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Abstract Performance function based iterative learning algorithms are investigated in this

paper. At first, a linear quadratic performance function is defined in iteration domain, then

an optimal iterative learning algorithm is presented for linear discrete-time systems, and a

guaranteed cost iterative learning algorithm and its optimization are developed for linear

discrete-time systems with uncertainties. In these algorithms, the convergence speed can be

adjusted easily just by the parameters in the performance function, and the designing and

optimization of the guaranteed cost iterative learning algorithm are linear matrix inequalities

(LMI) based, so can be realized easily using Matlab Toolbox.
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PID O[.}k). 78�J PID O[.}k��#X[��5
Am�t<J PID O[.}k[2∼4]
, lZ1`W9r
[.m�{`
(\$LJwy~dw`p:�5
{J[.}k[5]
; Sugie LJ�5
� 5O[.}k[6]

; Jayati Ghosh LJ~5'�sQs5 O�,JWB[.K}k[7]
. Tt�J^�LJp:uQD	�v+~5
KJ[.}k��{
m�{`�[.W`[8,9]

.U	P9�?e}k_k'�
,�A!J (WB:w k → ∞ `�a6s5>T�0�s5) g�5J�T-t�lH[�[10∼13] +l'�h:OS(�w
J =

N
∑

i=0

{eT(i)Qe(i) + u
T(i)Ru(i)} (1)aZE|WB[.}kJY2%��33�`<Y� i ∈ [0, N ], e(i) = y(i) − yd(i) �is5))�u(i) �i i `mJn-sQ�Q, R �$Zb.JC2w^ ����w}kXh2�J OL,�Phan LJJIkk:Z2� On&[10]

; M. Norrlof LJo O�.(�Ba6 O~5
:|Nk[11,12]
; g Frueh LJ�uQ�oka9�wWB[.}kJ<N[13]

.���lH#;[14∼17] '�S(�w
Jk+1 =

N
∑

i=0

{eT
k+1(i)Qek+1(i) + [uk+1(i) − uk(i)]TR[uk+1(i) − uk(i)]} (2)~5
�lwE|WB[.}k��b3m�S��ÆSSR
v+��#'�EKJY2*{�<[.J"}1ti�WB[.}kJE|�%��1o"}[.1s5))JEF��!��on-�	Jh:OJ�j�w��kIHlwWB	'h:OS(�w

J =
∞
∑

k=1

N
∑

i=0

{eT
k (i)Qek(i) + [uk+1(i) − uk(i)]TR[uk+1(i) − uk(i)]} (3)�8�FC2w Q, R A(l,`�S( (3) k�:WBS( (2) JB��tg'� (3) J[.}k�WB	'kE|J�ntjy�'� (2) J[.}k�WB	'�t�$qrWJE|����'�PWSwS(�wSRY2�ko�o�OUK[.m�{`�C2w R ?b Q F�m�r�

2 '	�u�#aZ'�KJS(�w (3) JWB[.}kY2�|�%��9i�lQgJ<S`�yT2��
x(i + 1) = A(i)x(i) + B(i)u(i), i ∈ [0, 1, · · · , N ]

y(i) = C(i)x(i) + D(i)u(i) (4)g3�:��	 x(i) ∈ Rn; s5�	 y(i) ∈ Rm; sQ�	 u(i) ∈ Rr; A(i), B(i), C(i), D(i)�?w�wJ2w^ �� (4) #&G5WB	')) O
ỹk+1(0) =ỹk(0) + C(0)[xk+1(0) − xk(0)] + D(0)ũk(0) (5a)
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ỹk+1(i) =ỹi(i) + C(i)φ(i − 1, 0)[xk+1(0) − xk(0)]+

C(i)

i−1
∑

j=0

ϕ(i − 1, j)ũk(j) + D(i)ũk(i), i > 1 (5b)33�φ(i, j) =











i
∏

l=j

A(l), j 6 i

1, j > i

, ϕ(i, j) = φ(i, j + 1)B(j), ũk(i) = uk+1(i) − uk(i), x̃k(i) =

xk(i)−xd(i), ỹk(i) = yk(i)− yd(i), xd(i), yd(i) v��i i `m2�:��s5J0�(��)) O (5) �i//	Qg
Ek+1 = Ek + GŨk + Λωk (6)g3�ET

k = [ỹT
k (0), ỹT

k (1), · · · , ỹT
k (N)], ŨT

k = [ũT
k (0), ũT

k (1), · · · , ũT
k (N)] v��i/	QgJs5))-n-�	
ωk = x

0
k+1 − x

0
k �i?�:WB4fZ!)


G =















D(0) 0 · · · 0 0

C(1)ϕ(0, 0) D(1) · · · 0 0
...

...
. . .

...
...

C(N − 1)ϕ(N − 2, 0) C(N − 1)ϕ(N − 2, 1) · · · D(N − 1) 0

C(N)ϕ(N − 1, 0) C(N)ϕ(N − 1, 1) · · · C(N)ϕ(N − 1, N − 1) D(N)















Λ = [C(0), C(1)φT(0, 0), C(2)φT(1, 0), · · · , C(N)φT(N − 1, 0)]T�{k�S(�w (3) I//	Qg
J =

∞
∑

k=1

[ET
k QEk + ŨT

k RŨk] (7)33�Q = diag(Q, Q, · · · , Q), R = diag(R, R, · · · , R) v�� N + 1 B Q � R D/JvqbE^ ��gjk$Zb.J�
3 G~YD_1�m[5)) O (6) a��<SyT`<2�?�JL�Qg�P=E|n-?�/��OpIH'�S(�w (7) JE|WB[.}k�Sb 1. P�2� [I, G] kn�2�4fZ!)) ωk = x

0
k+1 − x

0
k = 0, #�

Ũk = KEk = −(R + GTPG)−1GTPEk (8)�2� (6) JE|WB[.}k�:s5))�m�+Æ�33�P k Riccati o1
PG(R + GTPG)−1GTP − Q = 0 (9)J�l$Zb.N�yd�� (wz�<SyT2�E|n-).| 1. P�4fZ!)) ωk 6= 0, 9`E|WB[.}kLk'I�y�#JZ{ 1SRY2�#��4fZ!))J=��2�S(��5C�
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4 �V+YD_1�m[50~"i�2�#FZB��:Z4fZ!)) ωk = 0, /	Qg)) OkI�
Ek+1 = Ek + (G + ∆G)Ũk (10)33�∆G �i O#FZB�b� (10), P=`	?�/�[18,19]

, �#p:aZa��S(JWB[.}kY2�|�%��_h 1.  O#FZB ∆G a�P5L�
∆G = LΞM (11)33�L, M �n&,^ 
Ξ � &^ ��C
Ξ

T
Ξ 6 I (12)Su 1. b�2� (10) �S()� (7), R=�^ K �$Zb.^ P , eIb��tÆJ Ek �C

DT
k {[I + GK + ∆GK]TP [I + GK + ∆GK] − P + Q + KTRK}Ek < 0 (13)� Ũk = KEk .�k2� (11) Jl}a�S(^ P J�S(WB[.}k��S(WB[.}k�WB	'h:�Zo-��#S(J�2�o5Z{Hi�Sb 2. R Ũk = KEk k2� (10) '�S()� (7) Ja�S(^ P J�S(WB[.}k�� (10) �WB	'kh:$ZJ�:?wJS(�C J < ET

1 PE1. 33 E1 �iQ 1 :WB`Js5))�yd�� Ũk = KEk BQ (10) I
Ek+1 = [I + GK + ∆GK]Ek (14)ZA Lyapunov �w

Vk = ET
k PEkL� (14) kI

Vk+1 − Vk = ET
k [(I + GK + ∆GK)TP (I + GK + ∆GK) − P ]Ek�` (13) �
Vk+1 − Vk < −ET

k [Q + KTRK]Ektg2� (14) & (10) �WB	'kh:$ZJ�����` (13) �
ET

1 PE1 = −

∞
∑

k=1

(ET
k+1PEk+1 − ET

k PEk) =

−

∞
∑

k=1

{[Ek + (G + ∆G)Ũk]TP [Ek + (G + ∆G)Ũk] − ET
k PEk}
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ET

1 PE1 = −

∞
∑

k=1

ET
k {[I + GK + ∆GK]TP [I + GK + ∆GK] − P}Ek�`�S(WB[.}k-S(�wJZr�

J =

∞
∑

k=1

ET
k [Q + KTRK]Ek < ET

1 PE1Z{ 2 I%� ��
PWZr�Z{��S(WB[.}kk�P5Z{~5�Sb 3. Ũk = ΓPEk k2� (10) J�S(WB[.}k�F:RF=�,w ε > 0, ^ Γ �b.$Z^ P eI














εLLT − P−1 P−1 + GΓ 0 0 0

(P−1 + GΓ )T −P−1 (MΓ )T P−1
Γ

T

0 MΓ −εI 0 0

0 P−1 0 −Q−1 0

0 Γ 0 0 −R−1















< 0 (15)yd��`Zr 1, F2� (10) =��S(WB[.}k Ũk = KEk `
[I + GK + ∆GK]TP [I + GK + ∆GK] − P + Q + KTRK < 0 (16)�^ J Schur "S1[20]

, (16) gL;�
[

−P−1 I + GK + ∆GK

[I + GK + ∆GK]T −P + [Q + KTRK]

]

< 0bWgH0��0
[

I 0

0 P−1

]kI
[

−P−1 [I + GK + ∆GK]P−1

P−1[I + GK + ∆GK]T −P−1 + P−1[Q + KTRK]P−1

]

< 0 (17)ZA
F =

[

−P−1 [I + GK]P−1

P−1[I + GK]T −P−1 + P−1[Q + KTRK]P−1

]� (17) gkI�
F +

[

0 ∆GKP−1

P−1[∆GK]T 0

]

< 0 (18)�:Y 1,(18) �k9��
F +

[

L

0

]

Ξ [0 MKP−1] + [0 MKP−1]TΞ
T

[

L

0

]T

< 0 (19)t Ξ
T
Ξ < I, �=�,w ε > 0 eI

F + ε

[

L

0

]

[LT 0] + ε−1

[

0

P−1KTMT

]

[0 MKP−1] < 0 (20)
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εLLT − P−1 [I + GK]P−1 0 0 0

P−1[I + GK]T −P−1 P−1KTMT P−1 P−1KT

0 MKP−1 −εI 0 0

0 P−1 0 −Q−1 0

0 KP−1 0 0 −R−1















< 0 (21)A K = ΓP , � (21) L;� (15). +9�Z{ 3 %���� �Z{ 3 ~5J�S(WB[.}k�l;s5#a��lS�P5Z{~53E|�Y2ok�Sb 4. b�2� (10), P�o5|�%�
min
ε,Γ ,P

trace(P ) �v�? (15) /��: ε > 0 (22)=�l}E|N (ε̃, P̃ , Γ̃ ). #��Ũk = Γ̃ P̃Ek ℄k2� (10) '�S(�w (7) JE|�S(WB[.}k�
5 s�b��
e%�#okJ�GS�ZAP5yT2�J�r�a�

x(i + 1) = ax(i) + bu(i), i = 0, 1, · · · , 20

y(i) = cx(i) + du(i) (23):Y�.&w a∗ = −0.8, b∗ = 0.5, c∗ = 1, d∗ = 2.5, 2�4f:� x(0) = 200, 0�s5 yd(i) = i2/100− i + 200. i�&w d J#FZS�Y d ∈ [2.2, 2.8]. �:Y 1, (11) g3&wkZA� L = 0.3I, M = I (I � 21 × 21 JE!^ ). AC2w^ Q = 3I, R = I �`Z{ 3 �Z{ 4 L�Y2�|�WB[.}k�F ε = ε̃ = 4.8838× 10−12 `�kIHE|�S(WB[.}k Ũk = Γ̃ P̃Ek. 2}Q:WB`Jv9S(�w
Jk =

k
∑

l=1

[ET
l QEl + ŨT

l RŨl] (24)�s5))eo� ET
k Ek(F k → ∞, (24) L;� (7)), IHP� 1,2 �iJ���WB:w�2?<�kog52��WB	'a�t,�Jm�G��

� 1 U*�XC;x�4�>
Fig. 1 Performance vs. iteration trials

� 2 t6**fq��XC;x�4�>
Fig. 2 Sum. of errors′ mean vs. iteration trials
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� 3 'x6U*�XC;x�4�>
Fig. 3 Performance vs. iteration trials under

Q = 3I, R = I

� 4 'x6U*�XC;x�4�>
Fig. 4 Performance vs. iteration trials under

Q = I,R = 3I
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