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This paper considers the decentralized adaptive regulation via output-feedback for nonlinear systems with integral input-
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to-state stable (iISS) inverse dynamics, nonlinear uncertainties, and unknown control direction. It is shown that all the signals in the
closed-loop system obtained are bounded, and the asymptotic regulation is achieved. A numerical example shows the effectiveness

of the design.
Key words

The class of input-to-state stable (ISS) systems has been
extensively investigated and has been playing an important
role in the recent literature of nonlinear control theory. For
instance, that cascades of ISS systems or ISS is widely used
in stabilization, and the ISS small-gain theorem also be-
comes a popular tool to establish the stability of feedback
interconnection of ISS systems. However, it is sometimes
the case that feedback design does not render ISS behav-
ior or that only a weaker than ISS property is verified in
recursive design.

Such a weaker, but still very meaningful, property was
given the name of integral ISS (iISS) in [1]. Sontag showed
that iISS is, in general, strictly weaker than ISS, and
he provided a very conservative Lyapunov-type sufficient
conditionl. Several foundational results were provided
in [2], showing that the iISS property is the most nat-
ural one to be expected for well-behaved nonlinear sys-
tems, and admitting elegant Lyapunov-theoretic character-
ization. Stability criteria similar to the ISS small-gain theo-
rem have been developed for interconnection involving iISS
systems® =71, Pepe and Jiang further extended the ISS and
the iISS theories to nonlinear time-delay systems[s]. Re-
cently, Jiang et al. presented a unifying framework for the
problem of robust global regulation via output feedback
for nonlinear systems with iISS inverse dynamics®. Mo-
tivated by [9], this paper extends the framework to prac-
tically important classes of large-scale systems. Our main
contributions are composed of two parts.

1) We accomplish variable separation from the input of
iISS inverse dynamics. Moreover, a design function ; is
chosen to satisfy 1; > 1. All these bring about convenience
to deal with the interaction terms effectively.

2) By combining Nussbaum-type gain approach,
backstepping design technique, and a subtle analysis
approach[m], we propose for the first time a decentralized
adaptive control scheme for a class of large-scale systems in
the presence of uncertain nonlinear functions, unmeasured
iISS inverse dynamics and unknown direction control coef-
ficients. It is shown that all the signals in the closed-loop
system obtained are bounded, and asymptotic regulation is
achieved. A numerical example demonstrates the effective-
ness of the design.
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This paper is organized as follows. Section 1 begins with
some mathematical preliminaries. Section 2 presents the
corresponding output feedback control design procedure.
An example is given in Section 3. Finally, the paper is
concluded in Section 4.

1 Mathematical preliminaries

The following notations will be used throughout this pa-
per. R denotes the set of all nonnegative real numbers.
R" denotes the real n-dimensional space. For a given vec-
tor or matrix X, X ™ denotes its transpose; | X | denotes the
Euclidean norm of vector X; || X|| denotes the induced ma-
trix norm of matrix X. A function v : Ry — Ry is of class
K if v(0) = 0 and ~ is continuous and (strictly) increasing;
it is of class K if additionally it is unbounded; a function
B(s,t) : R+ x Ry — Ry is of class KL if it is of class K for
each fixed t, and decreases to zero as t — oo for each fixed
S.

Consider a system with the form of

z=f(t,xz,u), ze€R", ueR™, tc Ry (1)
where f : R" x R™ — R" is locally Lipschitz.

Definition 1. System (1) is iISS with respect to u if
there exist functions o € Koo, 8 € KL, and v € K such
that for each initial condition £(0) € R"™ and each measur-
able, locally essential bounded function u : Ry — R™, the
solution z(t) exists for each ¢ > 0 and satisfies

a(le®)]) < B(l2(0),t) + /0 V([u(r))dr (2)

In view of [1], iISS property can be equivalently charac-
terized using the Lyapunov function.

Proposition 1. System (1) is iISS if and only if there
exists a positive definite and proper function V', called iISS-
Lyapunov function, such that

allz)) < V(t.2) < a(le]) 3)
& U fw ) < —alle) + o) (4)

where « is a positive definite continuous function, o, @ €
Koo, and v € K.

Motivated by [9], we give the following technical result,
which will be used later. For simplicity, we use o1(s) =
O(o2(s)) to mean that o1(s) < coa(s) for some constant
¢ > 0 and all s in a small neighborhood of the origin.

Proposition 2. Consider an iISS system (1) with an
iISS-Lyapunov function V (¢, z) satisfying (3) and (4), and
take any smooth function ¢ with the following property

¢*(s) = O(a(s)) ()
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Moreover, when « is bounded, the following additional con-
dition holds )
o“ (s

lim “ <
oo a(s) ©

Then, there always exist a positive-definite function o and
class-Koo functions ¢; (i =1,--- ,m) such that

/ ®? (lz(m))dr < o(|2(0 +Z/ wi(|ui(r (7)

Moreover, if the iISS-gain + in (4) satisfies v(s) = O(s?),
so does ;.

Proof. For the proof of this proposition, the reader can
refer to Proposition 2 of [9]. O

2  Owutput-feedback control design

Consider a class of large-scale nonlinear systems com-
posed of N interconnected subsystems with relative degree
pi described by

i]i = t nz?yl Z fzk t yk
k=1,k#i
N .
Tij = @ij1+ gii (6 vi) + Z e (ts yk)
k=1 ki
N
Fips = Bitti + Gips (b, vi) + Y BEL(uk)
k=1,k#i
yi = x5, 1<i<N, 1<j<p;—1 (8)

where 9, € R™ and z; = (le, -+, Tip;) € RP are the
states, u; € R and 3; € R! are input and output of the
ith subsystem, respectively; f,. € R™ and h;, € R”* de-
note the interactions from the kth subsystem to the ith
subsystem. It is assumed that y; is measurable and the
uncertain functions ¢, gij, fik, and k], (1 < j < p;) are
locally Lipschitz. Here, §; is an unknown nonzero constant
with indefinite sign. In this section, the following hypothe-
ses are made on system (8).

H1. The n,-subsystem of (8) is iISS with respect to
y = (y1,--- ,y~n)T in the sense that there exists an iISS-
Lyapunov function Vjo such that

a,o(Imil) < Vio(t,m;) < @io(Im;l)

Vio n Vio
ot T om,

— aio(In;]) + vio(lyl) 9)

Z fzktyk)_

(t "'h)((h t nzyyl
k=1,k#1

where oo is a positive definite continuous function, a;,
Qo € K:(XM and Yio € IC.

H2. For each 1 < j < p;, there exist two unknown
positive constants, p;;1 and ps;2, and two known positive
semidefinite, smooth functions ¢;;1 and ¢;j2 such that

1955 (5, vi)| < Pig10iji (|yil) + pijadiz2(Imyl) (10)
H3. f,.(t,yx) and h;,(t, yx) satisfy
If i (6 i)l < i lyels ([hin(t, un) || < rikzlyxl (11)

where 751 and 72 are unknown constants denoting the
strengths of interactions.

Remark 1. The linear-growth condition in hypothesis
H3 is made only for simplifying the presentation and high-
lighting the main contribution in this paper. In the spirit
of [12—14], it can actually be relaxed by a nonlinear-growth
condition.

The control objective is to design a decentralized adap-
tive controller for each subsystem so that all the signals of
the closed-loop system are bounded over [0, c0), and all the
states, inputs and outputs can be regulated to zero.

2.1 Adaptive backstepping controller design
First, the following filters are introduced to rebuild the

unmeasured partial-states (Zi2,- -, Zip; ),
éz'j =& — L€, 1<j<p—1
éipi = u; — Lipiéil (12)
where L; = (L;1,--- ,Lipi)T is chosen such that A; =
-L; | O,Ipl_t() is asymptotically stable. For each
1 < j < pi, by denoting
1
&ij = El’w (13)
ey = g p;‘&j (14)

1 Pijl  Pij2

AR \Bi\’ \ﬂﬂ’ pzz12 | V1< ] < pi}a it

with p; = max{
follows that

. 1
e = Aiei + FGi(t,"]“yz *ﬂ Z hzk 7yk (15)

k=1,k#i

with Gi(t,ni,yi) = col((gir(t,mi,v:)/Bi + Liryi/Bi),- -+,
(gip: (t,misyi)/Bi + Lip,yi/B:)). Because A; is asymptoti-
cally stable, there exists a P; = P > 0 such that

PiA;+ AT P, = —21,, (16)

Along the solutions of (15), differentiating the quadratic
function Ve, = e] Pie; yields

pi
o < —lel? AP (biin (wil) + Liglyal)* +

Ve
j=1
pi
4P ¢Fa(im]) +2(N — 1) x
j=1
N
|77 Z T2k (17)
k=1 ki

To summarize, the complete system can be expressed as

N
0, = q;(t,m;, i) + Z fir(tyw)
k=1,k#i

. 1
e = Ae; + FGi(t,'fli,yi) *5 Z hik(t, yr)

k=1,k#i
A N
Ui = Biiz + Bipi ez + g (t, M, y:) + Z hiw(t, yk)
k=1 ki
&ij = &y —Lij€n, 1<j<pi—1
éipi = Ui — Lip,;éil (18)
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The next task is to design a controller for (18).

Step 1. Begin with the y;-subsystem of (18) and consider
&io as the virtual control input. One can choose for the ith
subsystem the following virtual control law

;1 = ¢iNo (ki) (v:)ysi, ki = Pi1/1i(yi)yz'2 (19)
where No(-) is a smooth Nussbaum-type function in-
troduced to counteract the lack of a priori knowl-
edge of the high-frequency-gain sign (sgn(8:)), ci,
I’ > 0 are design constants, and design function

v, > 1. A Nussbaum-type function No(-) pos-
sesses the properties limg_, oo sup % fok No(s)ds = oo,
limy_, o0 inf + fo No(s)ds = —oo. In this paper, we choose

No : s — 32 cos(s).
obtains

Setting zi1 = &2 — ai1(ki,yi), one

) (20)

Liskin — S Titi(yi)yi . Denote Vi1 =
— pi)?, where \; > 0 is a design parameter,

N
. Oa;
Zil = Uiz — ol Biliz + Bip;eiz + gin + Z h}
Oy k=1 k#i

Where Via = &3 —_

3Yi + 55 (B
2

P; is the estimate of p; = max{ 1841 %‘, 4 (5;:11) +

N

4_1}, 0<en <pi_1

Step 2. Consider the augmented system composed of
the y;-subsystem and (20) in which v;2 (or equivalently &;3)
is viewed as the virtual control input. The derivative of the

Lyapunov function Vis = Vi1 + %zlzl along the solutions of
(18) satisfies

is a small design parameter.

Vig = CiﬁiNo(k‘i)wi(yi)yiz + Biyizi1 + Bip; €i2yi + gi1yi +

N
Oa;
Z h}kyi + zi1 | vi2 — aa ! (ﬁz(azl + zi1) + g1 +
k=1,k#i Yi
N 1 .
Baieat B h) |+ G pi (21)
k=1,k#i v
By H2 and H3, with Young’s inequality, one obtains
BiYizin — 51 Zzl(azl + zi1) <
5 2
) s 1+ (czNowz "“) )
iy i + 25 zi+
|3s] (3%1 >2 2
1 ; 22
2 + 8y1 Zi1 ( )
—z das L (Biprein + gin) <
il A ay v.pz i2 gi1) >
(ﬁlpz) 6041'1 2
1 1 'L 1 2
ele2+( + des e 1+4*91 (23)
devs N
1
Z hzkyl — Zil 8yz Z hzk <
k=1,k#1i k=1,k#1i
Oay; 2
Z YRk + ( 8y-1) zh (24)

By setting

D1 (t, €52,Mm5,yi) = g€ + Bip; ei2ys + g1 (t, mi, yi)yi +

1
Biyii(ys) + ™ *911, (25)
8 2
Q2 = —Ci1%41 + L12§zl + - zwz(yz) -
1+ (C¢Nol/1i Bao;i.l )
: Zil —
205

. dair |
i | 142 3 26
p(+(@J)m (26)
Zi2 = éi3 — 2, (27)
Tin =X | 14+2 dou ') * s (28)

il = A\q ayz il

where ¢;1 > p; — 2 is a design parameter. (21) becomes

Vie < CiﬁiNO(ki)wi(yi)yiQ + ®i1 + zirzio — Ciza +

)\ii(ﬁi — i) ( - Tﬂ) Zrzlykwk (29)

and z;o satisfies

. 80@ X 80{1
Zi2 = Vi3 — 7A2p' 2 ﬁzfzz + Bipieiz + gi1 +
0pi yi
N
. h ) (30)
k=1 k#i
where vis = €ia—Lis€in— %D,‘jf Dati (ya)yi =20, ag S22 (fion
L;s&i).
Step 1l =3,---,p;. It is easy to obtain the following con-

clusion by induction that the time derivative of the aug-
mented function Vi = V; ;-1 + %Zﬁl,l satisfies

Vi < ciBiNo (k)i (yi)ys + ®ip—1 + zig—120 — (cin — 1+
- ZZS b Cis?h + /\ (ﬁi —pi - Aizis%) X

X N
(pi - n,H) + Y TR YRk

2) x 24

for any [ = 3,-- -, p;, where

1
(I)'L,l—l = q)zl 2 +ﬁz Yi wz(yz) +57,1612 + 4 *gzl (32)

0o 11

Ok

= ay
Z Zil_l <€i,s+1 — Lisfn) — Zi,l—2 t+
s=1 86”

Qi = —Cii—1%i,1—1 + L + Fiwi(yi)y? +

No Gt *
8041-,1_1 ¢ifVo H
Tii_q4 —
aA_ i,0—1 4

ZQZ aazs 80{1‘,171 2Z' _
is aA. ' ayl 1,0—1

day; 2
2p; (ﬁ) zij—1, 1<s<
Byi

Zii—1+

(33)

(31)
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Zis — éi,s+1 — Qs <k17 Yi, éih ce 75@'37151') (34)

Ti = Til-2 + 2\ Oy 2,2- (35)
-1 = Til—2 i ayz i,0—1

with ¢;;—1 > 0.
Therefore, at step p;, one obtains the smooth dynamic
output feedback law

ki = Tinbi(yi)ys,
Ui = Qip, (ki;yiaéilv"'

ﬁi = Ti,p;—1
b)) (36)

such that the time derivative of the function Vi,, = Sy +

i—1 1,2 1 /A 2 .
S0y 3%is + oy (Pi — pi)” satisfies

Vip, < ciBBiNo(ki)i(yi)yi + ®ip,—1 — (cit — pi +2)201 —
pi—1 N
Z Ciszzzs + Tf,piflyiwk (37)
s=2 k=1

2.2 Main result

Now, we state the main theorem in this paper.
Theorem 1. Assume that the hypotheses H1 and H2
hold with the following properties

¢?j2(3) = O(aio(s)),

and that in the case, where a;o is bounded,

2

Tia(s
lim sup M < 00,
§— 00 azO(S)

1<5<ps (38)

1<j<pi (39)

If vi0(s) = O(s%) in H1, then the solutions of (8) and (36)
are well-defined and bounded over [0, co) for appropriately
chosen smooth function ;. Furthermore,

Jm (28] + |0 ()] + [ui()]) = 0 (40)
Proof. Consider the function as follows
Vie = Ve, + Vip, (41)
With the help of H2, by (25) and (32), one has

|Pip,—1] <

Bip})? | P} 5
where 00 > maX{ 1o T 4P, 5t (pi —
‘ k2

H1 and Proposition 2,

1)}- By

/0 6% (m.(5))ds <

OIS / pin(un(s))ds  (43)
k=170

holds, where ;50 (1 < j < p;) are positive definite, and
wijk (1 <j<p;, 1 <k < N)areof class Ko and quadratic
near the origin. Take a smooth function ; > 1 so that
ilya)y? > max {y? + Iyl (1)) + 6 (1y:D), omii (i)
(i1 ([wa]) + Lijlys)?, ymoi (|wil), V1 < 5 < pi
1<m< N} (44)

< pigieis + (pi — 1)Bryivi(yi) + pidiia(Iny]) +
Oio (y7 + pinr (lyi])lyil + di ([wil)) (42)

Such a function v; always exists because of the conditions
of Theorem 1. Then, with (17), (37), (42), and (44), it
follows from (41) that

ciBiNo (ki) (yi)yi — (cir — pi + 2)zi —
pi—1

Z Cisz2, — (1- p¢€¢1)|€i\2 + [(Pz - 1)@2 +
s=2

Vie <

Oio + 4pil| Pil|*Jyi i (yi) + pidvira(|ms]) + 4l P> x

Pi N
Z b2 (mi]) + Z T Utk (Uk) (45)
j=1

k=1

Integrating both sides of (45), and using (19), (43), and
(44), one has

ki(t) N
BiNo(s)ds + Z T ke (8) + diy

m=1

Vie(t) < ;1" /
(46)

where
pm = [ (pi = DB+ 0i0 4 8pil| Pl + pi i, m=i

N k;(0)
di1 = Vie(0) —Z AT e (0) — Tt / B:No(s)ds +
m=1 0

picino(In;(0)]) + 4| P:|* Z ijo(n;(0)])

j=1

For the proof of the first statement on the boundedness
property and the second statement on the convergence
property (40), the reader can refer to Theorem 1 of [9]
and Section III-B of [10]. O

3 A simulation example

According to the design procedure given in Section 2,
this section considers the control design for the following
interconnected system consisting of two relative degree-two
subsystems and illustrates the dynamics behaviors of all the
closed-loop signals.

m = —corm + qi(y1)m + fi(y2)

11 = z12 + g11(m1,y1) + h1(y2)

12 = Biur

Y1 = T11

N2 = —co2n2 + q2(y2)n2 + f2(y1)

Z21 = T22 + g21(N1,y1) + ha(y1)

To2 = Paus

Y2 = T21 (47)

Let uncertain functions and interconnections be as follows.
q1(y1) = 0.1y7, fi(y2) = y2sin(y2)

4771
1+1n

a2(y2) = 0.1y3, fa(y1) = y1sin(y1)

g21(n2,y2) = T _7_2,'72 cos(y2), h2(y1) =0
2

gui(n1,y1) = 7 cos(y1), hi(yz) =y
1

For 7;-subsystem, one employs Vio = In(1+n7) (i = 1,2),
p1(s) = 1, and p2(s) = 2. It follows from (43) and (44)
that ;(y;) = 4 (¢ = 1,2). The design parameters are
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chosen as cop1 = cpa =1 =02=1, c1 =c2 =0.25, L1 =
Li2 = La1 = Laa = 1, c11 = c21 = 0.5, A1 = A2 =
0.05, I'y = 0.05, T'2 = 0.3, and the initial conditions are
€11(0) = £12(0) = £1(0) = &2(0) = 1, i (0) = 72(0) =
0.1, yl(O) = 0.57 $12(0) = 0.2, yz(()) = 0.8, ng(O) =
0.1, k1(0) = k2(0) =0, p1(0) =1, p2(0) = 0.9.

From Fig. 1, one can see that for linear growth intercon-
nections, the designed decentralized adaptive controllers
are robust to the nonlinear unmodeled dynamics and can
achieve good regulation performance.

0 50 100 150 200 250 300

Time /s

(a)

350 400

-15

0 50 100 150 200 250 300

Time /s

(b)

Responses of adaptive output feedback system

350 400

Fig. 1

4 Conclusion

In this paper, a decentralized adaptive output regula-
tion problem is addressed for a class of large-scale nonlin-
ear systems with iISS inverse dynamics, nonlinear uncer-
tainties, and unknown control direction. The main contri-
butions are to deal with the interconnections tactfully by
using variable separation technique and choosing proper
design functions, and to propose a constructive decentral-
ized adaptive control scheme by combining Nussbaum-type
gain approach, backstepping design technique and the sub-
tle analysis approach[lo]. It is shown that all the signals
in the closed-loop system obtained are bounded and the
asymptotic regulation is achieved.
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