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Abstract: MANJUNATHA PRASAD K and others'®] discussed the existence of Drazin inverses over integral do-

mains and gave some sufficient and necessary conditions. In this paper, we further discuss the existence of Drazin in-

verses over integral domains and gain another sufficient and necessary condition, i.e., R(4*) & N(B*) = R" for

some positive integral k.
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Throughout this paper, R denote an integral domain and R**™ denotes the set of n x m matrices over R . By
a module we mean a right R -module. Let A « R™™. We denote the number of independent columns of A by
rank (A) and the maximal order of a nonvanishing minor of A byp (A) , called the determinantal rank of A o-
ver K. Moreover we write module {Ax | x € R*} by R(A) and {x € R*| Ax = O} by N(A) . It is easy to
see that R(A) is generated by columns of A .

Let A be an n x m matrix. If there exists an m X n matrix G such that
ALA = A

then G is called a generalized inverse of A and A is said to be regular.
Let A be an n x n matrix. If there exist an n x n matrix G and a positive integer k such that
A* = A¥'C, GAG = G, GA = AG,
then G is called the Drazin inverse of A . Especially, whenk = 1, it is called the group inverse of 4 .
Lk:l f‘l UC ann xXim

B a subset of {1,2,-:- ' m

u&u'lx, and letabeasubse {1 2, ',n, with | ul =T, saya = 1&1,“‘ , , ana
m} with| 81 = r. Then we denote by Aj the submatrix of A determined by rows indexed

by @ and columns indexed by 8 , especially we write A ( A7) instead of Ay whenl al =n (I gl = m).
First we m;u chow fhe fcuewin
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Lemma 1 Letal! a, " ,Q, € Rn(w ) and T = (alvaZy o yaw)' Thenal! a, - ,a,are lin-
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early dependent over R if and only if det(7T;) = 0 , where a is any subset of {1,2,--- ,n} with| | = w.
Proof Since oy, a,, *** ,a, are linearly dependent, there exist a,, a,,:* , a, € R, at least one of

w

which is nonzero, such that

w
Za,- a, =0
i=1

Without loss of generality, we suppose ¢, #= 0. So
(det( T:,) Ya, = det(( aya,, a,, ’aw):)

= det( ( ia i, G, 0y ) )

= det((0, oy, **+,a,)5) =0,
where | a| = w. Since there exist no non-zero divisors of zero in R , det(T.) = 0. Conversely, assume that
o;, 0, **,a, € R"(w < n) are linearly independent over R. Let F be the field of quotient of R . Suppose

there exist w elementsa;, € F, 1 = 1,2,:-- ,w, such that

M-
R
]

Since @, € F , there existb,, d, € R with b, ¢ 0 such thate, = d,b' . Thus

w
Zaidibi_l = O’
ey
-1
1 SO
w
Nap =0
2 ap =Y,
=1
w
where p, = d,ll'} e R,i=1,2, :-,w.By the assumption, we havep, =0,: =1,2,--- ,w. Henced, =
=1
o
Oandsog, =0,i=1,2,-- ,w. We obtain thater,, a,, *-* ,a, € R"(w < n) are linearly independent over
F.

Without loss of generality, there exists a nonsingular matrix Z € F* ™ such that
D\

D Z’

¢

where B € F** is a lower triangular matrix with det(B) # O and C € F*"™ ** ., Thus whena = {1,2,-

w} , by Cauchy — Binet formula, det(T%) = det(B)det(Z) # O, over ¥, and sodet(T2) # OoverR.

O

- |

It is clear from Lemma 1 that we have the foliowing resuit.
Corollary 1 Let R be an integral domain and A € R™™ . Thenp (A) = rank(4) .
Lemma2 ILetd = (a;,0,,", a,) be ann X m matrix of determinantal rank p(A) = r such that

R(4) ® N(4) = R".

Then there exist finite elements of N(A) such that these elements and the columns of A generate R* . Moreo-
ver, anyn —r + 1 elements of N(A) are linearly dependent.
Proof If X is a subset of N(A) and generates N(A) then X U Y generates R" where Y consists of the

columns of A. Because R" is finite free module , easy to show that there exists a finite subset of X such that

LYY A Y

it generates N(A) . Hence we have the re

1ave tne r Suu O

=

By Corollary 1, there exist r columns of A | say a;, «@,, ***, «, , which are linearly independent.

We will show that any n — 7 + 1 elements are linearly dependent in N(A) . LetB,, B,, ***, B._,., be any
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n —r + 1 elements in N(A) .
Over the field of quotients F of R, we know, a, ,a,, ***, a,, By, B2, ***+Bu-rs1 are linear dependent in F"

and there existn + 1 elements a; € F(i = 1,2, ---, n + 1) , at least one of which is nonzero, such that

n+l

Zaa + Za,ﬁ,, =

i=r+l
We know thata, = db'(i = 1,2, -, n +1) whereb,, d, € Rand b, > 0. Hence we have

n+1

Lpza + prljtr - 7

i=r+l

n+l

where p; = d,-Hbj(i =1,2,,n+1). Sincep, e R(i =1, -+, n+1) , at least one of which is nonzero,
A

we obtain thata, ,a;, *** @, , B1,8;, ***» B._,+; are linearly dependent in R* . By the condition, we can obtain

n+l

2p.-a.- =~ 3 pB., e R(A) A N(A) = {o].

i=r+l

Since @, , @,, ***, «, are linearly independent, we havep, = 0 (i = 1,--, r) , and so at least one element
of {P,1,Prs2s""" sPurn | is nonzero. HenceB,, B;, -, B,,,; are linearly dependent.

Lemma 3 LetA be ann x n matrix of determinantal rank p(A) = r < n over R, and suppose that P is

ann X s (s 2 n —r) matrix with determinantal rank p (P) < n —rsuch that T = (A, P) has a right inverse.
Then A is regular.
Proof Suppose 7'has a right inverse X . Then 7X = I, and so there exists a linear combination of all the

n x n minors of T
Z(det(Ta"))c“ =1
where a C {1,2,---,n +s} with| al = nand¢* € Rby [3, Theorem 1 and Corollary 2]. By Laplace expan-

sion, we have

det(T%) = ZSgn('y)det(A;)det(P;:)
Y
wherey C {1,2,--, n},y ={1,2,~-,n} —yandBCa, 8 =a -8
Because p(A) = rand rank (P) <n —r, by Lemma 1, we havedet(T,) = Owheni i #r.

Therefore, we have

Z Z sgn('y)det(A;)det(P’c)c =

a
where | v =1 Bl =r. So

S (senl~)det{ P Ye* Ydet( A7) =

2, C(sen(y)det(PL)c)det(4]) =1,

By

that is, a linear combination of all the r x r minors of A equal to 1. A is regular by [3, Theorem 8].

Now we have the following main theorem.

PPy . oL oo ol o em L o U PRP.
uneurcm l }.A:l A DC an n X n mairix. lll(‘:ll/l nas e uruun lllVCI'bC 11

R(A*) ® N(A*) = R
for some positive integer k.
Proof Let G be the Drazin inverse of A. Then GAG = G. Thus GA is idempotent linear map on R* — R"
. So, by [1, Lemma 5.6]
R(GA) & N{(GA) = R".
By using A* = A*'G and GAG = G, it is easy to see that R(GA) = R(A*) and N(GA) = N(A*). Hence
R(4*) ® N(A*) = R".
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By Lemma 1, we can denote 7 = (A", P) where P € K" and R(P) = N{A") such that the columns of

T generate R". Since R" is a free module with a finite basis { e, ,e,,---,e | wheree (i = 1,2,:--,n) has zero
coordinates except the ith coordinate being 1 and (e, ,e,,:--,e,) =7 € R, there exists an s x n matrix X
ythat] = TX ie, ] = (A*, P)X. So
AF = AY (AR, PYX = (A%, 0)X = AM (4, 0)X.
Thus R(A*) = R(A*"") . Immediately, p (A*) = p (A**') and R(A*) = R(A*"") for any natural number [ .
So
R(A™') @ N(4*) = R"

By Le has right inverse. Hence A**' is regular by Lemma 3. Thereby, A has theDrazin in-
verse by [4, Theorem 9]. a

Remark Since the real number field is an especial integral domain, the theorem extends the result in
[5, Lemma 2.1].

b
&
&
b

For the group inverse, we have the following corollary immediately.
Coroliary Z 1iet A be ann X n matrix. Then A has the group inverse if and only if
R(A) @ N(A) = R".
Remark It is obvious that the result in [2, P162, Theorem 1] is an especial case of Corollary 2.
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