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Abstract：We propose a two—piece update of projected Hessian algorithm with trust region method for 

solving nonlinear equality constrained optimization problems．To deal with large problems，a two—piece up— 

date of two—side-reduced Hessian is used to replace the full Hessian matrix．By adopting the I penalty func— 

tion as the merit function，a nonmonotonic backtracking trust region strategy is suggested which does not 

require the merit function to its value in every iteration． A correction step is avoided to overcome the 

Maratos effect．The proposed algorithm which switchs to nonmonotonic trust region strategy possesses 

global convergence while maintaining one step Q—superlinear local convergence rates if at least one of the 

update formula is updated in each iteration． 
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1 Intr0ducti0n 

Consider the following optimization problem with nonlinear equality constraints： 

subject t。 f( )一 0 (1·1) 

where厂( )：R R and f( )：R R ，m≤ n．GURWITZ proposed a two—piece update method 

of a projected Hessian matrix．The basic idea can be summarized as follows：let g( )一 厂(-，，)∈ 

R”， ( )一 Vc(x)一 [Vc1( )，⋯，Vc ( )]∈R” ．Assuming ( )has full column rank，then 

a QR decomposition can be performed，that is， 

)一[y( z( [尺 
where[y(-z)，z( )]is an orthogonal matrix，尺( )is a nonsingular upper 

772，and Z(-z)E R ～ ．The column vectors of y( )and Z( )form an 

(1．2) 

triangular matrix of order 

orthonormal basis for the 
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null space∥ ( (1z) )and the range space． ( (1z))，respectively．Let 

l(x， )一 厂(1z)一 ’c(1z) (1．3) 

be the Lagrangian function of problem (1．1)，where (1z)can be obtained by solving the upper trian— 

gular equation 

R(1z) ( )一 y(1z) g(1z)． (1．4) 

Let W(x， )= ： l(x， )be the Hessian of the function l(x， )with respect to ．For simplicity，let 

f(x )denote ； f(x )denote g ，etc．In each iteration，let denote the current approximation to 

Z；’W Z and D denote the current approximation to ZI’W ．The DFP or BFGS update will be used to 

compute +1 and the Broyden update will be used to obtain D +1．The Gurwitz’s method solves the e— 

quation 

R：1 一一 c ， 

to obtain Pl，and then solves another equation 

BI嫉 一一 ZI g 一 Dl 

to obtain ．Let 

— Zbp；+ Y P1． 

Take 

xb+1= lz + P ． 

The null—。space step and the range——space step are respectively defined by 

一 y ( z抖1一 lz )， 一 ZI’( +1一 )． 

(1．5) 

(1．6) 

(1．7) 

(1．8) 

(1．9) 

GURW ITZ suggested an alternative strategy．If the range—space step is large compared to the null— 

space step，then they silmply perform the update rule 1．Similarly．if the null—space step is large com— 

pared to the range—space step，then they silmply perform the update rule 2．The update rules 1 and 2 

were given in[2]． 

GURWITZ 引discussed only the local Q—superlinear of this original algorithm．It was proved that 

if the initial point lz0 is close enough to the solution of the problem (1．1)，lz ，and ≈ Z W  Z 

些 H
． ，
D ≈ Z Ⅵ，． 些G ，then the iterative sequence of{lz )approaches lz 

． Furthermore，under 

some reasonable conditions，the convergence is at least two—step Q—superlinear．If at least one of the 

matrices Bk or Dk is updated in each iteration，then the rate of convergence is one—step Q—superlinear． 

Trust region method and line search are two very popular ways for minimization to assure global 

convergence．By using the Z1 penalty function as a merit function，the resulting algorithm with trust 

region strategy shall possess global convergence while maintaining superlinear local convergence rates 

under some reasonable conditions． 

In this paper we shall extend the nonmonotonic backtracking trust region typed method to two— 

piece update algorithm for constrained optimization problems，giving the oretic analysis
． In order to 

overcome the Maratos effect and ensure a superlinear convergence rate，a correction step in each itera— 

tion is added to the algorithm in[2]．The paper is outlined as follows．In section 2，we state a revised 

two—piece update of projected Hessian algorithm with backtracking trust region method．The global 

convergence of the algorithm is proved in section 3；while the local convergence rates of the roposed a1一 

gorithm is presented in section 4． 

2 Algorithm 

The trust region algorithm for solving the problem (1．1)is simple to explain and motivate
． In a 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


I 

10 上海师范大学学报(自然科学版) 2002年 

current iteration ôf the algorithm we shall solve a quadratic subproblem 

min g +丢 户 (2．1) 
subject to ：1 P+ Ĉ一 0 (2．2) 

ll≤ (2．3) 

where Ak is called the trust region radius．It motivates to solve the linear constraint(1．5)at the GUR— 

W ITZ’s method．This is done by defining a relaxation parameter 1∈ ( 1，1)and computing a step Pi' 

that solves the vertical(or norma1)subproblem 

min llR：1 P +C ll 

subject to IIp ll≤ 1 Ak． (2．4) 

The algorithm is designed SO that the full step P need not move any closer to the feasible manifold 

than Y does，SO we next reformulate(1．6)as 

min q (户 )一def(z g + D 户；) P + (户 ) B P 

subject to lIp ll≤ 2Ak (2．5) 

where 2∈ (÷，1)also gives a relaxation parameter．Let the solution of the horizontal(or 

tangentia1)subproblem be denoted by ．Define the total trust region algorithm as 

P 一 Z P；+ YkPi'． (2．6) 

W e then set 

Xh+l 十 Pk， 

provided Xh+l gives a reduction in the merit function；otherwise，the trust region is reduced and 

trial step is computed．The merit function is describled as follows． 

In order to decide the acceptance of the new point at each iteration，and to adjust the trust 

radius，introducing a merit function is necessary．Here we choose the 11 exact penalty function 

merit function， 

卅  

)一 ( )+ ∑ri Ici( )I， 
一 1 

where is the i—th components of the vector r． 

W e now describe the complete algorithm． 

AI gorithm 

(1)Choose parameters 0< < 1< 2< 1， 1， 2∈ ( 1、 2 ’ ／’ 

(2．7) 

a n eW  

region 

as the 

(2．8) 

△ 。 > 0，0< y1< 1< y2， 

penalty weight vector rn∈ R ．Letf(0)= 0 and set k一 0． 

(2)Calculate f̂ ，g ，Ĉ ，and A ．̂Make a QR decomposition of A to get Y ，Z ，and R ． 

(3)If ll+ lIZfĝll≤ e，stop．Otherwise，go to the next step． 

(4)Compute the multiplier 

一 Ri- ， (2．9) 

and solve the vertical subproblem (2．4)and the horizontal subproblem (2．5)to the solutions Pi'and 

，respectively．Then compute Pk given in (1．7)and hence obtain the following equation 

R 一一 c(x + P̂)+ C + RT；p~ (2．10) 

to get the solution d̂ ． 
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(5)Let 

frk．， if rki≥ +P， 
r(k+ 1)

i一1 max ， )+P，otherwise， (2．11) 

where 一max{l l+ l(( ) 尺『 ) ll尺『 + 户；) and ， 。and(口) are the i— 

th components of the vectors rk， and a，respectively． 

(6)Set ( ( ))= max rfi(xk_j)．Test the line search condition 

( + ( + Ykd ))≤ (zⅢ))+ D~(xk；Pk)， (2．12) 

where D (z ； )is the directional derivative of the merit function in the direction Pk· 

(7)If the line search condition(2．12)is not satisfied，choose a new —}口 and go to step 6； 

otherwise set 

抖1一 z + ak(p + Ykd )． (2．13) 

(8)Calculate the predicted reduction， 

Pred ( )一一g：1 一专(户； Bkp~+．2，r(k+1)i{Ic ( )l—l VCi(X ) P +c (4)1) 

(9)Compute 

Ared ( )一 (zf( ))一 ( H1)， 

where 

( )一厂( )+ ∑r(k+1) Icf(z) 
= 1 

(1 0)Further，compute 

If 0 < 面，then set 

Ak·  Ak， 

+1一 ， if rh> 0

min{?'zAk if Ok rh 

> 

r ，△ )， ≥ 

【?'1At otherwise
． 

(2．14) 

(2．15) 

(2．16) 

(2．17) 

(2．18) 

(12)Choose t(k+ 1)≤ min{t(k)+ 1，M )．Obtain +1 by updating Bk using the DFP formula 

Or the BFGS formula if and only if update rule 1 holds．And obtain Dk+1 by updating Dk using the 

Broyden formula if and only if update rule 2 holds．Set志+。志+ 1 and return to step 2． 

Remark l An important feature of this algorithm is that we decide whether accept + Pk or Iz 

+ P + Ykd as +1 by ratio 0 ．Therefore，it is allowable that (以+1)> (xD and thus this is a non— 

monotonic sequential technique．It is easy to see that the usual monotone algorithms can be viewed as 

a special case of the proposed algorithms when M 一 0． 

3 Convergence Analysis 

W e make the following assumption in this section． 

Assumption AI The sequence of{4)，{xk+ Pk)，and{ +Pk+ dk}generated by the algo— 
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rithms are contained in a compact set ；f( )and c(z)are twice continuously differentiable on 

； the matrix A( )has full column rank over骁  ；thus the matrix R(z)∈ R ”‘in (1．2)and its 

inverse R(．z) are defined and continuous on ；{B } R ‘are bounded symmetric matrices，and 

{D }c R 一⋯ are bounded matrices． 

According to the assumption，there exist some positive constants r，w，b and b such that 

—def IIR； II≤ r， b 一def lib II≤ b， lid ll≤ b ， IIWO： ， )II≤ w，V k． (3．1) 

The following two properties have been proved(see Lemma 3．1 in[-8-land Lemma 3．5 in[7])． 

Lemma 3．1 Under the Assumption A1，the correction vector d given in (2．1O)satisfies 

ll ll一0(IIP ll )． (3．2) 

Lemma 3．2 For any k，the condition 

耋r 抖 { ( )1--1 ( ) + ( )l}一g：’y +( ) 。 ≥JD min{11 II， }．(3．3) 
I．et denote the solution of the horizontal subproblem (2．5)．It is 

一

(zl’ +D PI) ‘ 一丢( ) ’B ≥ 1 IlZf +D ll min{ ， easy to obtain 
}． 4) ll ll 一 

By the definition of Pred ( )and the update formula(2．1 0)of penalty parameter，we get from 

(3．3)and (3．4)that 

Pred (户 )≥ llz：’g +。 户 ll min{ △ ， 兰 

Similar to Lemma 3．4 and Corollary 3．5 in E6-]，we can also obtain that 

Lemma 3．3 There exists a positive constant Z such that for all k 

Ared (户 )一 Pred (户 )I≤ ／lip ll ≤ 1(／1 + ；)△；． 

Lemma 3．4 Let P be generated by the proposed algorithm．Then 

(3．5) 

(3．6) 

。体( ； )≤一÷llz：’ +。 P~II min{ ， 銎 }一JDmin{11 II， } (3．7) 

Proof From c ( + rp )一 

c ( + rp ) 

c ( 

一 1 

)+ Vc (五) P +0(IIP ll )，i一 1，2，⋯，772 we get 

c ( ) 
一 一 l c ( ) P l，i一 1，2，⋯，772． 

Consider the vertical subproblem (2．4)．Set 一一 础 ． 

(1)If l13lI≤ 

一 and we have 

A ，and hence + R：’ 一 0，then is a solution of the subproblem (2．4)．So 

l c，( ) P l— Ic ( )I． 

(2)If II~zll> ，then feasible solution of the subproblem (2．4)．We have 

— I ( ) P I≤一 ( )I+I c ( ) P +f ( ) 

≤一 I I， 一 1，2，⋯，， ． 

Since is the horizontal subproblem (2．5)，it is not difficult to obtain 

(z +Dkp~) ’ ≤一÷llz +Dm~ll min{ ， g k+Dk 

(3．8) 

The directional derivative D体( ；P )of the merit function体( )at the point along the direction P 

exists and 

D体( ； )一g 一 (件 I ( ) 

n 

m 

P 

+ 
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一 (Z：’ 十D ) ’ + ’Y 一 ∑，-(蚪1)，1 V (z ) P l一(PD D ． (3．9) 
t= l 

(i) 一 ，by the definition of the multiplier in(2．9)，we have that 

g：’y 户 一 AkR~p[≤ Ila~ll·IIRI’户 ll≤ Ila~ll·lie II， 

and 

l(D ) l≤ I1(pD D R I1 · I1． 

Hence，the +1 updated in (2．1 1)implies that the conclusion of the lemma is true 

(ii)lI ll> 1 ．Further 

l + (D ) 户；I≤ ll ’g + ( ) D II ·IIp~ll≤ ／tlI1 g + ( ) D l 

which means that the conclusion of the lemma is also true． 

As space is limited，we only set out the main results and omit the resemble proofs． 

Droofs of Lemma 3．7 and Lemma 3．8 in[6]，we can also obtain the following lemma 

respectively． 

Lemma 3．5 Suppose that assumption A1 holds．If there exists e> 0 such that 

lIc(x )ll+ lIz1’g ll≥ e， 

Similar to the 

and theorem ， 

(3．10) 

for all k。then there iS an口> 0 such that 

≥ 口，V k． (3·11) 

Theorem 3．6 Suppose that assumption A1 holds．Let{z )C R be a sequence generated by the 

proposed algorithm．Then 

liminf{IIc(z )II+ II ’g II)一0． (3·12) 

4 Local Convergence Rates 

In order to get the local convergence rate of the proposed algorithm ，more assumptions are needs 

Assumption A2 z．is a K-K—T point of the problem (1．1)，that is，there is a Vector -∈ R” 

such that 

C．一 0 and g．一 A ==：0． 

Assumption A3 There exists a constant f> 0 such that 

d (z IV．Z．) ≥ ~-Ildll ，V d∈R一 

Assumption A4 

lira 
— · o 。  

lim 
— · o。  

(B 一 H ．)Z (z +1一 z ) 
一 0． 

一 0． 

(4．1) 

(4．2) 

Lemma 4．1 Assume that Assumptions A2～ A4 hold．If z抖1一 ẑ + + y ，then 

lPred (PD— Ared ( )I—o(1lp：)II + II II)． (4．3) 

Proof Similar to the proof of Lemma 4．2 in 1-83．So(4．3)is true． 

Lemma 4．2 Assume that Assumptions A2～ A4 hold．Then 

Pre 411pzll z+ Pmin{llp~ll， )+。(1lp；ll·IIp．11)； 

D体(z ； )≤一专ll II 一10 min{II )+。(1lp；ll·II~II) 

(4．4) 

(4．5) 

一 
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Proof The solution in the subproblem (2．5)satisfies that there exists a ≥ 0 such that 

( + tl ) 一一 (Zfg + D ) 

and from Assumption A4．for large k 

(z：’ +D ) +丢( ) B pi~-l(pD B p~-t2 IIp；ll ≤一÷ll ll +。(1lp；ll·lip l1)． 
Further， 

(zl’gI) ’户；一 (zl’gI+DI户 ) ’ ；一 (户 ) DI户； 

≤一(PD ，B 一(PD D 户 ≤一÷lIp；ll +o(1l ll·ll l1)． 

As we know that similar to the proof of Lemma 3．4， 

Pred )≥ 411p；ll + pmin{11 II， }+。(1lp；ll·lip II)， 

(4．6) 

(4．7) 

D ( ； )≤一 z 2一pmin{ll II， }+。(1lp；l1．1l l1)+ 。(11~11)． (4．8) 

From the subproblem (2。4)，we know 

ll ll≤ lIR； ll EIIc ll+ lIRTp~；+ II]≤ l1． 

The above inequality together with (4．7)and (4．8)imply that the lemma holds． 

Theorem 4．3 Assume that Assumptions A2~A4 hold．Let{ I}be a sequence 

proposed algorithm．Then 

lim{lIZ(x ) g(x )ll+ lIc(x )l1)一0． 

generated by the 

(4．9) 

Proof Similar to the proof of Theorem 4．2 in E6]，we have that(4．9)holds． 

Remark 2 Theorem 3．6 indicates that at least one limit point of{ I}is a stationary point．In 

this，Theorem 4．3 extends to a stronger result，that is，all the limit points are K—K—T points． 

Now ，we discuss the convergence rate for the proposed algorithm when BI is positive definite． 

Theorem 4．4 Under the Assumptions A2~A4，the proposed algorithm is at least two—step Q— 

superlinearly convergent，i．e．， 

h

lim
。 。  暑到一o． (4．1O) 

Furthermore，if at least one of the matrices Bk and D k is updated as GURW ITZ’S alternative strategy 

given in E6]at each iteration，then the rate of convergence is one—step Q—superlinear，i．e．， 

h

lim
。 。  与 ⋯ 

Proof It is similar to the proof of Theorem 4．4 in[6]．So(4．10)and(4．1 1)hold． 
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约束优化的两块校正非单调回代法 

顾益明，朱德通 

(上海师范大学 数理信息学院，上海 200234) 

摘要 ：提出一种二块校正既约 Hessian方法的非单调信赖域 回代算法来解决约束优化问题．一般采用二块校正的 

双边既约 Hesse阵方法代替完全 Hesse阵方法处理大规模问题．为了获得算法的整体收敛性，引入非光滑的 z。罚函 

数作为势函数．在每次回代中不必使罚函数都单调递减，以使能克服高度非线性情况下的峡谷状态，同时采用二阶 

校正步计算能避免 Maratos效应．只要每一步迭代至少运用两种校正规则之一 ，算法就能保持一步局部 Q一超线性 

收敛 速率． 

关键词：非单调技术 ；二块校正；超线性收敛 
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