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In this paper, all modules concerned are left modules unless otherwise specified. For a ring
R, by w.dim(R) we denote the weak global dimension of R and fdim(M) the flat dimension of the
R-module M. Let H be a finite dimensional Hopf algebra over a field of characteristic zero. We
fix0#£¢te fH, the space of left integrals of H. For an H-module algebra A, by A#H we denote
the associated smash product. It is known that M is an A# H-module if and only if M is both
an A-module and an H-module such that h-(am) = > (hy-a)(he-m). In order to reach our main

result, we need two lemmas about injectivity and flatness for modules over smash products.

Lemma 1 Let H be a finite dimensional Hopf algebra such that H* is unimodular, and A a left
H-module algebra. Assume that t-c =1 for some ¢ € Z(A), the center of A. If an A# H-module

Q is injective as an A-module, then Q) is also injective as an A# H-module.

Proof By the assumptions one sees that S?(t) =t ([5, Corollary 5]) and z = S(t) € [,

Suppose that the A#H-module @ is injective as an A-module. To see that @ is an in-
jective A#H-module, let i : 44gM — axpN be a monomorphism and ¢ : M — @ an
A4 H-homomorphism. If @ is injective as an A-module, then there exists an A-homomorphism
A : N — Q such that Ao = 1. Define A : N — Q by

A(n) = Z[c)\(:vgn)]S(xl).

By [2, Proposition 2], it is easy to see that A is an A# H-homomorphism. To see X oi = 1), by

[4, 10.3.12] and the assumption, one can obtain

le X X2 ®S_1($3) = Zl‘g ®$3®S($1).
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Hence S(z) ® 1 =3 S(x2) ® S(z1)zs. For m € M, we have

Noi(m) =Y S(x1)[eAwi(m))] = Y _[S(w2) - cJ[(S(@1)ws)ip(m)]
= (5(x) - )p(m) = ¥ (m).

Hence @ is an injective A# H-module.

Lemma 2 Let H be a finite dimensional Hopf algebra such that H* is unimodular, and A a
left H-module algebra. Assume that t-c =1 for some c € Z(A), the center of A and M a right
A#H-module. Then M is a flat right A# H-module if and only if M is flat as a right A-module.

Proof Let M be flat as a right A#H-module. Considering an exact sequence of right A# H-

modules

0—-—K—F—M-—D0,

where F is right A# H-free (hence A-free since A#H 4 is free). One gets easily from [6, Theorem
3.57] that M is right A-flat.

Conversely, assume that M is flat as a right A-module. We regard Q (the field of rational
numbers) and Z (the ring of integers) as Z-modules. Then M* = Homgz(M,Q/Z) defined in
the natural way is a left A# H-module. Clearly, it is also a left A-module, which is just the one
induced by the right A-module M. Thus, M* is injective as a left A-module. By Lemma 1 M*
is also injective as a left A# H-module. It follows that M is flat as a right A# H-module.

Theorem 1 Let H be a finite dimensional Hopf algebra and A a left H-module algebra.
Assume that H* is unimodular and A is commutative such that t - ¢ = 1 for some ¢ € A. Then
w.dim(A) = w.dim(A#H).

Proof By Lemma 2, we have that w.dim(A) > w.dim(A#H). So we only need to show that
w.dim(A) < w.dim(A#H).

Let N be an arbitrary A-module. We observe that A#H is an (A4, A)-bimodule and A is
an (A, A)-bimodule direct summand of A#H. The (A, A)-bimodule structure of A#H defined
by (a#h) «— b = (ba)#h and b - (a#h) = ba#h as A is commutative. The (A, A)-bimodule
structure of A is left and right multiplications.

By assumption we have that A is a projective left A# H-module. This means that A#H — A
defined by &; : a#h — e(h)a is a split A# H-epimorphism ([7, Lemma 1.2]) and there exists an
A4 H-module homomorphism ¢ : A — A#H such that ¢, 0 6 = id. The homomorphism § is
determined by (1) which is in tA. That is, there is a ¢ € A with §(1) = tc. Sog;(6(1)) =t-c=1.

It remains to show that both &; and § are (A, A)-bimodule homomorphisms. This follows

from

ei(bla#h) — ¢) = e(h)abc = be;(a#h) — c.

Similarly, § is also an (A, A)-bimodule homomorphism. So we have that A is an (A4, A)-bimodule
direct summand of A#H. Thus, every A-module M is a direct summand of the A-module
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(A#H) ® 4 M (the action via the left component). Hence
fdim4 (M) < fdima((A#H) ®a M),
and hence w.dim(A) < w.dim(A#H). The required equality follows.

Corollary 1 Let H be a finite dimensional cosemisimple Hopf algebra and A be a commutative
H—module algebra. Then A#H is von Neumann regular if and only if so is A andt-c =1 for

some c € A.

Proof Clearly, H* is unimodular. If ¢ - ¢ = 1 for some ¢ € A, then w.dim(A) = w.dim(A#H)
by Theorem 1. Thus, if A is von Neumann regular, so is A#H.

Conversely, if A#H is von Neumann regular, then ¢ - ¢ = 1 by [3, 2.6]. By Theorem 1,
w.dim(A) = w.dim(A#H) = 0. So A is von Neumann regular.

Remark 1 If A is not commutative, Corollary 1 is not true even in group algebra case (see [1,
Remark 2.5]).
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