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Abstract：In this paper We propose a scaling trust regi。n interior point alg。rithm for linear constrained叩timizati。n 
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algorithm． 

Key words：trust region；constrained optimization；interior point 

CLC number：0221．2 Document code：A Article ID：1000-5137(2003)03-0013-08 

In this paper we consider the trust region interior 

optimization problem subject to bounds on variables： 

min ) 

S t Ax = b，l≤ ≤ u． 

point algorithm for solving the linear equality constrained 

wheref：R“_+R is smooth nonlinear function，not necessarily convex， 

tor，the vectors l，u∈ {R u {±∞}}“，l<u． 

(1．i) 

A ∈ R is a matrix．b∈ R is a yea． 

There are quite a few articles proposing sequential convex quadratic programming methods with trust re
．  

gion idea in[1]，[2]．These resulting methods generate sequences of points in the interior of the feasible set． 

At first we deftne the scaling matrix D̂ d=ef diagl Dl，D：，⋯，D：}at the k．th iter昌 。n with the c。mp。nentD de． 
fined fit8 foHows ． 

。 {孚i三 羔lii一 ， 一 ：， if l‘>一∞，and uf=+∞ if l =一∞，and u <+∞ if l >一∞，and u <+∞ if l‘=一∞，and u =+∞ (1．2) 
where ，liandu are thei·th components ofthe Vectorsx̂

，
lan du ，respeetively．Th e matrixB is a sym珈【et． 

ric approximation of the Hessian V )of the objeetive function in which B assumed to be p0sitive semidefi． 

nite in[1]·A search direction at x̂by solVing the trust region convex quadratic programming： 
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min (d)d=ef g + 1 B
Id 

s t Ad =0， 

ll Dk1d ll≤△I， l< I+d<Ⅱ． 

where gI=Vf( I)，d= 一 ， (d)is the local quadratic approximation 

radius．Let dI be the solution of the subproblem． 

off(x) 

(1．3) 

andAIis the trust region 

A solution that minimizes the model function within the trust region is solved as a trial step．If the actual 

reduction achieved on the objective functionfat this point is satisfactory comparing with the reduction predicted 

by the quadratic model，the point is accepted as a new iteration；otherwise the trust region radius is adjusted 

and hence the procedure is repeated．The paper is organ ized as follows．In Section 2，we describe the trust re一 

舀on interior point algorithm with scaling matrix．In Section 3，weak global convergence of the proposed algo— 

rithm is established．Some further strong global convergence and local convergent rate are discussed in Section 

4．Finally．t}le results of numerical experiments are reported in Section 5． 

2 Algorithm 

In this section we describe a trust region interior point method for linear equality constrained optimization 

(1．1)subject to box constraints on variables．The method involves choosing a scaling matrix DI and a quad— 

ratic model of the objective function．We motivate our choice of scaling matrix by examining the optimality 

conditions for(1．1)． 

function of problem (1．1) 

l(x，A， ， )= )+A A 一 ( 一z)一 (Ⅱ一 )， 

where the Lag~an sian  multipliers A E Rm，0≤ ， E R ．Optimality conditions for 

established．Assuming feasibility，first—order necessary conditions for x。to be a local 

exist／z。， 。 E R an d A． E Rm such that 

g。 一ArA。一 。 + 。 = 0， ． ≥ 0， 。 

A 。 = b， l≤ 。 ≤ Ⅱ， 

T

． (1一 。) =0， T。(Ⅱ一 

Now we state the scaling trust region interior point 

≥ 0． 

(2．1) 

problem(1．1)are well 

minimizer are t}lat t}lere 

。 )：0． 

algorithm for optimization problem (1．1)． 

(2．2) 

Initialization step 
． 

Choose param eters 0<而 < l< 2<1，0<y0<yl<y2<1<y3，E≥0．Choose a symmetric matrix 

B0．Select／in initial trust region radius A0> 0 and a maximal trust region radius A ≥ A0，give a starting 

strictly feasible point 0 E int(／2)d=ef{ I Ax=b，l< <Ⅱ}．Set k：0
， go to the main step． 

M ain Step 

(1)Evaluate ： )，gI= Vf( )． 

(2)If ll ll≤ E，stop with the approximate solution ，here the projection map P d=ef，一 

A (A4 ) AI of the null subspace of．／ffAI)with AI d=ef ADI，雷I d=d DIgI． 

(3)Solve subproblem 

min ．f，(d) g + 1 B
I
d 

(SI) s．t． Ad=0， l< I+d<Ⅱ， 

ll Di d ll≤△I． 

Denote by dI the solution of the subproblem(SI)． 

(2．3) 
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(4)Compute 

Pred(dt)= 一 t(dt)， Ared(以)= )一 +d ) (2．4) 

Further，setpI=Ared(以)／Pred(dI)． 

(5)ffPk< ，then the iteration is said to be unsuccessfu1．LetAI∈[ 0△I，T,AI]，and go to step 3 

Otherwise，that is，PI≥ 面is said to be successful iteration，then go to the next step． 

(6)Set “1= ★+d ，and take 

r[ l△I， 2△I]， ifPI≤ 7／l， 

△“l {( 2△I，△I] if 7／l<PI<7／2， 

L(△I，min{ 3△I，△ }]， ifpI≥7／2． 

Calculate +1)and g ． 

(7)Update BI to obtain B“1．Then set k+--k+1 and go to step 2． 

Remark In the subproblem(SI)， (d)is a local quadratic model of the objective functionfaround 

． A candidate iterative direction d is generated by minimizing I(d)along the interior points of the feasible 

set within the ellipseidal ball centered at with radius△I．A key property of this transformation in(SI)is 

that 以is at least unit distance from all bounds in the scaled coordinates，i e，an arbitrary step Di dI to the 

point I + dI does not violate an y bound if dkrD d < 1
．
To see this， first ob~rve that dIT I- dI = 

(以i／ Ii) <1，which implies I <D ，for i=1，⋯，凡，where d is the i—th component ofdI，D is 

defined giVen in(1．3)．We discuss the correlation ofI ，Ix ， andd：in the following cases，respectively． 

(i)Ifl‘>一∞and u =+∞，then I或I<D = 一l‘．So，we have l‘< ：+d <u。． 

(ii)Ifl =一∞and Ix <+∞，then Id I<D =Ix 一 ：．We have l < ：+d：<u。as wel1． 

(iii)Ifl >一∞and Ix <+∞，then Id <D =min{ 一li，Ix 一 ：}．We can obtain l；< ：+d：< 
Ix

。 SSITIe as(i)and(ii)． 

3 

(iv)If／ =一∞and Ix。=+∞，then Id I<D =1．Clearly，we can get li< ：+ <u ． 
Th erefore，no matter what case is the sign ofd ，the inequality l

。
< ‘+ dI‘< ui holds． 

Global convergence 

Astalmpfion 1 The objective function )：R“_+R is twice continuously differentiable and bounded 

blew onR ． 

Throughout this section we assume that Assumption 1 holds．Givenx0∈int(O)，the algorithm generates 

a sequence{ }c R“．In our analysis，we denote the level set offby 

。)= { ∈R“I厂( ) 

Th e following assumption is commonly used 

constrained optimization． 

≤厂( 0)，Ax=b，l≤ ≤ u}． 

in convergence an alysis of most methods for linear equali~ 

Assumption 2 Sequence{ }generated by the 

Matrix A has full row．ran k m ． 

algorithm is contained in a compact set )onR“． 

As~lmption 3 DkBkDk is bounded
， i e，there exists r>0 such that 0 DIBID̂ 0≤ r，V k． 

Assumption 4 D( )V x)D(x) is bounded， i e， there exists P > 0 such t}Iat 

Il D( )V )D( )Il≤ P，hereD( )曹diaglD ( )
，D2( )，⋯，D“( )}．Fu e咖。re，Di( )has tl1e 

similar definition as(1．2)． 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


16 上海师范大学学报(自然科学版) 2003年 

The following lemma establishes the necessary and sufficient condition concemingix 
，
d ，and A when d 

solves(2．3)，which is similar to proof of Lemma 3．1 in[8](also[6]，[7])． 

Lemma 3．1 dI is a solution of subproblem(S )ifand only ifthere existIX ≥0，A ∈R such that 

(B + Di )d = 一g +A A 

A dI=0，Z≤ +d ≤ (3．2) 

I(△ 一 D dk)=0 

holds and BI+ Di is positive semidefinite in A)． 

Similar to Proofs of Lermna 3．3 in[8]，we can also obtain following lenuna． 

Lemma 3．2 Let the step d be the solution of the trust region subproblem
， then there exists．r such that 

the step dI satisfies the following sufficient descent condition． 

Pred(d‘)≥ ll P̂ ll min{1，AI， 

f_0r all gI，BI and AI，where PI=，一A (A A ) AI 

Lemma 3．3 Under the Assumptions 1—2．If 

obtain adk such thatpI=Ared(d )／Pred(d )≥面． 

I+dI as a new iteration． 

have 

PI 

BI (3．3) 

with A =AD and =D g ． 

1J IJ≠0，via the finite iterations，we affirmably 

In this case the step is accepted．Thus we take “1= 

PredI(dI)≥ ll PI ll min{1，AI， 

Again，we can  obtain 

P g 
D B。Dk ≥ 8△ 

{ 

+ )一 )一 ( ) 1 T(V + )一B
k)d J 

’  

≤丁1 II Di d‘lJ IJ D
k V + ‘)Dk—DkB DI 

≤丁1(r+P)△：． 

where ∈[o'1]一‰ ， =恕 =o．眦 show at ⋯ 
A

f ，
such that whenAI≤ A

f ，
P̂ ≥ ，which means that the successful step is obtained in the finite iter＆． 

tions． 口 

Similar to proof of Lemma 4．1 in[8]，we can obtain the following lenuna． 
Lemma 3．4 Assume that Assumptions 1—4 hold

． If there exists E > 0 such that 

ll PI ll≥E (3．4) 
for all k ，then there is ot> 0 such that 

where ot=min{ 

AI≥ ot，V k． 

堡  
， }，锄d于：min }． r+ P ’ r ’⋯  一 “““I ’ j‘ 

(3．5) 

Theorem 3·5 Assume that Assumptions 1-4 hold
． Let } R“be a sequence generated by the al— 

gorithm．Th en 

i nf II PI ll=0． (3．6) 
‘-． ∞  、 ， 

Proof If the conclusion(3．6)is not true，there for all sufficiently large k，ll P,8I ll≥E for some E> 

O·Along with (3·3)and Lemma 3．4，for a successful interaction with index k．we can get that 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


第 3期 顾益明，朱德通 ：有界变量与线性等式约束优化的信赖域内点算法 l7 

，( I)一，( ̈ )≥~Pred(d )≥r~／emin{1，△I，÷}， 

Summing all the successful iterations from 0 to k。we have 
I I 

，( 。)一，( 川) [，( )一，( )]≥ 丁 min{ ，△ ， 
r
}， 

Since，( I)is bounded blew on R ，we obtain that，( 0)一，( )is bounded．It implies that 

1
．

ira △I= 0， 

which contradicts(3．5)in Lemma 3．4．Hence the conclusion of the theorem is true． 

4 Local Convergence 

口 

Theorem 3．5 indicates that at least one limit point of{ I}is a stationary point．In this section we shall 

first extend this theorem to a stronger result and the local convergent rate，but it requires more assumptions． 

We denote the sets of active constraints by 

，( ) { 1 =2 ，i=1，⋯，凡}，’Q( )d：ef{i 1 =Ⅱ 

To any，( )U Q( )c {1，⋯，凡}we associate the optimization subproblem 

(P)luq rain，( )； s t Ax=b，( 一2)，( )=0 or( 一Ⅱ)Q( ) 

Assumption 5 For all，( )u Q( )c {1，⋯，It}，t}le first order 

(P)luq has no nonisolated solutions． 

， i=1，⋯，It} 

= 0． 

optimality system associated to 

Assumption 6 The constraints of(I．I)are qualified in the sense that(A A)i：0，V i圣，(元)u 

Q(元)imphes that A=0． 

Assuming that( ， ， )is associated with a unique pairk which satisfies Assumption 5．Define the set of 

strictly active constraints as 

(元)={i I届l>0，i=1，⋯，凡}，Jo(元)= {i I i>0，i=1，⋯，凡}， 

and the extended critical cone as 

(元)={d∈R I Ad=0，d‘=0，i∈Jl(元)1,3 JD(元)} 

Assumption 7 The solution 。of problem (1．1)satisfies the strong second order condition，that is， 

there exists > 0 such that 

P V 厂( I)p≥ ot I1 P II ，V p∈ (元)． (4．1) 

Givend∈ A)，the null space ofA，we defined ，d as the orthogonal projection ofdontoTand N， 

where N is the orthogonal complement ofTin／ A)，i e，N={z∈．／KA)I zrd：0，V d∈ (元)}，which 

means that d=d +d and II d 0 = II d I1 + 0 d II ． 

Similar to Lemm a 4．1 in[8]，we obtain the following leIiln'la． 

Lemma4．1 Assume that Assumptions 5—7 hold．If is sufficiently close to 。then 

d (Bt+ tD ) ≥号II dt II +，c II d II ， 

d (Bt+ tD ) ≥号II dt II +，c·II d II ． 

(4． 

(4． 

2) 

3) 

where，c>0，，c1>0，and ot given in(4．1)，multiplier／zI giVen in(3．1)． 

Theorem4．2 Assume that Assumptions 5—7 hold．Let{ I}be a sequence generated by the algo— 

rithm．Then dk_◆0．Furthermore，ifxI is close enou~fl to 。，and 。is a strict local minimum of the problem 

(1．1)，then I— ．． 
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Proof We can deduce that 

l +dk)一 )一 ( )l=l (V 2f(xk)一Bk) +。(114 l=。(1id 

By(3．2)，we get that 

g： =一d：(B + Oi ) 一ArAd =一d：(B + Di ) ≤一詈Il d Il 一，c Il d Il · 
From(2．4)and(4．2)，for a large enough k， 

Pred(dI)=d (BI+ IOi )dI一 1—口̂TB̂d̂ = 1口̂T(BI+2ĝDi )dI≥ 

where，c given in(4．2)．As for a large enough k，we obtain that 

pI = 

一  I +dI) Pred(dk) =l+ 一 xI +d̂)+ I(dI) 

Pred(d̂) 

According to the acceptan ce rule in step 4，we have 

)一 )≥~Pred(d )≥ 

≥ l一 

手lid Il +詈IId~ll ． 

o(IId Il ) 

导Il d II +詈IId~ll 

lid川 +o( Il ) 

Clearly，we know 

im[八 )一 ¨)]=0． 

(4．4)and(4．5)imply that．1im IIdIIl=0． 

Assume that there exists a limit point ．which is a local minimum off．As the 

≥ 

(4．4) 

(4．5) 

Assumption 3 necessarily 

holds in a neighborhood of戈。，then戈。is the only limit point{戈̂}in some neighborhood (戈。；6)of戈。， 

wheIe6>0 is a smau constant．On the other hand，we know that )̂≥ +̂1)．So，we define，： 

infl )； E 。；6)＼ 。；3／2)}．Because 。is a strick local minimum of the problem(1．1)，we 

may assumef>厂。．Now，assuming thatf( ̂)~fandxI E 。；c5／2)，it follows thatf( )≤，，Il dk Il 

≤8／2 and戈I+1 E ( 。；6)；using the definition of ，we find that戈 +1 E ( 。；c5／2)．This implies that se— 

quence{ I}remains in 。；c5／2)．Hence， I_+ 。．It means that the conclusion ofthe theorem is true． 

口 

Similar to prove Theorem 4 in[8]，we can obtain 

Theorem 4．3 Assume that assumptions 3-5 hold．Let{ I}be a sequence generated by the algorithm 

．

1im Il PI Il=0． (4·6) 

Theorem 4．4 Let{ I}be a sequence propose by the algorithm．Assume that{BI}is bounded，then 

(i)any limit point 。of{ }is a~lution of the first—order optimality system associated to problem 

(P)，uQ( ．)，that is， 

V 。)一A A。一 。+l，。=0，Ax。=b， 

( 。) ．)=Z ．)； ’。=0，i每l(x。)， 

( 。)Q( 。)= Q( 。)；l，‘。=0，i每Q(x。) 

(ii)if Assumptions 3—4 and(4．7)hold，then ．satisfies 

e，there exist A。E R ， 。，l，。E R such that 

V 。)一A A。一 。+l，。=0， 

the first—order optimali~ 

Ax。： b，Z≤ 。≤ M 

：( 。一z)=0，l，T。( 一 。)：0． 

Proof First we carl prove that the sequence{ }satisfies the following 

(4．7) 

system of(1．1)；i 

(4．8) 

conditions：(i)dk一 0，(ii) 
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一 0，(iii)D V 一A A ]一 0． 

Indeed，From~eomm 4．2，we have obtain that(i)holds．Sincef(x)is twice continuously differentia— 

ble we have tllat 

t+ )=f(xk)+ + 1 T V ) +。( 
． 

Fu~ermore，by(3．1)we have 

+ 1 T V ) ：
一  d ． 

Hence we obtain nlat 

(4．9) 

(4．10) 

f(xt)一f(xt+dt)= T - d +0(1l d ll )= A：+0(1l d ll )． 

Due to the fact that{ I)J is bounded from below，we deduce that／zI△：-+0 as|i}-+∞．It implies that eithe l 
im I 0 一  (4

． 11) 一∞ 、。 ， 

lim
h  
infAI 0． (4．12) 

#一 ∞  、 ’ ’ 

Now we prove that ifbtI≥ >0 for all k sufficiently large
． 

9)we have that when I is close enough to 。， 

Again，we have 

then a contradiction will come into being
． From(4 

+以)一f(x )一 ( )I=o(1J d lJ ) (4
． 13) 

Pred(dt)= 1口
tT( + ) + d： ≥譬 。 ≥~．2'bk。A 2≥ 2． (4．14) 

By(4．13)一(4．14)，we have that 

-= 斋 ： -+o as△ 一o6 =～ — - 口c ̂——●ll ,A]／2 一一 。 
That means that sequence{pI}eonVerges to unity and not decreased for sufficiently la ge|i}

， 肌d heIlce bound— 

ed away from zero．So
， (4．12)cannot hold． 

Theorem 4·3 means lip 一0 which implies P =[，-af(a A：)一 Ak = [Vf,一ArAI]because 
。f hI ADI， =DIgI and AI=(A )一 A ．By the c。nditi。ns(i)

，(ii)，(iii)，similaur t0 tIle pr0。fs。f e。一 

lea 2·2 in[1]，we can also obtain that the conclusions of the theorem盯e tT1Je
． 口 

The conclusions of Theorem 4
． 4 are the same as theorem 2．2 in[1]under the 

in[1]． 

We now discuss the rate of local convergence for the proposed algorithm 

same as assumptions 

Theorem 4·5 Assume that Assumpti0ns 5-7 hold
． For sufficiently k，then the trust regi。n c0nstraint 

is inactive，that is，there exists a > 0 such that AI≥ ． 

Due 。the trust re 。n radius is inactiVe
， the rate。f local c。nvergence for the prop。sed algorithm relies 

∞ the Hessian 。f objectiVe functi0n at 。and the local c。nVergence rate。fdI
． IfdI becomes the quasi—Newt0n 

step，then the sequence I xI}generated by the algorithm converges 
。
superlinear． 

5 NumericM Experiments 

Numerical experiments on the scaling 

formed on a Pentium 4 personal computer
．  

effectiveness of the method
，
w e 

trust region interior point algorithm in this paper have been per
-  

In this section we present the numerical results
． In order to check 

select the parameters as fo 

75，To =0．1，7l= 0
． 2，72 =0．5， 3 

llowing：E = 10一 
， 葡=0．01，叼l=0．1，叼2=0 

= 2，△m盯 = 10，A0 = 1． 
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The experiments are carried out on 5 standard test problems quoted from[5](HS：the problem from 

Hock and Schitkowski )．ITR，NF and NG stand for the numbers of iterations，function evaluations and gra． 

dient evaluations，respectively． 
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有界变量与线性等式约束优化的信赖域内点算法 

顾益明，朱德通 

(上海师范大学 数理信息学院，上海 200234) 

摘要 ：提出一种既有界变量又有线性等式约束的非线性优化问题的信赖域 内点算法 ，在合理的条件下所提供的算法不 

仅具有整体收敛性而且保持局部收敛速率。数值计算结果说明算法的有效性。 

关键词：信赖域；约束优化；内点 
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