
第0o卷第 2娲 上诲师范大学学报(自拣科学版) 

J of Shahghal Teachers Univ (Natural Sciences) 

Vol_30，No．2 

JUD 2 0 0 1 

A N onmonotone Line Search Technique for 

Nonsmooth Unary Optimization 

(tollege of Mathematical Sciences，Sharlghai Teachers UniVersity"，Shanghai 200234，Chi ) 

Abstract：We presenc a n0nmonotorte line search algorithm Ior nonsrrtooth unary optimization problems 

Based on tbe duolity the。rem ol linear programming，the directional derivatives of the objective{nnction 

can be e xIJres d as a lines programming wt1ich is very importartt in the practical ca[colation f0r nonillonc~ 

t0ne line search subprohlen1s． A theoretical analysis proves that the proposed algorithm is globally cf)nx／er- 

gent；I_ld has a local superlinear rate under some mild conditions— 
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1 Introduction 

W e consider the nonlitmar unconstrained minimization problem 

rain f(z)， (1．1) 

where，(r)：翻 一 臻 is a convex function．Following GOI DFARB and WANG in[1]and MO 

CORMICK and SOFER in[2]we call problem(1．I)a unary convex optimization problem if／( ) 

takes the form 

，( )= >：u (q(z))， (1．2) 
1 

where fori= 1，⋯ ，， ，，N≥ ， ( )= ‘．TE． is a constant vector of sizen× 1 and￡，．(。)is a unary 

convex function．i．e．，U (q)：卿 一 四 ，not necessarily"differentiable (e g．．piecewise linear 0r 

quadratic)． Many proposed algorithms for the unary optimization utilized the derivatives of unary 

functions involving twice continuously differentiable derivatives．However it is not always supposed lo 

be．or even given as a finite funetiotx on alI of绒 ．In such convex unary fuuctions，there arc many 

special ways of generalized directions of descent，and the duality of the linear programming carl play a 

very strong role．Just by the duality idea，2hu gave a special direction of descent for unary COnvc'x 

functions using tile trust region strategy in I-7J． 
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I ine search technique is an important and simple class of iterative methods for solving nonlinear 

optimization problems to assure global convergence In 1 986，I ．Grippo，etc．gave a nonmonotone 

line search technique in[5]．This strategy will also force global convergence of tile iterates from at1 

arbitrary starting point to a stationary point which satisfies the first order necessary conditions
． 

The main purpose of this palmr is to propose a nonmonotone line search method witl1 the encra1一 

ized directions of the descent by adopting the duality idea． 

2 Optimality and Elementary Directions of Descent 

Every unary convex programming problem can be described as 

(P) m n-厂( )一>：U．(q(T))， 
zE-“ 

whereDis a convex polyhedronin簖”，and fori一1，2，⋯，， ， ≥ ， ，嘶( )一 ．“ is a constant 

vector of size × 1 and『，．(。)is a unary convexfunction．EachU
，has a right derivafiveU 

．一
( )and 

a left derivative U 卜(aD at every ∈ 叨 ．These are nondecreasing functions of that satiffv < 

U 一(嘶)≤ U +(q)<+ oo． 

In problem (P)，the minimal function，(z)is a conyex function defined。n力
． Thus is a feas 

ble solution if and only if it is a point ofDwhere，(z)is finite，and it is an optimal s0luti0n If and 0nlv 

if．in add tion． 

户( ； )≥ 0 for all d∈D， (2
． 1) 

whetef。 ； )isthe generalized directional derivative off at rinthe directi0nd∈ 研 
． A funct[on／ 

is said to be regular at z if the one sided directional derivative，(z； )exists f0r a11 directi0ns d∈ 昏} 

and 

／ (z； )一 f。( ； )． (2．2) 

The function f is said to be regular on a set力if it is regular at every point。f the set力
． 

Since the unary function discussed in this paper is always assumed t0 be convex analysis(f0r ex
—  

ample，see Theorem 23．1 0f ROCKAFEI l AR[3])and a convex function a1ways has a 0ne—sided dj 

rectional derivative．Convex analysis says that J 0( ； )and尸(z； )coincide for a c0nvex functi。n
．  

As／(r)is a unary convex function，its directional derivative along any directi0n ex s 
，wh c11 call 

be written by a direct formula for the directional derivative 0f，( ) 

，( ； )一∑U 冲(aDd．+∑U 一( ) ．． (2．3) 

Because the value off ( ； )depends on the sign ofd ，its calcu1ati0n is incon enicnt
．  

For f itself，the genera~zed gradient of f at is the set 

0f(a)一 {g∈翊 Ig3d≤ (d； )，V d∈所 }， (2 d) 

and because of separability。this reduces to 

( )一 z (口1)× U (口2)× ⋯ ×
． 
[L ( )． (2．5) 

Furtbermore，using the derlvatives of UX4,)，“一 l~Td)，we have that the subgrac【ient nf(，
．(啦) 

Ui(畸)一 和 ∈薪 IU (畸)≤f ≤U +(q)) (2
． 6) 

is the interval 一(q)，U +(q)]． 

As ( )in problem (P )is a separable COIIVex function，along any directi0n the directionai 
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derivative f (口：d)exists．In fact， 

，( ； )一 max{< ，d> l}∈ of(口)}一 

n1ax{< ．d> 【U ．一(q)≤ 毒≤ U ．+(q)，i一 1，2，⋯ t}， (2．7) 

whete}are the eomponents of vector∈． 

Thus by duality theorem of linear programming，f ( ； )can be expressed as a minimum value 

of the following dual problem (see[7]／ 

，( ；d)一 rain +( ) 

． t． + ．一 d．， i一 1，2，⋯ ，Ⅲ． 

≤ 0， ≥ 0，i一 1，2，⋯， 

The formula is very important in the practical calculation for the unary convex programming． 

0n thc other hand，for any d∈ nwith， ( ； )< 0，given a direction of descent from ；for 

sma11 cnought> 0，T+ tdis another feasible solution to(P)andf(T+td)< (r)． 

Summarizing the above results in operational terms，we have a special descent procedure that can 

be irrlp[cmented in the unary programming． 

3 Nonmonotone Line Search Algorithm 

W e(1escribe a nonmonotone 1ine search method with the descent directions for the unary convex 

programming．Our algorithm is as follows： 

Algorithm NLS 

Initialization Step 

Date： ∈ 门 ，integerM ≥ 0，y∈ (0，1)，d∈ (0，1)，E> 0． 

M ain Step： 

Step 1： Set 一 0，7H(0)一 0 and computef。一 f(x。)，U r( )andU +( )． 

Step 2： Solve the NLS subproblem as the form given by 

( ) min ( ，叫)一∑u 一(嘶) +∑u ，斗( )畸 
1 J一 

s．t． ≤ 0， ≥ 0，i一 1，2，⋯ ，，H． (3．】) 

+ + ∈ 门． 

1l + ll ≤ L 

Obtainthe solution ． and the optima[value ( ， )． 

Step 3： If l ( ， )l≤ E，stop with tbe approximate solution a’，otherwise go to the next Mep． 

Step 4： Set̂ 一 1，computed̂ 一 + ． 

Step 5： Compute ( + Zd÷)．If 

，( +Zd )≤ max [，( 一 )]+ ŷ／ ( ；d ) (3．2) 

holds，set a +1一％+Zd ， 一 +1，，( +1)一，( + )，Ⅲ( )≤minim( 一1)+ 1，M3 and 

go to step 2；otherwise go to the next step． 

Step 6· Set^一 and go to Step 5． 

Remark：Ifthe norrfl or the l normis used inthe constraint．the subproblem (S )simpty becomes 

an I．P problem of ， ．After slovingit，we take以 一 + and consider +】一 + d̂ as a cmldi 

date for the next iteratlve point，provided that +【一 + d carl pass the test stated in Step 5． 
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4 The Global Convergence of Algorithm NLS 

For any and A≥ 0，let 60 and be the solution of the suhprohlem 

(口，zS)hetheminimum value of( )，i．e．， 

gt(a,zS)一∑u ( ) 十∑u +(q) 
J一1 r一 1 

(s )atthe point％ = n and 

(d．1) 

I emma 4．1 (口，△)is a monotonically decreasing function of A，that is，if 0≤ A J≤ ，then 

( ，A1)≥ (d，A2)． 

Lemma 4 2一 】 霉。( ．△)≤ m|n(1，a}g( ，1) 

Lemma 4．3 lim sup{ ( ．1))一 0 if and only iflim sup{ ( ，zX)}一 0，V-4≥ 0． 

Proof Iflira sup{ ( ，A)}= 0，V△≥ 0 holds，it is obvious thatlira sup{ ( ，1)}一 0． 

Assume thatlira sup{ ( ，1)}= 0 holds．Obviously，the I emmaistrue for△一 0． 

If 0< △≤ 1，then bylemma d．2，we have ( ，△)≤ 凸 ( ，1) Atthe sanletime，bylem 

nla 4．1， ( ，△)≥ ( ，1)always holds for 0< A≤ 1．So we have ( ，1)≤ ( ，△)≤ 

zig,"( ，1)． 

If△> l，then ( ，△)≤ ( ，1)holds．Onthe other hand，bythe COUVeX propertY of oh)ec 

five function ( ， )， (丢，芸)≤(1一击) (0，o)十去 ( ， ) (。<去≤1)，whcrc ， 
is the optimal so[ution of the subproblem (S )with-4 at and(O，O)is always the feasible solution of 

( )．Since ≤l，wc have that丢and尝is the feas hIe so1ut|0n。f the subpro cm( ) 
with A= 1．Hence△ ( ，1)≤ ( ， )≤ ( ，△)一 ( ，△)，that is△ ( ，1)≤ ( ，△) 

≤ ( ，1)．The proof is completed． 口 

Iflim sup{ ( ，1))≠ 0，there exists an e> 0，such that ( ，1)< 一 e，sinee ( ，1)is al— 

ways lessthan zero．By Lemma rL．2，wc have ( ，△)≤ min{l，△)g(d，1)<一 e△．for 0< △≤ 

1．Because of／ ( ； ) ( ，0 d 0)for any > 0．we have ，( ；d )≤一 e I d I{．for 

ll d̂ ≤ 1．By I．emma 4．3，we only need to solve(S )with A=1．Now we give the global c()n 

vergenee theorem 0f the algorithm NI．S． 

Theorem I et{ )be a seq klence defined hy +l一 十 以 ，d̂ ：／-0．I el d∈ f0，1)，y∈ (O， 

1)and let M  be a nonnegative integer．Assume that： 

(i)the level set力0垒 {d：ffa)≤ ，(％)}is compact，l厂( )is uniformly continuous on力 ； 

(ii)there exist positive numbers > 0 and E> 0，such that 

aJ ( ；d )≤一 d l以 (4．2) 

(iii) 一 一÷，where hJ is the first nonoegative integer h for which 

l厂( 十o*d )≤ max Ef(∞ ，)]十ro*f ( ；d )， (4．3) 

where (0)一0 and 0≤ ( )≤ minEm(̂一 1)十 1，埘]，k≥ 1．Then the sequence{ )remains 

in and every limit point satisfiesf ( ； )= 0． 

Proof Let ( )be an integer such that̂ ～m(̂)≤ ( )≤ ，̂，(q c ))一 max Ef(a* )]．By 

(iii)we get that the sequence{／( ( )))is nonincreasing．Now，since f(aD≤ ，( )for all k，{ }亡 

n。，so／(q【̂))admits alimitfor k一 。。．Moreover we obtainfrom (4．3)thatfor > M ! 
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，(q(̈)≤ f(atⅢ I．+ ㈨一If ( ㈣ 1；dⅢ)_】) (4．4) 

Also since ( )1> 0hnd／ ( ( )1；d“÷)一I)≤ 0，it follows from (4．4)that 

pm'l,tl*~-lff(at("I； c ) ) 0· (4．j) 
By(Ij)we havê 尸( ；以)≤一 dj ，for all k，and thus，we have 

0 

Thatisto,say (4．5) 

一  ， (％ 一 ；d．*l 1)≤
～
lira(一 吼(k}--i)II‰ H II≤ 0 

implies 

II dm II一 0． 

we proVe nowtha II d II一 0-T．et?(̂)垒 l(k+M +2) 

for any given J≥ 1， 

(4．6) 

First we show，by induction，tha 

!ima,【 ) II II一0． (4 7) 

im／(q ”J)一 limf(a~(÷】)． (4 8) 

(Here and in the sequel we assume，without Joss of generality
， that the iterati0n index is 1ar c e 

nough to avoid the occurrence of negative subscripts
， that is ≥ 一 1)．For 一 1，sincc{2(̂)}[ 

{ ( ))(4·7)follows from(4．6)，and this in turn implies II q(”一q【 l It一0，s0(4
． 8)h0lds f0r 

一 1，sincef(d)is uniformly continuous on ．Assume now that(4
． 7)and (4．8)h0ld for a g ven 

- Then by(4-3)one can write：f(aim )≤ ，( t7m
⋯ 】))+ y ‘ H ，(dmH L；dⅢ I) Tak 

ing limits as k— oo，we have，by (4
． 8)! 

( (，+ )f ( J_(J+l】；d )一t +1))一 0． (4
． 9) 

Using the same arguments employed for deriving (4
． 6)from (4．5)，we 0btai 

m ㈨-【』+1)II m +1)II一 0． 

Moreover this implies II q c )一J— at(÷】( +1)II一 0，by(4．8)and the uniform c0ntinuity。f f(】n n 
： 

im ／(q c )_cJ+【))一 lira，(q c )一 limf(a,(÷))． 

Thus we conclude that(4．7)and (4
． 8)hold for any given J≥ 1．Now f。r any ， 

+1一 at  ̈

bythe definition of}( )，we hav(-?( )一 

∑ ， 卜J， (4．1O) 

l— ( +" +2)一 一 1≤M +1．So(d．10)implies 
“ 】一÷ t 

+ 一 ㈣II一 lira II∑ 一，dm II—o． 

Since{f(atl̂)))admits a limit，it follows from the uniform continuity off 0n nn that 

，( + )一
～

limf(at㈣)． 

By (4．3) have 

(4．11) 

(4．1 2) 

，( +I)≤ ，( )+ y ( ；d )． 

Taking limits as k— o。，by (4
． 1 2)we obtain． 

尸( ； )一 0， (4
． 1 3) 

which implies，as noted before： 

il d II一 0． (4．1 4) 

N。w let be any limit potnt。f{ )and relabe1{ J a subsequence c。nvergi“g t。 
． Then bv(4．1 3) 

。 h 尸 ； 一 0，。r here ex sts a s sequencc{ ) c { )such tha 
．  

‘ 一 o 

Becausewe assumethaTlim
h —
sup{gr(~，1))≠ 0，thefirst case doesnrt occur

． TntIle next case，by 
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there exists an index such that for all k≥ ，k∈ K 

，( +軎以)> m ax if( 一 )]+y軎，( ；以)≥_厂( )+y軎，(雌；比)， 
thatis 

兰 !> 
．  

I．et now { )K c { }N a
I 

be subsequence such that 

Jim 一 ， lim d 一 ． 
∈ Kl ’ ∈ 1 

By(4．1 5)and the definition of the directional derivatire of f，taking limits for k— o。 

obtain：，(占； )≥ rf (占； )，thatis(1一 y)，(占； )≥ 0．Since1一y> 0 and／ (五； 

k，we have尸 ( ； )= 0，and this completes the proof of the theorem． 

5 Local Convergence to a Strongly Unique Solution 

(4．1 5) 

k C-K】，we 

)≤ 0for all 

口 

In this section，the following hypotheses are required． 

Hypothesis H 1 一  ． 

Hypothesis H2 lId lI一 0． 

HypothesNH3 There exist 0> 0 and占> 0 suchthatfor any inthe ballN(a ； )一 {d d— 

d ll≤ }，we have_，( )一 _厂( )≤ d— d fis saidto satisfythe Lipschitz condition at ． 

Hypothesis H4 There exist卢> 0 and占> 0 suchthatfor any inthe ballN(a ；占)一 {d川d— 

d ll≤ )，we have_厂(d)一f(a‘)≥ 一 Ill 

Hypothesis H4 is called growth condition by SACHSⅢ．The condition also has been introduced 

by ZHANG： 
． Moreover，Zhang gave the following theorem ： 

Theorem 5．1 If the directional derivativel厂( ； )>0，V d∈{d⋯ 0— 1)． +d∈n， 

then the growth condition must hold at d ． 

Theorem 5．2 1 et the sequence{ )generated by the proposed algorithm satisfy H1，H2，H3． 

ana H ．T en㈩converges to a"su n ． is 等 =。． 
Proof The above—made assumptions imply that_厂( + )一，( )+f ( ： )+,,(1tdl1)uni 

formly for all k．Since lId 【1÷ 0，we have that 

ll + d 一 目 II≤ 1(_厂( + d )一 _厂( ))= 

去[(_厂( )+，( ；a‘一 )一f(a ))]+o(1Id II)一 

o( ‘一 l1)+ o( 巩 )一 o( 一 l1)． 

Thereforel1 + d 一 d‘ll= 0( ‘～ l1) 

Finally，we show that d is accepted and equals to 1 for sufficientb large h 

ByH3，there exist 0> 0 and 】> 0 suchthatfor any inthe balIN ( ； ) 

ll llwe have_厂(d)一 f(a )≤ d— d ll_ 

ByH,l，there exist > 0 and > 0 suchthatfor any inthe ballN(a ；也) 

)we have_厂( )一 _厂( )≤ 卢 一 d‘ 

一 { — a ll≤ 

{a㈨ 一 a ll≤ 
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Choosing 0一min{aL， ，vge have 一。‘II≤ IIJ( )一f( ‘) 

IIf(a)一 ( )ll=o( 一 ‘I1)．For sufficiently largek1．ifk> l 

max．[ ． ．]一_厂( ) 
～  

，( )一，( ) 

=7 习F_ 

； ，th j t̂ >。 hth E > ̂—二：—。 ：可 ’ n u “ h h 。( ‘一 I1) 0(II-‘
一  

l1) 

≤ — ‘ Thatisto say 

∈ N(a ；0．)nN(a’； ) 

一  

． 

≤ 1一 y hoNs So 

maxo≤，≤ [ ～， 一_厂(。 )＼ 
一 ／ ( ；口 一 ) 

holds for k≥ max{̂}，k2)．Hence Step 5 is．satisfied and we set,tl一 1． 口 

W e have studied the convergence properties of the nonmonotone line search method for 111e Ltllarv 

convex programming problems and given a worked ex．ample in the appendix．W e expect that the n L【_ 

meriea1 test wilt be implemented in practice 
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非光滑单值优化的非单调线搜索方法 

傅 军 

(上海师范大学 数学科学学院．上海 200234) 

摘要 提供了非光滑单值优化的非单调线搜索方法．基于线性规划的对偶定理，目标函数的方向导数可 表示成线 

性规划问题，建在实际计算非单词线搜索子问题时是非常重要的．在舍理的条件下．证明T JgNN整体收敛胜和局 

部超线性收敛速率． 

关键词：非单调线搜索技术 单值优化，非线性无约束极小化；收敛性 
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