr0ducti0n 

W e analyze the trust region interior point algorithm for solving the linear equality constrained op— 

timization problem ： 

min，( ) S．t．Ax： b， ≥ 0， 

where f：R一 R is smooth and nonlinear，but not necessarily convex，A ∈ R is a matrix and b∈ 

R is a vector．Recently，COLEMAN and LI in[1]presented an interior double—trust region algo— 

rithm for minimization problem with simple bounds on the variables．Trust region method is a well— 

accepted technique in nonlinear optimization to assure global convergence．However，the search direc— 

tion must be strictly feasible which should bring about the difficulty of computation，and the total 

computation for completing one iteration might be expensive．A combination idea of the trust region 

and line search method(see[4])motivates to switch to the line search technique by employing the 
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backtracking steps at trial step which may be unaccepted in trust region strategy，since the trial step 

shouId provide a direction of sufficient descent．The nonmonotonic line search and trust region tech— 

niaues for solving unconstrained optimization are respectively proposed by Grippo et．al in[3]and 

Deng et．al in[2]．The nonmonotonic idea also motivates to further study the trust region projected 

reduced Hessian algorithm with backtracking interior point technique for solving(1．1)in this paper， 

because monotonicity may cause a series of very small steps if the contours of objective function f are 

a familv of curves with large curvature．In the paper，based on performing QR decomposition of an af— 

fine scaling equality constraint matrix，the conducted subproblem in the algorithm is the general trust 

region subproblem defined by minimizing fl quadratic function subiect only to an ellipsoidal constraint． 

The DaPer is organized as follows． In Section 2，we describe the algorithm which combines the 

techniaues of trust region，interior point，backtracking step and nonmonotonic search．In Section 3， 

the weak global convergence of the proposed algorithm is established．Some further convergence prop— 

erties such as strong global convergence and local convergence rate are discussed in Section 4． 

2 Algorithm 

In this section，we propose a trust region proj ected Hessian method with nonmonotonic back— 

tracking interior techniq ue for linear constrained optimization．The backtracking step generated by the 

trust region subproblem involves choosing a scaling matrix D and a quadratic model ( )．We moti— 

vate our choice of scaling matrix by examining the optimality conditions for(1．1)and get the reduced 

Hessian by performing QR decomposition of an affine scaling equality constraint matrix· 

Optimality conditions for problem (1．1)are well established．Assuming feasibility，first—order 

necessarv conditions forz to be a local minimizer are that there exist 0≤ ∈R”and2．∈Rm such that 

g +Ar2．一y = 0， = b，y：z = 0． (2．1) 

Equivalently， 

f(g 十A )，一o， if(z ) >o (2
． 2) 

1(g 十A ) ≥0， if(z ) 一0 
where(g．+A )i and(z )i are the ith components of(g +Ar2．)andz*，respectively．We now 

deftne a vector function y )：Rn R”and the ith component of the vector function defined compo— 

nentwise as follows： 

-- 1 篇 3 
Defining D(z)：def diag{l yl(z)l÷，⋯，Ir．(x)l÷)，which arise naturally from examining the first—order 

necessary conditions for the problem (1．1) 

D一 (z){g(z)+A )一 0，A — b， (2．4) 

where the Lagrange multiplier is the solution vector of the least squares problem 

rain ll Ar2+g(x) 
 ̂

By solving the normal equation of the above problem 'we have 

(工)一一 ( (z) (z) )一 (z)季(z)． (2．5) 

where set (z)；def D(z)一 A and (z)=def D(z)一 g(z)．We define the following sets： 

de|{z∈Rn l A ：6，z≥ O)，and =：=def{z∈R”1 A =b，z> O) 

耵 T— —_T 
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so that is the set of feasible points and 。is the set of’strictly feasible"interior points
． In the seque1， 

we assume that is bounded and 。is nonempty，system (2．4)is continuous but not evervwhere dif～ 

ferentiable．Nondifferentiability occurs when’，f一 0
． Discontinuity of may also occur when(g+ 

A ) 一 0．Assume that 37̂ ∈ 。，a Newton step for(2
． 4)Sfltisfies 

(D7。 。厂(zI)+diag{gt+Ar2I)YDdI+D7 A I=一 所 ( +A I)，Ad^一 0 (2
． 6) 

where diag{gk+A I)= diag{( +A I)1，⋯，( +A I) )and Jr(x)∈Rn is the Jacobian matrix 

of f)，(z)f whenever I’，(z)I is differentiable．Each diagonal component of the diagonal matrix J equals 

zero or】． 

Let(zI， I)be the kth iteration of the Newton process。which is defined by 

(姑) ( )+( ) 
SO that(2．6)can be rewritten as follows 

(D 。 。f(xI)+diag{gI+Ar2I)JI ) 一一所  (gI+AD,抖1) 

Xlq-l= zI+ dI， ^一 0． 

Multiplying the two sides of the first equation(2．7)by D ，̂and defining 

一
det D d

I ， 一det所 ·gI， ：det AD；-， 

～

HI—def D f(x̂)D ， =det diag{gI+AD,I)J：
， 

we can obtain that(2．8)is equivalent to 

(再 + ) ：一( + 抖 )，A一 d一 一 0，Xk+l— z +D 一 

Assuming A(z)has full row rank 77z，then QR decomposition can be performed，that is， 

Ai(z)= [R(z)，o IFY
z(

(

z

x

))] 

(2．7) 

(2．8) 

(2．9) 

(2．10) 

where[ {主；]is an orthogona·matrix,R cz is a nonsingu·ar·ower triangu·ar matrix or。rder ．The 
row vectors of Z(z)form an orthonormal basis for the null subspace (z))，i．e．， (z)Z(z) = 

0．The rows of y(z)form an orthonormal basis of the range ( (z) )．The central idea is to rewrite 

the first equation in the system (2．9)as 

ZI(再I+C—I) 一一ZIg ． 

using the。rth。g。na1 matrix LzY
(

(

z

x

)

)
jq，(2．9)can be rewritten as 

EYI踟[ ] 一IZo0 ] I A。 ～ I Z。I～ I 
that iS， 

[zI‘ I— ： I y zI‘ I— 一eI z ][襄]==——EZoR 0 0 ] l lI I I 
一 y + z i， z抖。一 zI+ D I． (2．11) 

This system now reduces tO solving 

Ez (再 + )zl-]-d~一一Z ， 3 一 z i，z 一 +D7 ， (2．12) 

since = 0 is the solution ofRI =0 and replacing (再I+ )z by an approximation matrix ， 

the trust region subproblem is as follows 

(sI) min ( )一def( I) + ( )rM I 

S．t． 1l_z ll≤△ 
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where —dd Z
ID-； (V。̂ +diag +AraI}JDD； Z ，and AI is a trust region radius

． The Lagrange 

multiplier 蚪l can be obtained by solving the upper triangular equation 

R蚪l 蚪l= l 1． (2
． 13) 

Based on solving the about general trust region subproblem (SI)，we give the foliowing lemma 

(see[5])which establishes the necessary and sufficient condition concerning and ，when so1ves 

the subproblem ( )．The lemma also implies that zI is a local minimizer of(1
． 1)if and on1y if 一 

0 is a solution of the subproblem (SI)． 

Lemma 2．1 dZ is a solution of subproblem (SI)if and only if there exists 0≤ ∈ R，rm，such 

that 

(IV1~+ukI ) ：= 一Z,g ， (△ 一 ll ：l1)一 0 (2．14) 

holds and + II is positive semidefinite
．  

Next we develop a trust region projected Hessian algorithm which combines nonmonotonic line 

search interior technique based on the trust region subproblem (S1)
． 

Algorithm 

Initialization step 

Choose parameters ∈(o，告)，∞∈(o，1)，0<171< <1，0<y】<y2<1< ，￡>0 and 

positive integerM ．Letre(O)= 0．Choose a symmetric matrix B0
．
Select an initial trust region radius 

△0> 0 and a maximal trust region radius△m。 ≥ △0，give a starting strictly feasible interior point x0∈ 

。
． Set k．卜_0，go to the main step． 

M ain step 

1．Evaluatê =f(xk)，gI= V f(xI)，DI and五．Make a QR decomposition~．I to get Y ，Zk 

and R given in (2．10)． 

2．If II I II≤ ￡，stop with the approximate solution x ． 

3．Solve subproblem 

(S ) 

where BI is either 

4．Set 一 Z ： 

min ~一ok(d一 )一de[( ) + 1( ) B = 

s．t． 1l ll≤ △ 

or its approximation．Let denote the solution of the subproblem (S )． 

， dI= D I and f(x姒))一 max {厂(z卜』))．Choose口I一 1，∞，∞。，⋯，until 
0≤ ≤m(I) 

the following inequality is satisfied 

f(xI+ dI)≤ f(xm))+ dI，with I+akdI≥ 0． 

5．Set 

． 
^d ，̂ if x̂ + a,d^> 0， 

t { 三： 。 h i ， ’ 
xlq-l zI+ hI． 

Here assume that for some constant ∈ (O，1)， ∈ [ r，1)， 一1一 O(1I dI l1)． 

6．Calculate 

Pred(ĥ )= 一 ( DIhI)， 

Ared(hI)= f(x (I))一 f(xI+hI)， 

： Ared(hI) 
一  ’ 

(2．15) 

(2．16) 

(2．17) 

(2．18) 

(2．19) 

(2．20) 
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and take 

△ +1：== 

【(ZXI，min{y3△I， 

7．Take m(k+1)= min{rn(k)+1，M)，and 

to step 1． 

if ≤ ， 

if 171< <  ， 

△ 。 )]， if ≥ 

updateBI to obtainB 1．Then set忌 足+ 1 and go 

Remark The scalar given in step 4 denotes the step size along dI to the boundary xI+ d I≥ 

0，i．e．， ：deI min{丁-TCk一,i I dI
，

‘< 0，i— l，⋯ ，优)and了Xk一,i—deI+。。if dI
，
f一 0，where．2Ck

,
i and dI，‘are the 

‘‘I。i ‘‘I，i 

ith components of vectors xI and dI，respectively．A key property of this scalar I is that an arbitrary 

step akdI to the point xI+ akdI does not violate any nonnegative constraints．Further，it is easy to see 

that the usual monotone algorithm can be viewed as fl special case of the proposed algorithm when 

M = 0． 

3 Global convergence 

Throughout this section we assume that f：R R is twice continuously differentiable and bound～ 

ed from below．Given xo∈ ，the algorithm generates fl sequence{xI) ．In our analysis，the 

level set of f is denoted by xo)= {x∈ R”I厂(z)≤ f(xo)，Az— b，x≥ 0)． 

The following assumption is commonly used in convergence analysis of most methods for linear e～ 

quality constrained bptimization． 

Assumption 1 Sequence{xI)generated by the algorithm is contained in fl compact set zo)on 

R”．M atrix A has full row-rank m． 

It is well known from solving the trust region algorithms that in order to assure the global con～ 

vergence of the proposed algorithm ，it is fl sufficient condition to show that at the kth iteration the 

predicted reduction defined by一 (d—1)obtained by the step d—l from trust region subproblem，satisfies 

fl sufficient descent condition(see E53)．Furthermore，we can also obtain that the direction of the trial 

step is fl sufficiently descent direction(see E6-])． 

Lemma 3．1 Let the step ：be the solution of the trust region subproblem．Then there exist fl r 

> 0，and fl l> 0 such that the step—dl satisfies the following sufficient descent conditions： 

一  I

( ：)≥ r『I zIgI『I min{△I， lJ IJ 

ll B ll 

g dI— g[3I= (ẐgI)T31≤一r1 ll ZdIll min ll g lI 

(3．1) 

(3．2) 

f。r all ，B and△ ．In fact r=丢and r 一÷． 
Assumption 2 BI and D一 (z)V 2f(x)D一 (z)are bounded，i．e．，there exist a b，and a占> 0 such 

that lI BI ll≤ b，V忌，and Il D(z)一 厂(z)D(z)一 ll≤ 5，V x∈ z。)． 

Similar to the proofs of Lemma 4．1 and Theorem 4．2 in I-6-1，we can also obtain the following 

main result． 

Lemma 3．2 Assume that Assumptions 1— 2 hold．If there exists an e> 0 such that 

II II≥e (3．3) 
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for all k ，then there is an口> 0 such that 

≥ 口，V k． (3．4) 

Now we present only the following main result of the global convergence of the proposed algorithm 

whose proofs are omitted in the paper because of the limited space
． 

Theorem 3·4 Assume that Assumptions 1～2 hold．Let{ ) R be a sequence generated by 

the algorithm．Assume that the strict complementary of problem (1
． 1)at every limit point holds． 

Then 

4 Local Convergent Rate 

liminf『I g 『I一 0． 
t 。。 

In order to get a stronger result and obtain the local convergent rate，we require more 

tions．However，because the paper is bounded，we present also only these main results of 

posed algorithm whose proofs are omitted． 

Let the set of active constraints be denoted by 

J(z)一def{ I f一 0， 一 1，⋯， )， 

which associates the optimization subproblem 

assum p— 

the pro一 

(4．1) 

(P)i rain 厂( )； s．t．Az— b， 一 0． (4．2) 

Assumption 3 For all I {1，⋯， )，the first order optimality system associated to(P)i has no 

nonisolated solutions and the strict complementary of problem (1．1)holds． 

Assumption 4 The constraints of(1．1)are qualified in the sense that(At2)i一 0，V i∈ I(z) 

implies that 一 0． 

Assuming that( ，p)is associated with a unique pair which satisfies Assumption 3．Define the 

set of strictly active constraints as 

．，( )一def{ I 9i> 0， 一 1，⋯， ) (4
． 3) 

and the extended critical cone as 

)一def{d∈ R J Ad一 0，d 一 0， ∈ ( ))
．  (4．4) 

Assumption 5 The solutionx of problem (1．1)satisfies the strong second order condition，that 

is，there exists an口> 0 such that 

P H P̂≥ 口ll P ll ，V P∈ ( ̂ ) (4．5) 

where H =̂ f(x̂ )．This is a sufficient condition for the strong regularity． 

Assumption 6 

lim 
—’ ∞  

(B ～̂ Z D̂ H D̂ Z ) i 
i 一 0． (4．6) 

Theorem 4．1 Assume that Assumptions 2"--6 hold．Let{x̂ )be a sequence generated by the al— 

gorithm。Then dI—+ 0。Furthermore，if xl is close enough to x ，and x。is a strict local minimum of 

the problem (1．1)，thenx̂ x．． 

Theorem 4．2 Assume that Assumptions 2"--6 hold．Let{ )̂be a sequence generated by the al— 

gorithm．Then 

lim 『I 『̂I一 0． (4．7) 

Th eorem 4．3 Assume that Assumptions 2～ 6 hold．Then for sufficiently large k ，the step 三  

一 丽 I—r —■ —_丁 
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1 and the trust region constraint is inactive，that is，there exists a厶> 0 such thatÂ ≥ A，V k≥ K ， 

where K is fl large enough index． 

Theorem 4．3 means that the local convergence rate for the proposed algorithm depends on the re— 

duced Hessian of obj ective function at x．and the local convergence rate of the step d̂ ．If d̂ becomes 

the proj ected quasi—Newton step，then the sequence(x̂ )generated by the algorithm converges x．is 

superlinear． 
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投影 Hessian的内点回代算法解线性约束优化问题 

朱德通 

(上海师范大学 数理信息学院，上海 200234) 

摘要 ：提供非单调内点回代技术的信赖域投影 Hessian算法解线性约束优化问题．基于矩阵 QR分解的技巧，将仿射零 

空间的信赖域子问题变换成通常的信赖域子问题，然后结合线搜索技术，在每次迭代信赖域子问题都将产生新的回代内 

点．在合理的条件下．证明了算法不仅具有整体收敛性而且保持局部超线性收敛速率．引入非单调技术将克服病态问题， 

加速收敛性进程． 

关键词 ：信赖域方法；回代法；非单调技术；内点法 
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