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Abstract：MANJUNATHA PRASAD K and others【‘]discussed the existence of Drazin inveI葛es over integral do— 

mains and gave some sufficient and necessary conditions． In this paper
． we further discuss the existence of Drazin in— 

verses over integral domains an d gain another sufficient and necessary condition
， i．e．，R(A‘)0 N(B‘)：R“for 

some positive integral k． 

Key words：Drazin inverses：regRlKr matrices andintegral domains 

CLC num ber：O151．2i Document code：A Article D ：i000-5i37(2003)02-0012-04 

Throughout this paper，R denote a11 integral domain and R denotes the set 

a module we mean a rightR —module⋯LetA ∈ R ．We de
． ． ．note the number 0f 

rank(A)and the maximal order of a nonvanishing minor ofA byp(A)，called 

ver R．Moreover we write module{Ax i ∈R }by R(A)and{ ∈R i Ax 

see that R(A)is generated by columns ofA． 

LetA be an n ×m matrix．If there exists an m ×n matrix G such that 

ofn ×m matrices overR ．By 

indepe ndent columns of A
— — by 

the determinantal rank ofA o一 

= 0}by N(A)．it is easy to 

AGA = A， 

then G is called a generalized inverse of A and A is said to be regular． 

Le tA be an n ×n matrix．If there exist an n ×n matrix G and a positive integer k such that 

A =At+lG
，
GAG ： G， GA = AG， 

then Gis called the Drazin inverse ofA ．Especially
， when k = 1，it is called the group inverse ofA ． 

Let A be an死×矶mah-／x，i—l—lllJl let ot be a -．u．1JL -cL-*of{I，2，⋯，死}wihh 1 I= ，say ={i1，⋯，i，}，and 

p a subset of{1，2，⋯，m}with I卢I=r．Then we denote byA：the submatrix ofA determined by rows indexed 

by and columns indexed byfl，especially we write ；(A：)instead of ；when f og f=忍(f f=，扎)． 
First，we wPA show 出e foHowing three lemmas． 

I．emma 1 Let 1， 2，⋯ ， ∈R w≤n)and T=( 1， 2，⋯ ， )．Then 1， 2，⋯ ， are lin— 
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early dependent over R if and only if det( )=0，where ot is any subset of{1，2，⋯，n}with I I=w． 

Proof Since o／1，o／2，⋯ ，o／ are linearly dependent，there exist a1，a2，⋯ ，a ∈ R ，at least one of 

which is nonzero，such that 

∑ =0． 
i：1 

Without loss of generality，we suppose a1≠ 0．So 

(det( ))a1=det(( 1a1， 2，⋯， )：) 

det((∑ ， ：，⋯ )：) 
i：1 

= det((0，0／2，⋯， )：)=0， 

where I Q I=w．Since there exist no non-zero divisors of zero inR，det( )=0．Conversely，assume that 

ot1， 2，⋯， ∈R“(w≤n)are linearly independent over R．Let F be the field of quotient ofR．Suppose 

there existw elementsa ∈ F，i= 1，2，⋯ ，w，such that 

∑ =0． 
= 1 

Since a。∈F，there exist bf，d。∈R with b ≠0 such that a =d。bl ．Thus 

aid‘6 ‘=0， 
=1 

and SO 

where P = 

0 and 8o a
。

=  

F ． 

1__r 

ll 
，：1 
，‘i 

0， 

= n 

∈ R，i= i，2，⋯ ，w ．By the assumption，we haVep = 0，i= 1，2，⋯ ，w ．Hence d
。

=  

i=1，2，⋯ ，w．We obtain that 1， 2，⋯ ， ∈R (w≤n)are linearly independent over 

Without loss of generality．there exists a nonsingular matrix Z ∈ such that 

T = ，D z
， 

where B∈ is a lower triangular matrix with det(B)≠0 and C∈F‘n ”．Thus when ={1，2，⋯ ， 

w}，by Cauchy—Binet formula。det( )=det(B)det(z)≠0，over F，and so det( )≠0 over R． 

口 

it is clear from Lemma 1 that we have the following result． 

Coronary 1 LetR be an integral domain andA∈R ．ThenP(A)=rank(A)． 

Lemma2 LetA=( 1， 2，⋯， )be ann x mmatrix of determinantal rankp(A)=r such that 

(A)e At／A)=R“． 

Then there exist finite elements of N(A)such that these elements and the columns of A generate R“．Moreo- 

ver，any n—r+1 elements ofN(A)are linearly dependent． 

Proof IfX is a subset ofN(A)and generates N(A)，then X u Y generates R“where Y consists of the 

columns ofA．Because R“is finite free module，it is easy to show that there exists a finite subset ofX such that 

it generates J v t ,~ ．Hence we ha_ve the⋯fe~,‘。1tll‘t of the first—pait． 

By Corollary 1，there exist r columns ofA ，say 1， 2，⋯ ， ，which are linearly independent． 

We will show that anyn—r+1 elements are linearly dependent inN(A)．Letfl1， ，⋯， +1 be any 

n 

芒j 
台 
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n—r+1 elements in N(A)． 

Over the field of quotients F ofR，we know，ot1，ot2，⋯ ，ot，， 1， 2，⋯ ， n
一

，+1 are linear dependent in F“ 

and there exist n+1 elements a ∈F(i=1，2，⋯，n+1)，at least one of which is nonzero，such that 
r n+1 

∑aiotf+ 
‘：1 

∑ a,8f一，=0 

We know that a =dibi (i= 1，2，⋯ ，n+1)where b‘，df∈R and bf≠0．Hence we have 

n+1 

where P。=df n (i=1，2，⋯，n+1)．Sincep。∈R(i=1，⋯，n+1)，at least one of which is nonzero， 
J=1 
』，‘i 

we obtain that ot1，ot2，⋯ ot，， 1， ，⋯ ， +1 are linearly dependent in R“．By the condition，we can obtain 

n+1 

∑P ol。=一∑p _，∈尺(A)nⅣ(A)={o}． 
i：1 i：r+1 

Dlnce o／1， 2，⋯ ，otr are linearly lnQepenQent，we navePi= u t= l，⋯ ，r ，ana so at least one element 

of{P r+1，Pr+2，⋯，P +1}is nonzero．Hence ， ，⋯， 1 are linearly dependent． 

Lemma 3 lit A be an n x n matrix of determinantal rankP(A)=r≤n over R，and suppose that P is 

an n × r n—r、mathY with datarminanta1 rank n r P、≤ n—r such that T = rA P、has a rivht nvP P 

Then A is regular 

Proof Suppose 1一"has a right inverseX ．Then TX =1，an d so there exists a linear combination of all the 

凡x 凡minors of T 

∑(det( “)c =1 
口 

where ot c{1，2，⋯，n+5}with I ot I=n and c ∈R by[3，Theorem 1 and Corollary 2]．By Laplace expan— 

sion．we have 

det( )=∑sgn(7)det(A；)det( ) 

where 7 c {1，2，⋯，n}，7 = {1，2，⋯，n}一7 and c ot， =ot一 ． 

Becausep(A)=r and rank(P)≤n—r，by Lemma i，we have det( )=0 when I f≠r 

Th erefore，we have 

where I 7 I=I I= r．So 

∑∑sgn(7)det(A )det( ：)c =1 
口  

- ，⋯ ，．．、，|̂ ．，Dy 、 口、，|̂ ．， y、 一 1 
厶 ＼ t5u＼，／u L’ ／ ／u L’ 几卢／ 一 ’ 
芦． 

that is，a linear combination of all the r x r minors ofA equal to 1．A is regular by[3，Theorem 8] 

Now we have the following main theorem． 

~ II．II⋯U-'UI-~—i—M 1 Let A be 8 1 x mat x．r1llvIlLe_n A has the l’．、。／f⋯ltZ!l—Il inverse if and only if 

R(A )0 N(A )=R“ 

for some po sitive integer k． 

Proof li t G be the Drazin inverse of A．Th en GAG = G．Th us GA is idemootent linear mad on R“．+尺“ 

． So，by[1，limma 5．6] 

R(GA)0Ⅳ(GA)=R ． 

By usingA =A G and GAG=G，it is easy to see that R(GA)=R(A )and N(GA)=N(A )．Hence 

尺( )0 N(A )=R“． 

Û 

= 

一 

p  一 

+ 

p  
㈦ 
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By LTJe玎Ⅱna I，we call denote T=(／主 ，P)whereP∈R and尺(尸)=Ⅳ(A )such that the columns of 

T generate R“．Since R“is a free module with a finite basis{el，e2，⋯，e }where et(i=1，2，⋯， )has zero 

coordinates except the ith coordinate being 1 and(e1，e2，⋯，e )=I∈R“ “，there exists an s× matrix X 

s-ch that =TX，i e，，=(A ，P) So 

A =Ak(A ，P)X=(A强，o)x=A“ (A ，0) 

Thus R(A )=R(A“ )．Immediately，P( )=P( “ )and R(A )=R(A“ )for any natural number Z． 

So 

R(A )0 N(A )=R“． 

By Lemma 2，(A “ ，P)ILIa- -l t~一t tt inverse．HenceA强“is reguhr by Lemma 3．Thereby，A has theDrazin in— 

verse by[4，Theorem 9]． 口 

Remark Since the real number field is an especial integral domain，the theorem extends the result in 

[5，Lemma 2．1]． 

For the group inverse，we have the following corollary immediately． 

Corollary 2 Let A be an X matrix．Then A has the group inverse if and only if 

R(A)0 N(A)=R“． 

Remark It is obvious that the result in[2，P162，Theorem 1]is an especial case of Corollary 2． 
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整环上 Drazin逆的存在性 

俞耀明 ，王国荣 

(1．上海师范大学 教育科学学院 ，上海 ⋯L,t3tlL,～D~4-；2．上海师范大学 数理信息学院 ，上海 200234) 

摘要：讨论了整环上 Drazin逆的存在性，并且给出了一些充分必要条件．进一步讨论整环上 Drain逆的存在性，并且给 

出了另一个充分必要条件，即对某个正整数 k，R(A‘)0 N(B‘)=R ． 
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