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1 0+{1j6�[ Ge*K 2� CarnotM�	= Lie.g g = V1⊕V2. 〈·, ·〉e gX5*K7i�{V1, V2}W�'7iOy�[ X = {X1, . . . , Xm} e V1 5*f�^Oyf�m = dimV1; Y = {Y1, . . . , Yk}e V2 5*f�^Oyf� k = dim V2. ξ ∈ G I V1 X5y8 ξ1 If {X1, . . . , Xm} �5i�q� x = (x1, . . . , xm) ∈ Rm; I V2 X5y8 ξ2 If {Y1, . . . , Yk} �5i�q� y =

(y1, . . . , yk) ∈ Rk. �+S�?259Z J : V2 → End(V1)(End(V1) � V1 X5awrM):CQ15 ξ′1, ξ
′′

1 ∈ V1 ^ ξ2 ∈ V2 ?2
〈J(ξ2)ξ

′
1, ξ

′′

1 〉 = 〈ξ2, [ξ′1, ξ
′′

1 ]〉. (1.1)+?2 (1.1) O�3�CQ15 ξ1 ∈ V1 ^ ξ2 ∈ V2 = 〈J(ξ2)ξ1, ξ1〉 = 0.[ G e*K 2 � Carnot M�S[C1*K ξ2 ∈ V2, |ξ2| = 1, (1.1) a?259Z J(ξ2) :

V1 → V1 eOy5�K� G e H �M [1].[ G e*K H �M�� [2] = Xj = ∂
∂xj

+ 1
2

∑k
i=1〈[ξ,Xj ], Yi〉 ∂

∂yi
, j = 1, . . . ,m. G X5)

Laplace m_e L =
∑m

j=1X
2
j , 5T�N

A =
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2 〈[ξ,X1], Y1〉 . . . 1

2 〈[ξ,Xm], Y1〉 |x|2

4 . . . 0
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1
2 〈[ξ,X1], Yk〉 . . . 1

2 〈[ξ,Xm], Yk〉 0 . . . |x|2
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2? \�B� H �NY6<ÆUSbl�+%|� 32960) Laplacem_�J�� L = div(A∇). GX5℄g u5j;tAq�Xu = (X1u, . . . , Xmu),�q |Xu| =
(

∑m
j=1 |Xju|2

)
1
2

; Y2VAq� divG. R0&P A∇u · ∇v = Xu ·Xv. G X5*eL�3�\o�
δλ(x, y) = (λx, λ2y), λ > 0, (x, y) ∈ G. (1.2)q5℄�_� Z =

∑m
j=1 xj

∂
∂xj

+ 2
∑k
i=1 yi

∂
∂yi

. G 5A)�ge Q = m+ 2k, C= divGZ = Q.

G XQ1*= (x, y) 2E=5
�?2� d(x, y) = (|x|4 + 16|y|2) 1
4 . 4� d W�\o (1.2)e*)A)5�p. Zd = d. * ψ = |x|2

d2
, 60 |Xd|2 = ψ, Zψ = 0.CQ15 r > 0, Br = {(x, y) ∈ G|d(x, y) < r}, ∂Br = {(x, y) ∈ G|d(x, y) = r} I��� G Y.E=�Y�� r ��5E^E3�?2 |Br| =

∫

Br
ψ,|∂Br| = d

dr |Br|. Uq
ω = |B1|, K |Br| = ωrQ. )*H3� Federer 5A3iRa (u [3], ?� 3.2.12) M! |Br| =
∫ r

0

∫

∂Bτ

ψ
|∇d|dHm+k−1dτ , +D |∂Br| =

∫

∂Br

ψ
|∇d| = QωrQ−1.

[1] YTJ$ H �M G X) Laplacem_5f�~
 [2]^ [4] Y32$ G X p- ) Laplacem_5f�~�1 p = Q ^� [5] Y(32$�w5}[��: Heisenberg MX) Laplace m_5f�~M!;TRa�u [6] ^ [7], [7] eM!$ Hardy ��7a��K?E�k~*${�� [8] �\�W��#�5 Picone `7aw $ H �MX p- ) Laplace m_5 Hardy ��7a���I: 2 |:)*ZHGF3$ H �MX) Laplace m_5f�~��25HG3P�Sz^R0�~�I'f$X�M!$;TRa� Hardy ��7a��K?E��I: 3|�w $~*${��
2 |k���7w�� Hardy %nr�{n�t2�s� 2.1 L IE=&5f�~��� Γ = CQd

2−Q, M�
C−1
Q =

∫

G

ϕ = (4 −Q2)

∫

G

|x|2(d4 + 1)
−6−Q

4 .5� M? ε > 0, * dε = (d4 + ε4)
1
4 , J f(d) = d2−Q

ε = (d4 + ε4)
2−Q

4 , 60
f ′(d) =(2 −Q)(d4 + ε4)

−2−Q
4 d3,

f ′′(d)2 = − (4 −Q2)(d4 + ε4)
−6−Q

4 d6 + 3(2 −Q)(d4 + ε4)
−2−Q

4 d2,+D< [4] Y55� 2.1 Q
Ld2−Q

ε = (4 −Q2)|x|2(d4 + ε4)
−6−Q

4 ε4 = ε−Qϕ(δ 1
ε
(x, y)). (2.1)℄12 ε−Q

∫

G
ϕ ◦ δ 1

ε
=

∫

G
ϕ = C−1

Q < +∞kC (0, 0)5Q1'D V ,1 ε→ 0^= δ 1
ε
(V ) →

G, p.CQ15 u ∈ C∞
0 (G) =

〈L(CQd
2−Q), u〉 = lim

ε→0
〈L(CQd

2−Q
ε ), u〉 = CQ u(0, 0)

∫

G

ϕ(x, y) = 〈δ, u(x, y)〉,m LΓ = δ, ?�3P� 2



330 h � " � B = - 27��35?�w $ G X (X) ℄g5�Ra�s� 2.2 [ u ∈ C∞(G), KCQ15 r > 0 =
1

|∂Br|

∫

∂Br

u
ψ

|∇d| = u(0, 0)−
∫

Br

(

Γ − CQ
rQ−2

)

Lu.5� C v ∈ C∞(G), <VA?�3
∫

Br

(uLv − vLu) =

∫

∂Br

(uA∇v · ~n− vA∇u · ~n), (2.2)�Y ~n � ∂Br 50�}G�#�* v = d2−Q
ε , < (2.1) a3

lim
ε→0+

∫

Br

uLv = lim
ε→0+

ε−Q
∫

Br

uϕ(δ 1
ε
(x, y)) = lim

ε→0+

∫

B r
ε

uδεϕ

= u(0, 0)

∫

G

ϕ = C−1
Q u(0, 0). (2.3)4�

m
∑

j=1

〈[ξ,Xj ], Yi〉xj =
m

∑

j=1

m
∑

α=1

xα〈J(Yi)Xα, Xj〉xj = 〈J(Yi)ξ1, ξ1〉 = 0,p. A∇dε · ∇d = dψε
dε

, �Y ψε = |x|2

d2ε
, 4'

∫

∂Br

uA∇v · ~n = (2−Q)(r4+ε4)
−Q
4 r

∫

∂Br

u
ψε
|∇d| → (2−Q)r−Q+1

∫

∂Br

u
ψ

|∇d| (ε→ 0+). (2.4)< (2.2) 3
lim
ε→0+

∫

∂Br

vA∇u · ~n = r2−Q
∫

∂Br

A∇u · ~n = r2−Q
∫

Br

Lu. (2.5)? limε→0+

∫

Br
vLu =

∫

Br
d2−QLu =

∫

Br

Γ
CQ
Lu, �e'a}_ (2.2)–(2.5) a3

u(0, 0)−
∫

Br

(

Γ − CQ
rQ−2

)

Lu = − (Q−2)CQ
rQ−1

∫

∂Br
u ψ
|∇d| . (2.6)I (2.6) aY* u ≡ 1 �3 − (Q−2)CQ

rQ−1 = 1
|∂Br|

. x�.T (2.6) am3?�},� 2�	 2.1 U u ∈ C∞(G) e Lu = 0 5~�KCQ15 r > 0 =
u(0, 0) =

1

|∂Br|

∫

∂Br

u
ψ

|∇d| .s� 2.3 C u ∈ C∞
0 (G\{(0, 0)}) kQ15 r > 0 =

∫

Br

u2

d2
ψ ≤ 2

Q− 2

1

r

∫

∂Br

u2 ψ

|∇d| +

(

2

Q− 2

)2 ∫

Br

|Xu|2.



2? \�B� H �NY6<ÆUSbl�+%|� 3315� C u2 6:?� 2.2 3
∫ r

0

1

ρ

d

dρ
(

∫

∂Bρ

u2 ψ

|∇d| )dρ

= (Q− 1)

∫ r

0

1

ρ2
ρQ−1

(Q−2)CQ
[
∫

Bρ
L(u2)(Γ − CQ

ρQ−2 ) − u(0, 0)2]dρ+

1
(Q−2)CQ

∫ r

0 ρ
Q−2 d

dρ [
∫

Bρ
L(u2)(Γ − CQ

ρQ−2 ) − u(0, 0)2]dρ

= (Q− 1)

∫ r

0

1

ρ2
(−

∫

∂Bρ

u2 ψ

|∇d| )dρ+ 1
(Q−2)CQ

∫ r

0 ρ
Q−2 d

dρ [
∫

Bρ
L(u2)(Γ − CQ

ρQ−2 )]dρ. (2.7)℄12I ∂Br X Γ =
CQ
rQ−2 , O�A3iRak (2.2) a3

d

dρ

∫

Bρ

L(u2)(Γ − CQ
ρQ−2

)dρ =
d

dρ
{
∫ ρ

0

[

∫

∂Bs

L(u2)(Γ − CQ
ρQ−2

)
1

|∇d| ]ds}

=
(Q− 2)CQ
ρQ−1

∫ ρ

0

[

∫

∂Bs

L(u2)
1

|∇d| ]ds =
(Q− 2)CQ
ρQ−1

∫

Bρ

L(u2)

=
(Q− 2)CQ
ρQ−1

∫

∂Bρ

A∇(u2)
∇d
|∇d| . (2.8)x (2.8) a.T (2.7) a3

∫ r

0

1

ρ

d

dρ
(

∫

∂Bρ

u2 ψ

|∇d| )dρ = (Q− 1)

∫ r

0

1

ρ2
(−

∫

∂Bρ

u2 ψ

|∇d| )dρ+

∫ r

0

1

ρ

∫

∂Bρ

A∇(u2)
∇d
|∇d|

= (Q− 1)

∫

Br

u2 ψ

d2
+

∫

Br

2uXu ·Xd
d

.<A3iRak u ∈ C∞
0 (G\{(0, 0)}) 3

∫

Br

u2 ψ

d2
=

∫ r

0

[

∫

∂Bρ

u2

d2

ψ

|∇d| ]dρ =

∫ r

0

(−1

ρ
)′[

∫

∂Bρ

u2 ψ

|∇d| ]dρ

= −1

r

∫

∂Br

u2 ψ

|∇d| + lim
ε→0

1

ε

∫

∂Bε

u2 ψ

|∇d| +

∫ r

0

1

ρ

d

dρ
[

∫

∂Bρ

u2 ψ

|∇d| ]dρ

= −1

r

∫

∂Br

u2 ψ

|∇d| + (Q− 1)

∫

Bε

u2 ψ

d2
+

∫

Br

2uXu ·Xd
d

.<Xak Hölder �7a3
(Q− 2)

∫

Bε

u2 ψ

d2
=

1

r

∫

∂Br

u2 ψ

|∇d| −
∫

Br

2uXu ·Xd
d

≤ 1

r

∫

∂Br

u2 ψ

|∇d| +
Q− 2

2

∫

Bε

u2 ψ

d2
+

2

Q− 2

∫

Bε

|Xu|2,?�3P� 2�	 2.2 (Hardy ��7a) [ u ∈ C∞
0 (G\{(0, 0)}), K

∫

G

u2

d2
ψ ≤

(

2

Q− 2

)2 ∫

G

|Xu|2.



332 h � " � B = - 27��	 2.3 (�K?E�) [ u ∈ C∞
0 (G\{(0, 0)}), K

(

∫

G

|Xu|2)(
∫

G

d2u2ψ) ≥
(

Q− 2

2

)2

(

∫

G

u2ψ)2.5� Cz, 2.3 5�7a>B6: Hölder �7a3
(

Q− 2

2

)2

(

∫

G

u2ψ)2 ≤
(

Q− 2

2

)2

(

∫

G

u2

d2
ψ)(

∫

G

d2u2ψ)

≤ (

∫

G

|Xu|2)(
∫

G

d2u2ψ).

3 �-)�'ÆI�+H�
Lu = V u (3.1)IV?E BR0

X5~ u 5*��X�CH� (3.1) I BR0
X5*K~ u kQ15 r < R0, *

H(r) =

∫

∂Br

u2 ψ

|∇d| , D(r) =

∫

Br

|Xu|2, I(r) =

∫

Br

[|Xu|2 + V u2],�hS�s?�,I C > 0 ^L℄g f : (0, R0) → R+, `3
∫ R0

0

f(r)

r
dr < +∞; (3.2)I BR0

Xnb&&=
|V | ≤ C

f(d)

d2
ψ. (3.3)< (3.2) a�Q limr→0+ f(r) = 0./� 3.1 [ u e (3.1) I BR0

X5*K~�KC a.e. r ∈ (0, R0) =
H ′(r) =

Q− 1

r
H(r) + 2I(r). (3.4)5� C u2 6:?� 2.2, 3

H(r) = − rQ−1

(Q−2)CQ
[u(0, 0)2 −

∫

Br
L(u2)(Γ − CQ

rQ−2 )],+D< (2.8) a3
H ′(r) =

Q− 1

r
H(r) +

∫

Br

L(u2). (3.5)4� L(u2) = 2V u2 + 2|Xu|2, p.
I(r) =

1

2

∫

Br

L(u2). (3.6)



2? \�B� H �NY6<ÆUSbl�+%|� 333< (3.5) ^ (3.6) am3},� 2/� 3.2 [ u e (3.1) aI BR0
X5*K~�K,IV,�� Q ^ (3.3) aY5 C ^ f5 r0 > 0, `3�&D�R*� �

(1) I Br0 X� u ≡ 0; (2) CQ15 r ∈ (0, r0), H(r) 6= 0.5� s[C5K r0 < R0, H(r0) = 0, K< (3.6) a^VA?�3
D(r0) = I(r0) −

∫

Br0

V u2 ≤ 1

2

∫

Br0

L(u2) +

∫

Br0

|V |u2

=

∫

∂Br0

uA∇u · ~n+

∫

Br0

|V |u2 =

∫

Br0

|V |u2,H< (3.3) ak?� 2.3 3
∫

Br0

|V |u2 ≤ Cf(r0)

∫

Br0

u2

d2
ψ ≤ C

(

2

Q− 2

)2

f(r0)

[

Q− 2

2

H(r0)

r0
+D(r0)

]

= C

(

2

Q− 2

)2

f(r0)D(r0) → 0 (r0 → 0+),m3I Br0 X�= u ≡ 0. 2+5� 3.2 5P4�.�! r0 ,�� Q, C ^ f , C/d Cf(r0) <
(

Q−2
2

)2

. h�5� 3.25Szz,=/� 3.3 [ N(r) = rI(r)
H(r) , r ∈ (0, r0), r0 S5� 3.2 pM!5�K℄g r 7→ N(r) IIt

(0, r0) Xe�C!�5�s�9�C a.e. r ∈ (0, r0), N
′(r) ,I�*

Λr0 = {r ∈ (0, r0)|N(r) > max{1, N(r0)}}, (3.7)<5� 3.3 Q Λr0 e*K�j�4'
Λr0 =

∞
⋃

j=1

(aj , bj), aj , bj /∈ Λr0 . (3.8)<5� 3.2, x (3.4) a#. H(r) 3C a.e. r ∈ (0, r0),

H ′(r)

H(r)
=
Q− 1

r
+ 2

I(r)

H(r)
. (3.9)℄12 d

dr [ln
H(r)
rQ−1 ] = H′(r)

H(r) − Q−1
r

, m3
d

dt
[ln

H(t)

tQ−1
] = 2

N(t)

t
. (3.10)< (3.7) aQ�CQ15 r ∈ Λr0 =

H(r)

r
< I(r), (3.11)4'�CQ15 r ∈ Λr0 , I(r) 6= 0. H<5� 3.3 Q

N ′(r)

N(r)
=

1

r
+
I ′(r)

I(r)
− H ′(r)

H(r)
, a.e. r ∈ Λr0 . (3.12)
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N(r) ./� 3.4 C a.e. r ∈ Λr0 , =

N ′(r)

N(r)
= − Q− 2

r

∫

Br
V u2

I(r)
+ 2

∫

∂Br
(Zu
r

)2 ψ
|∇d|

I(r)
+

8

r

∫

∂Br

Zu
r

1
d2

(
∑k

i=1 yiTiu)
1

|∇d|

I(r)
−

2

r

∫

Br
ZuV u

I(r)
+

∫

∂Br
V u2 1

|∇d|

I(r)
− 2

I(r)

H(r)
. (3.13)5� <A3iRak?� 2.2 3

I ′(r)

I(r)
=
Q− 2

r
− Q− 2

r

∫

Br
V u2

I(r)
+ 2

∫

∂Br
(Zu
r

)2 ψ
|∇d|

I(r)
+

8

r

∫

∂Br

Zu
r

1
d2

(
∑k

i=1 yiTiu)
1

|∇d|

I(r)
−

2

r

∫

Br
ZuLu

I(r)
+

∫

∂Br
V u2 1

|∇d|

I(r)
, (3.14)< (3.9),(3.12) ^ (3.14) am3},� 2/� 3.5 ,I�g B = B(Q,C, f) > 0, `3CQ15 r ∈ Λr0 =
D(r) ≤ BI(r). (3.15)5� �l�5� 3.2 Y5P4�=

D(r) ≤ I(r) +

∫

Br

|V |u2 ≤ I(r) +

(

2

Q− 2

)2

Cf(r)

[

Q− 2

2

H(r)

r
+D(r)

]

<

[

1 +
2

Q− 2
Cf(r)

]

I(r) +

(

2

Q− 2

)2

Cf(r)D(r),�Yga*�:2$ (3.11) a�* B =
1+ 2

Q−2
Cf(r0)

1−( 2
Q−2 )

2
Cf(r0)

, m3},� 2/� 3.6 [ u e (3.1) a5~�,I C1 > 0 ^/d (3.2) a5L℄g g : (0, R0) → R+ `3
|
k

∑

i=1

yiTiu| ≤ C1g(d)|x|2|u|, (3.16)�Y Ti =
∑m

j,j′=1 xj′ 〈[Xj′ , Xj ], Yi〉 ∂
∂xj

. K,I�g M = M(Q,C,C1, f, g) > 0, `3C a.e.

r ∈ Λr0 , =
N ′(r)

N(r)
≥ −M [

f(r) + g(r)

r
]. (3.17)5� �C (3.13)a>B5:*���k�I���Up��l�5� 3.2 Y5P4�}_

(3.11) ^ (3.15) a3
∣

∣

∣

∣

−Q− 2

r

∫

Br

V u2

∣

∣

∣

∣

≤ C
Q− 2

r
f(r)

(

2

Q− 2

)2 [

Q− 2

2

H(r)

r
+D(r)

]

< C(Q− 2)

(

2

Q− 2

)2 (

Q− 2

2
+B

)

f(r)

r
I(r). (3.18)



2? \�B� H �NY6<ÆUSbl�+%|� 335< (3.3) k (3.11) a3
∣

∣

∣

∣

∫

∂Br

V u2 1

|∇d|

∣

∣

∣

∣

≤ C
f(r)

r2
H(r) <

Cf(r)

r
I(r). (3.19)< (3.3) a3 | − 2

r

∫

Br
ZuV u| ≤ 2Cf(r)

r

∫

Br
| 1
d
ψZu| |u|

d
, <�

A∇d · ∇u =
1

d
ψZu+

1

d

m
∑

j=1

k
∑

i=1

4

d2
〈[ξ,Xj ], Yi〉yi

∂u

∂xj
=

1

d
ψZu+

1

d

k
∑

i=1

4yi
d2
Tiu,+D

∣

∣

∣

∣

2

r

∫

Br

ZuV u

∣

∣

∣

∣

≤ 2Cf(r)

r

∫

Br

|A∇d · ∇u| |u|
d

+
2Cf(r)

r

∫

Br

1

d
|
k

∑

i=1

4yi
d2
Tiu|

|u|
d
. (3.20)�l�5� 3.2 Y5P4�< (3.11) ^ (3.15) ak Hölder �7a3

∫

Br

|A∇d · ∇u| |u|
d

=

∫

Br

|Xd ·Xu| |u|
d

≤ (

∫

Br

u2

d2
ψ)

1
2 (

∫

Br

|Xu|2) 1
2

≤ 2

Q− 2

[

Q− 2

2

H(r)

r
+D(r)

]
1
2

D(r)
1
2 <

2

Q− 2

[(

Q− 2

2
+B

)

B

]
1
2

I(r). (3.21)?< Hölder �7ak (3.16) a3
∫

Br

1

d
|
k

∑

i=1

4yi
d2
Tiu|

|u|
d

≤ (

∫

Br

16
d4
|
∑k

i=1 yiTiu|2
d2ψ

)
1
2 (

∫

Br

u2

d2
ψ)

1
2 ≤ 4C1g(r)

∫

Br

u2

d2
ψ

< 4C1

(

2

Q− 2

)2 (

Q− 2

2
+B

)

g(r)I(r). (3.22)x (3.21) ^ (3.22) .T (3.20) a3
∣

∣

∣

∣

2

r

∫

Br

ZuV u

∣

∣

∣

∣

≤ G
f(r)

r
I(r), (3.23)�Y G = G(Q,C,C1, f, g) > 0.

(3.13) ^Up (3.18),(3.19),(3.23) aR�3!},�C a.e. r ∈ Λr0 ,

N ′(r)

N(r)
= 2

∫

∂Br
(Zu
r

)2 ψ
|∇d|

I(r)
+

8

r

∫

∂Br

Zu
r

1
d2

(
∑k

i=1 yiTiu)
1

|∇d|

I(r)
− 2

I(r)

H(r)
+O(

f(r)

r
), (3.24)�Y O(f(r)

r
) e*K℄g� |O(f(r)

r
)| ≤ L f(r)

r
, L = L(Q,C,C1, f, g) > 0.ÆI&� (3.24) a>B�< Hölder �7ak (3.16) a3

∣

∣

∣

∣

∣

4

r

∫

∂Br

Zu

r

1

d2
(

k
∑

i=1

yiTiu)
1

|∇d|

∣

∣

∣

∣

∣

≤ 4

r
[

∫

∂Br

(
Zu

r
)2

ψ

|∇d| ]
1
2 (

∫

∂Br

1

d4

|∑k
i=1 yiTiu|2
ψ|∇d| )

1
2

≤ 4C1
g(r)

r
[

∫

∂Br

(
Zu

r
)2

ψ

|∇d| ]
1
2 (

∫

∂Br

u2 ψ

|∇d| )
1
2 . (3.25)
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(a)

∫

∂Br
(Zu
r

)2 ψ
|∇d| ·

∫

∂Br
u2 ψ

|∇d| ≤ 2I(r)2;

(b)
∫

∂Br
(Zu
r

)2 ψ
|∇d| ·

∫

∂Br
u2 ψ

|∇d| > 2I(r)2.S[ (a) � �K= |4
r

∫

∂Br

Zu
r

1
d2

(
∑k

i=1 yiTiu)
1

|∇d| | ≤ 4
√

2C1
g(r)
r
I(r), .T (3.24) a3

N ′(r)

N(r)
= 2

∫

∂Br
(Zu
r

)2 ψ
|∇d|

I(r)
− 2

I(r)

H(r)
+O(

f(r) + g(r)

r
),�Y |O(f(r)+g(r)

r
)| ≤M f(r)+g(r)

r
, M = M(Q,C,C1, f, g) > 0. < (3.6) aQ

I(r) =
1

2

∫

Br

L(u2) =

∫

∂Br

uA∇u · ~n =

∫

∂Br

uA∇u · ∇d
|∇d|

=

∫

∂Br

u
Zu

r

ψ

|∇d| +

∫

∂Br

u
4

d3
(

k
∑

i=1

yiTiu)
1

|∇d| =

∫

∂Br

u
Zu

r

ψ

|∇d| . (3.26)+ (3.26) a^ Schwarz �7a3�C r ∈ Λr0 =
I(r) ≤ (

∫

∂Br

u2 ψ

|∇d| )
1
2 [

∫

∂Br

(
Zu

r
)2

ψ

|∇d| ]
1
2 = H(r)

1
2 [

∫

∂Br

(
Zu

r
)2

ψ

|∇d| ]
1
2 ,m3 ∫

∂Br
(Zu
r

)2 ψ

|∇d|

I(r) ≥ I(r)
H(r) , �D= (3.17) a�S[ (b) � �K< (3.25) a^ Young �7a3

|4
r

∫

∂Br

Zu

r

1

d2
(

k
∑

i=1

yiTiu)
1

|∇d| | ≤ 2C1g(r)

∫

∂Br

(
Zu

r
)2

ψ

|∇d| + 2C1
g(r)

r

H(r)

r

< 2C1g(r)

∫

∂Br

(
Zu

r
)2

ψ

|∇d| + 2C1
g(r)

r
I(r), (3.27)�YIga*K�7aY:$d_�C r ∈ Λr0 , (3.11)a� �S[�'5d���WIt (0, r0),`3 r0 /d�3"Kvv�

(

2

Q− 2

)2

Cf(r0) < 1, 2 − 4C1g(r0) > 1. (3.28)<5� 3.2 �Q� r0 -�/d (3.28) aY5:*K�7a�x (3.27) a.T (3.24) a�3
N ′(r)

N(r)
≥ [2 − 4C1g(r)]

∫

∂Br
(Zu
r

)2 ψ
|∇d|

I(r)
− 2

I(r)

H(r)
−M [

f(r) + g(r)

r
],< g 5<L�^ (3.28) aY5:EK�7ak (b) Q�

N ′(r)

N(r)
≥ −M [

f(r) + g(r)

r
]._"ZD�Q (3.17) a� � 2
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 u e (3.1) aI BR0
X5~
,I C1 > 0^/d (3.2) a5L℄g g : (0, R0) → R+, `3 (3.16) aC a.e. (x, y) ∈ BR0

� �60,I r0 = r0(Q,C,C1, f, g) > 0 ^ S = S(Q,C,C1, f, g, u) > 0, `3S[I Br(0 < r < r0
2 ) X u�`7�(�KC 0 < r < r0

2 =
∫

B2r

u2ψ ≤ S

∫

Br

u2ψ. (3.29)5� +CQ15 t ∈ (0, r0) = (3.8) a!F�C r < r0
2 , =

ln[
H(2r)

H(r)
21−Q] =

∫ 2r

r

d

dt
[ln

H(t)

tQ−1
]dt = 2

∫ 2r

r

N(t)

t
dt (3.30)

≤ 2

∫

(r,2r)∩Λr0

N(t)

t
dt+ 2

∫

Jr

N(t)

t
dt, (3.31)�Y Jr = {t ∈ (r, 2r)|t /∈ Λr0 , N(t) ≥ 0}, 4�I Jr X= 0 ≤ N(t) ≤ max{1, N(r0)}, �e

∫

Jr

N(t)

t
dt ≤ max{1, N(r0)} ln 2. (3.32))*H3�x (3.17) aI (r, bj) XiI��Y r ∈ (aj , bj), (aj , bj) eI~ (3.8) aY5Q1*KIt�3 (4� 0 < aj < r < bj < r0 < R0)

ln
N(bj)

N(r)
=

∫ bj

r

N ′(t)

N(t)
dt ≥ −M

∫ bj

r

f(t) + g(t)

t
dt ≥ −M

∫ R0

0

f(t) + g(t)

t
dt.+MK�7ak bj /∈ Λr0 3CQ15 r ∈ Λr0 ,

N(r) ≤ exp{M
∫ R0

0

[f(t) + g(t)]
1

t
dt}N(bj),p.

∫

(r,2r)∩Λr0

N(t)

t
dt ≤ exp{M

∫ R0

0

[f(t) + g(t)]
1

t
dt}max{1, N(r0)} ln 2.xXak (3.32) a.T (3.31) a�3

H(2r) ≤ 2Q−1 exp(2 ln 2 max{1, N(r0)}{1 + exp{M
∫ R0

0

[f(t) + g(t)]
1

t
dt}})H(r). (3.33)*

S = 2Q−1 exp(2 ln 2 max{1, N(r0)}{1 + exp{M
∫ R0

0

[f(t) + g(t)]
1

t
dt}}),x (3.33) aW� r iI�<A3iRam3},�s� 3.2 I?� 3.1 5vv��S[ u IE=��{�(�m ψ

1
2u ∈ L2(BR0

), CCQ15 k ∈ N = ∫

Br
u2ψ = O(rk) (r → 0+), 60I Br0 X u ≡ 0, �Y r0 S?� 3.1 pf�
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∫

Br0

u2ψ ≤ Sk
∫

B
r0·2−k

u2ψ = Sk|B
r0·2−k

|β · 1

|B
r0·2−k

|β
∫

B
r0·2−k

u2ψ, (3.34)�Y β > 0 e*K/?5g�<�
Sk|B

r0·2−k
|β = Sk[ω(r0 · 2−k)Q]β = ωβrβQ0 (

S

2βQ
)k,J β `3 S

2βQ
= 1, K (3.34) a��

∫

Br0

u2ψ ≤ |B
r0
|β · 1

|B
r0·2−k

|β
∫

B
r0·2−k

u2ψ.1 k → ∞ ^�Xa>BH�(��eI Br0 X u ≡ 0. 2o�!#	
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Mean Value Formulas and Unique Continuation on Groups of

Heisenberg Type

HAN Jun-qiang
(Department of Applied Mathematics, Northwestern Polytechnical University, Shaanxi, 710072, China )

Abstract: A fundamental solution of the Sub-Laplacian on groups of Heisenberg type is given. On this
basis, the mean value formulas, Hardy type inequality, uncertainty principle and unique continuation
are established.

Key words: group of Heisenberg type; fundamental solution; mean value formula; unique continuation.


