Random system of lines in the Euclidean plane Es
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Abstract. In this paper we consider a random variable arising from a
problem of geometrical intersection between a fixed convex body K and
a system of random lines in Fs.
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1 Introduction

Let Es be the Euclidean plane and let K be a convex non empty and bounded domain
of area Sk and with boundary 0K of length L. We consider a family F' of random,
uniformly distributed n-lines {G1, ..., G,,} with n > 2. We assume that if Gp,, Gy, € F,

then G, N G # & . It is possible that this points belongs to K or not. In this way
we have a random variable X, ). In this paper we give the following result

Theorem 1. The expression of the mean value E (X(n,K)) , the k-moments (X(kn K))

and the variance o> (X(n,K)) of the random variable X, iy can be calculated as fol-
lows

WSK
L2

S k!
R BRI i o

FSK 7TSK
o* (X)) = 73 (1 - Lz) a?,

where

and k is a positive integer.

Other results about the computation of the variance are investigated in [2] and an
extension in the 3-dimensional Euclidean space of the same problem is studied in [6].
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2 Main Results

Let N be the set of natural numbers, n > 2 a fixed natural integer, {G1q, ..., G, } and
K as in introduction. We can state the following

Theorem 2. Let us consider the random variable X, k). Then

Sk
E (X(’mK)) = Oéﬂﬁ,
where o = %, L is the length of 0K and Sk is the area of the domain defined by
K.
Proof. 1t is easy to see that, denoting with L the length of 0K and dG the elementary
measure of the lines in the Euclidean plane Fs, we have

dG = L.

/{GHK;é@/ }
Since G, ..., G, are stochastically independent, we get

dGi A ... N dG, = L™

fiowos

If we consider the lines Gy, ..., G, then the intersection points might belong to K or
not. Hence we obtain a random variable which we denote by X, x-.
In order to compute the variance, we have the following integral

X(n,K)dGl AN dGy

/{GnK;éQ’}
We define the application e, = 1if G, NGy € K (with h # k =1, ...,n) and zero

otherwise. Then
Xn,Kk) = Z €hk-
h,k=1

Further, let us consider

endGp N dGy,.

L= -/{Gh,GkﬂKqé@/}

If (G, NEy) € K, then we have €, = 1. We denote with A; the chord intercepted
by G on K (and its length).
We have

endGp N dGy, :/ dGy | dGy,

foonser) fonso

/{Gh,GkﬁKyé@/}

but it is well known that

{Ghﬁkk?é@/} A=A
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)\dek = WSK.

s

Moreover,

X(an)dGl A... N dG, = / enkdG1 A ... N\ dG,, =
{GﬁK;é@/} h%;
WSKLTL72 + ..+ ’/TSKLniz.

Taking into account that the number of the different sets {G},, Gx } is (the binomial
coefficient)

forwos

~n(n—1)
o= 5 ,
we have
/ X(nK)dGl A N dG, = Oéﬂ'SKLn_Q.
forwagr} X

By definition,
X(n,K)dGl A ... N dG,,

f{mw}
d

E (X(n,K)) =

GQK;&@,} dGy A ... N dGy,

and hence mathbfE (X(Qn’K)) = ank. 5
Now we compute
X7 y
f{GﬁK#@/} 2 0 dG1 A A dGy,

f{GnK;ﬁ@’}

2 _
E (XWK)) - dGi A ... N dG,,
We put
X% gy dGu A A dG,

oo

We can prove that

Xor) = k|
h,k=1
and then
Xy = D e t2 D enweon
h,k=1 (h,k)#(s,n)

With this observations we can compute the integral

h,k=1 (h,k)#(s,n)

J:/{Gﬂﬁg} S t+2 D enwean | dGLA LA dGy.
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Considering that

€2, dGy N dGy, = / dGy, | dGy,

{cnrzdf} /{Ghmk#@}

/{Gm@s@’}
where Ay is the chord intercepted by Gy on K, we obtain
J=mSk L™+ ..+ 7Sg L% +2nSg L% + .+ 2nSk L2

Taking into account that the number of different sets {Gj, Gy} is @ and that Gy, ..., G
are independent, we infer

2 . ’/TSKOéLn72 . ’/TSKOé2
E (X("vK)) - n - L2

‘We obtain

Theorem 3. Let us consider the random variable X, ). Hence

7TSK 7TSK
o* (Xni) = 75 (1 - Lz) o,

where a = w, L is the length of 0K and Sk is the area of the domain defined by
K.

Moreover, we note that

Xlok) = €k |

implies

k" 7TSK
. (Xécn’K)) B [J1+.;7<x—kwl E

3 Applications

1. As first case we consider in the plane a square @ of side a. We can compute the
following values

E (X(nq) = T¢ ~ 01963450

E(an’@) - l 2 Jll.%.!Ja!] 1%

Ji+...+Ja=k

and the variance is

2 ™ ™ 2 9
0" Xn,Q) = 16 (1 - E) a” =~ 0,15779a°.
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2. Taking in plane a rectangle R of sides a and b we have

amab
E (X(nr) = 1ty

k! ™
E(X(kn,R)> = [ > Jl!...Ja!] 4(a+b)?*

Ji+...+Ja=k

and the variance

2Xpoy=——1- —T a2
(n,Q) 4a+ b)2 4a+ b)2
3. Let C be a circle of radius §. We have

(6]
E(Xhe) =

and the variance is

o* (Xmey) = 5 (1= ) a® ~0,1685502.

4. As last case we consider an equilateral triangle T of side a, obtaining,

3
E(Xfr) = OV o 30230,

18
k! /3
. (XZCH’T)) - |J1+§I kM] E

and for the variance the expression

7T ™3\ 2

Remark 4. We observe that in examples 1, 3, 4 the functions are independent of the
dimension of the convex body.
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