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In th is paper w e consider the non linear unconstrained m in im ization p roblem s

m in f (x ) , (1. 1)

w here f (x ) : R n→R 1 is convex function. Fo llow ing Goldfurb andW ang in [2 ] andM oCorm ick

and Sofer [ 3 ] w e call p roblem (1. 1) a unary convex op tim ization p roblem if f (x ) takes the

fo rm

f (x ) = ∑
m

i= 1
U i (Αi (x ) ) , (1. 2)

w here fo r i = 1,. . . ,m , m ≥ n, Αi (x ) = aT
i x , a i is a constan t vecto rs of size n× 1 and U i ( )

is a unary convex function, i. e. , U i (Αi) : R 1 → R 1, no t necessarily differen tiable (e. g. ,

p iecew ise linear o r quadratic). N o te that the unary functions such as, the separable function,

the objective function of the linear robust regrassion p roblem , the dual objective function of the
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en tropy p roblem in info rm ation theo ry [ 3 ] and the dual objection function of the low er level

p rogramm ing in p ipe network op tim ization [ 7 ] are of the unary convex function fo rm. M any

p roposed algo rithm s fo r the unary op tim ization utilized the derivatives of unary functions

invo lving tw ice con tinuously differen tiable derivatives. How ever it is no t alw ays to be

supposed, o r even given as a fin ite function on all of R 1. Such as p iecew ise linear and p iecew ise

quadratic. In such convex unary functions, there are special w ays of generating directions of

descen t, and the duality of the linear p rogramm ing can p lay a very strong ro le.

T rust region m ethods are an importan t class of iterative m ethods fo r so lving non linear

op tim ization p roblem s to assure global convergence. In an unconstrained m in im ization

p roblem , a step to a new iterate is obtained by m in im izing a local model of the objective

function over a restricted region cen tered about the curren t iterate. T he size of th is restricted

region depends on how w ell the local model p redicts the behavio r of the objective function.

T h is strategy w ill fo rce global convergence of the iterates from an arbitrary starting po in t to a

po in t w h ich satisfies the first2order necessary conditions.

T he m ain purpose of th is paper is to p ropose trust region m ethod w ith the generating

directions of descen t by adop ting the duality idea. T he paper is o rgan ized as fo llow s. In section

2, w e p resen t the op tim ality and elem en tary directions of descen t. In section 3, w e describe

the algo rithm w h ich com bines the techn iques of trust region and descen t directions. In section

4, the global convergences of the p roposed algo rithm are established. T he further superlinear

convergence rate is discussed under som e m ild conditions in section 5.

2　Op tim ality and E lem entary D irections of D escen t

Just as linear p rogramm ing p roblem can be descried qualitatively as one w here a linear

function is m in im ized over a convex po lyhedron, so can a unary convex p rogramm ing p roblem

be described as one of the fo rm

(P) m in
x∈8-

f (x ) = ∑
m

i= 1
U i (Αi (x ) ) ,

w here 8
-

is a convex po lyhedron in R n , and fo r i = 1, 2,⋯,m , m ≥ n, Αi (x ) = aT
i x , a i is a

constan t vecto rs fo r size n× 1 and U i (x ) is a unary convex function.

To in troduce the exact techn ical assump tions that w ill be needed , and to put p roblem

(1. 1) in a conven ien t“norm alized”fo rm at the sam e tim e, w e specify now that fo r each i= 1,

⋯,m , w e have

a nonemp ty real in terval I i, (2. 1)

no t necessarily clo sed, possibly all of R 1 = (- ∞, + ∞) , and a convex function U i: I i→ R 1

w h ich is con tinuous relative to I i. (R egard U i as + ∞ outside of I i ). L etting

Αi = Αi (x ) , x = (x 1,⋯, x n)
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observe from the linearingity of Αi that x ranges over a certain subspace 8
-

of R n. A s x ranges

over R n as po in ted by Rockafo llar in [3 ], every unary p rogramm ing p roblem can therefo re be

reduced to the more fundam en tal fo rm

(P) m in　f (x ) = ∑
m

i= 1
U i (Αi)

s. t. 　Αv∈I v fo r v= 1,⋯,m ,

Α= (Α1,⋯, Αn)∈8
-

,

w here I i and U i are as in (2. 1) , (1. 2) , respectively fo r i = 1,⋯,m and 8
-

is som e subspace of

R n. T h is is a separable convex p rogramm ing p roblem w ith linear constrain ts, som e of w h ich

are given abstractly by the condition x ∈ 8 , but can be rep resen ted in o ther w ays as the

situation w arran ts. Fo r i = 1,⋯,m , Αi (x ) = aT
i x , w e have that

Α= A x (2. 2)

w here Α= (Α1,⋯, Αm ) and A T = [a1,⋯, an ]. Equation (2. 2) m eans that Α∈R (A ) = {A x ûx

∈ R n}, the range subspace of A . Since A has full rank m , w e have dim (R (A ) ) = m and

dim (N (A T ) ) = n - m w hereN (A T ) is the null subspace ofA T. L etQ = [V ,W ]∈R n×n be an

orthogom alm atrix in w h ich the co lum ns of V ∈R n×m fo rm an orthonorm al basis of R (A ) and

the co lum nsW ∈ R n× (n- m )
fo rm an orthonorm al basis of N (A T ). C learly, by an elem en tary

result in linear algebra, w e have that Α∈R (A ) if and on ly ifW Α= 0, i. e. , the p ro jection of

the Αon to N (A T ) is zero. T h is establishes that the subspace R (A ) can be exp ressed as the set

of all so lutions of the linear system

{ΑûW Α= 0} (2. 3)

T herefo re, the unary p rogramm ing p roblem can be reduced to the fo llow ing fundam en tal fo rm

(P) m in　f (Α) = ∑
m

i= 1
U i (Αi)

s. t. 　{ΑûW Α= 0}　Α∈8
-

L et

8 = 8
-
∩ {ΑûW Α= 0}, (2. 4)

since 8
-

is a subspace on R n, 8 is a convex po lyhedrom in R n. T he p roblem can be reduced to a

separable convex p rogramm ing p roblem w ith linear constrain ts as fo llow s.

(P) m in　f (Α) = ∑
m

i= 1
U i (Αi)

s. t. 　Α∈8
In p roblem (P) , the m in im al function f (x ) is a convex function defined on 8. T hus x is a

feasible so lution to (P) if and on ly if it is a po in t of 8 w here f (x ) is fin ite, and it is an op tim al

so lution if and on ly if, in addition,

f 0 (x ; d ) ≥ 0 fo r all d ∈ 8 , (2. 5)

w here of course, the generalized directional derivative of f at x in the direction d ∈R n ,

f 0 (x ; d ) = lim
y→0

sup
t↓0

f (y + td ) - f (y )
t

.
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A function f is said to be regular at a if the one2sided directional derivative

f ′(x ; d ) = lim
t↓0

f (y + td ) - f (y )
t

. (2. 6)

ex ists fo r all d irections d ∈R n and

f ′(x ; d ) = f 0 (x ; d ). (2. 7)

T he function f is said to be regular on a set 8 if it is regular at every po in t of the set 8 . Since

the unary function discussed in th is paper is alw ays assum ed to be convex analysis ( fo r

examp le, see T heorem 23. 1 on page 213 of Rockafellar [4 ]). A convex function alw ays has a

one- sided directional derivative. T he convex analysis says that these two derivatives co incide

fo r a convex function.

O n the o ther hand fo r ( 2. 1 ) case , any d ∈ 8 w ith f ′( x ; d ) < 0 , if one ex ists and

f 0 (x ; d ) = f ′(x ; d ) , given a direction of descen t from x ; fo r sm all enough t > 0, x + td is

ano ther feasible so lution to (P) and f (x + td ) < f (x ).

Each U i has a righ t derivative U′i+ (Αi) and a left derivative U′i- 1 (Αi) at every Αi ∈ R 1.

T hese are nondecreasing functions of Αi that satisfy

- ∞ < U′i+ (Αi) ≤U′i- (Αi) < ∞. (2. 8)

A s f (x ) is a unary convex function, its directional derivative along any direction d ex ists,

w h ich can be w ritten by a direct fo rm ula fo r the directional derivative of f (x ) ,

　　　f ′(x ; d ) = lim
t↓0

f (y + td ) - f (y )
t

=

lim
t↓0

(∑
i, d i> 0

U i (Αi+ td i) - U i (Αi)
t

+ ∑
i, d i< 0

U i (Αi+ td i) - U i (Αi)
t

) =

∑
i, d i> 0

U′i+ (Αi) d i+ ∑
i, d i< 0

U′i- (Αi) d i. (2. 9)

It is clear to see that the value of f ′(x ; d ) depends on sign of d i so that its calculation is

inconven ien t.

Fo r f itself, the generalized gradien t of f at Αis the set

5 f (Α) = {g ∈R m ûg T d ≤ f 0 (Α; d ) , Π d ∈R m } (2. 10)

and because of separability th is reduces to

5 f (Α) = 5U 1 (Α1) × 5U 2 (Α2) ×⋯× 5U m (Αm ) (2. 11)

Furthermore, using the derivatives of U i (Αi) , i = 1, 2,⋯m , w e have that the subgradien t of

U i (Αi) ,

5U i (Αi) = { ti∈R 1ûU′i- (Αi) ≤ t≤U′i+ (Αi) } (2. 12)

is the in terval [U′i- (Αi) ,U′i+ (Αi) ].

A s f (Α) in p roblem ( P ) is a separable convex function, along any direction d the

directional derivative f ′(Α; d ) ex ists. In fact

　　　f ′(Α; d ) = m ax{< Ν, d > ûΝ∈5 f (Α) }=

m ax {< Ν, d > ûU′i- (Αi)≤Νi≤U′i+ (Αi) }, i= 1,⋯,m } (2. 13)

w here Νi are the i2th componen ts of vecto r Ν.
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T hus by duality theo rem of linear p rogramm ing, f ′(Α; d ) can be exp ressed as a m in im um

value of the fo llow ing dual p roblem

f ′(Α; d ) = m in∑
m

i= 1
U′i- (Αi) v i + ∑

m

i= 1
U′i+ (Αi)w i

s. t. v i + w i = d i, i = 1,⋯,m

v i≤ 0, w i≥ 0, i = 1,⋯,m.

T he fo rm ula is very importan t in the p ractical calculation fo r the unary convex p rogramm ing.

Summ arizing the above results in operational term s, w e have a special descen t p rocedure

that can be imp lem en ted in the unary p rogramm ing.

3　A lgo tithm

In th is section w e describe a trust region m ethod w ith the descen t directions fo r the unary

convex p rogramm ing. O ur algo rithm as fo llow s.

A lgor ithm TR

In itialization step

Choose param en ters 0 < Γ1 < Γ< Γ2 < 1, and 0 < Χ1 < Χ2 < 1 < Χ3.

Select an in itial trust region radius ∃0 > 0 and a m ax im al trust region radius ∃m ax > ∃0,

give a starting po in t Α0 ∈ 8. Set k = 0, go to the m ain step.

M ain step

1. Evaluate f k = f (Αk) , U′i- (Αk
i ) and U′i+ (Αk

i )

2. So lve the trust region subp roblem as the fo rm given by

m in　5 k (v ,w ) = ∑
m

i= 1
U′i- (Αi) v i + ∑

m

i= 1
U′i+ (Αi)w i

(Sk) s. t 　 v i≤ 0, w i≥ 0, i = 1,⋯,m.

Αk
i + v + w ∈ 8

‖v + w ‖≤ ∃k.

O btain the so lutions v k ,w k and op tim al value 5 k (v k ,w k).

3. If‖5 k (v k ,w k)‖≤ Ε, stop w ith the Ε2app rox im ate so lution Αk. O therw ise go to nex t

step.

4. Calculate the actual reduction of the objective function

A red k (d k) = f (Αk) - f (Αk + d k) , (3. 1)

w here

d k = v k + w k (3. 2)

and

Γk =
A red k (d k)
5 k (v k ,w k)

(3. 3)

　　5. If Γk < Γ1, then ∃k←Χ1∃k and go to step 2. O therw ise, set
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Αk+ 1 = Αk + d k (3. 4)

and take

∃k+ 1 =

m in (Χ3∃k , ∃m ax)

Χ2∃k

∃k

　　　

if Γk ≥ Γ2

if Γk ≤ Γ
otherw ise

(3. 5)

let k←k + 1 and go to step 1.

Remark: 　 If the l∞ norm or the l1 norm is used in the trust region constrain t, the

subp roblem ( Sk ) simp ly becom es an L P p roblem ofW decision variables v k , w k. A fter sloving

it , w e take d k = v k + w k and consider Αk+ 1 = Αk + d k as a condidate fo r nex t iterative po in t,

p rovided that Αk+ 1 = Αk + d k can pass the test stated in step 5.

4　T he Global Convergence of A lgorithm TR

W e first derive a global convergence of the p roposed algo rithm. W e show that every

accum ulation po in t of {Αk} is a stationary po in t of f i. e. ,

f ′(Α; d ) ≥ 0 fo r all d ∈ 8. (4. 1)

　　L emma 4. 1　W e have that

ûA red k (d k) - 5 k (v k ,w k) û = o (∃k). (4. 2)

　　Proof　By the defin itions of A red k (d k) and 5 k (v k ,w k) , w e have that

ûA red k (d k) - 5 k (v k ,w k) û =

û f (Αk + d k) - f (Αk) + 5 k (v k ,w k) û = (4. 3)

û f (Αk) - f (Αk + d k) + f ′(Αk; d k) û =

‖d k‖ = o (∃k). ù
　　For any Αand ∃ > 0, letwϖ and vλ be the so lution of the subp roblem (Sk) at po in t Αk = Αand

7 (Α, ∃) be the m in im um value, i. e. ,

7 (Α, ∃) = ∑
m

i= 1
U′i- (Αi) vλi + ∑

m

i= 1
U′i+ (Αi)wϖi. (4. 4)

　　L emma 4. 2　W e have that

7 (Αk , ∃ k) ≤m in{1, ∃ k}7 (Αk , 1). (4. 5)

　　Proof　 If ∃k ≥ 1, it is clear to see that

7 (Αk , ∃ k) ≤m in{1, ∃ k}7 (Αk , 1). (4. 6)

O n the o ther hand if ∃k < 1, then by the convex p roperty of objective function 5 k (v ,w ) ,

5 k (∃kv
k , ∃kw

k) ≤ (1 - ∃k) 5 k (0, 0) + ∃k5 k (v k ,w k) ,

w here v k , w k is the so lution of the subp roblem (Sk) w hen ∃k = 1 at Αk. Since ∃k‖vλk + wϖk‖≤

∃k , w e have that ∃kv
λk and ∃kw

ϖk is a feasible so lution of the subp roblem ( Sk ) w ith ∃k. H ence

7 (Α, ∃) ≤ 5 (∃kv
λk , ∃kw

ϖk) ≤ ∃k5 k (vλk ,wϖk) ) = ∃k7 (Αk , 1) , (4. 7)

(4. 6) and (4. 7) m ean that (4. 5) is true. ù
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　　Theorem 4. 1　L et {Αk} be the sequence generated by the p roposed algo rithm , then w e

have that

lim
k→∞

sup{7 (Αk , ∃k) } = 0. (4. 8)

that is, at least one accum alation po in t Α3 of {Αk} is a stationary po in t of the p roblem (P).

Proof　L et d k = v k + w k be the so lution of the subp roblem ( Sk ) . If‖d k‖≤ 1, it is

clear to see that

7 (Αk , ∃ k) = 7 (Αk ,‖d k‖) ≥ 7 (Αk , 1).

If‖d k‖≥ 1, then by the convex ity p roperty of 5 k (v ,w ) ,

5 k
v k

‖d k‖
,

w k

‖d k‖
≤ (1 -

1
‖d k‖

) 5 k (0, 0) +
1
‖d k‖

5 k (v k ,w k).

F rom above, w e have p roved

7 (Αk , 1) ≤m in{1,
1
‖d k‖

}7 (Αk , ∃k). (4. 9)

If the conclusion (4. 8) is no t true, as from ‖d k‖ ≤ ∃ k ≤ ∃m ax , w e have that
1
‖d k‖ is

bounded aw ay from zero, w e would have an Ε> 0 such that

7 (Αk , 1) ≤- Ε, Π k (4. 10)

W e now p rove that th is is impossible. By the defin ition of 7 (Αk , ∃ k) and (4. 10) , w e have

- 5 k (v k ,w k) = - 7 (Αk , ∃ k) ≥- m in{1, ∃k}7 (Αk , 1) ≥m in{1, ∃k}Ε, (4. 11)

A ccording to (4. 11) , w e have that

f (Αk) - f (Αk+ 1) = A red k (d k) ≥

- Γ15 k (v k ,w k) ≥ Γ1m in{1, ∃ k}Ε. (4. 12)

A s the function f is bounded, from (4. 12) , w e know that∑
∞

k= 0
m in{1, ∃k} is convergen t,

w h ich imp lies that

lim
k→∞

∃k = 0. (4. 13)

O n the o ther hand, from (4. 2) and (4. 11) , w e have

A red k (d k)
5 k (v k ,w k) - 1 ≤

o (∃k)
m in{1, ∃k}Ε,　　as k →∞.

T h is imp lies Γk → 1 as k→∞ , i. e. , fo r large k, Γk ≥ Γ, and hence acco rding to the updating

rule fo r ∃k , ∃k+ 1 ≥ ∃k. T hat is, the trust region radius w ill be bounded aw ay from zero ,

w h ich con tradicts (4. 13).

So, at least one accum ulation po in t of Α3 of {Αk} is a stationary po in t of the p roblem (P).

ù
F rom above, w e have the global convergence of the p roposed algo rithm.

5　L ocal Convergence to a Strongly U nique So lution

L et Α3 ∈R m be a srongle un ique so lution of the p roblem (P) , that is, there ex ist constan ts
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Β > 0, Ε> 0, such that

f (Α) - f (Α3 ) ≥ Β‖Α- Α3 ‖, Π Α∈ 8 , ‖Α- Α3 ‖≤ Ε. (5. 1)

W e further assum e that

Α→ Α3 (5. 2)

T he condition has been in troduced by Zhang in [ 5 ]. M oreover, Zhang gave the fo llow ing

theo rem.

Theorem 5. 1　 If the directional derivative

f ′(Α3 ; d ) > 0, Π d ∈ {d û‖d‖ = 1}, Α3 + d ∈ 8 , (5. 3)

then the condition (5. 1) m ust ho ld at Α3 .

Theorem 5. 2　 If the sequence {Αk} generated by the p roposed algo rithm converges to a

stationary po in t, then d k → 0.

Proof　L et 8 = {k ∈ N ûΓk ≥ Γ1} deno te the set of all iteration indices belonging to

accep ted step s. T he statem en t is trivial fo r the subsequence {d k} k∈ 8 , If, how ever, N ø8 is

infin ite, even ∃k → 0 ho lds. Fo r every k∈N ø8. ∃k is reduced by the constan t facto r Χ1 < 1,

w h ile fo r k ∈ 8 , ∃k+ 1 → ∃k ho lds. ∃k → 0 imp lies d k → 0.

F rom above, the conclusion of theo rem ho lds. ù
Theorem 5. 3　L et the sequence {Αk} generated by the p roposed algo rithm convenge to a

strongly un ique m in im izer Α3 of f on 8. T hen {Αk} converges Α3 superlinearly. T hat is,

lim
k→∞

‖Αk+ 1 - Α3 ‖
‖Αk - Α3 ‖

= 0. (5. 4)

Proof　T he above m ade assump tions imp ly that

f (Αk + d ) = f (Αk) + f ′(Αk; d ) + o (‖d‖) (5. 5)

un ifo rm ly fo r all k. Since d k → 0, w e have that

‖Αk + d k - Α3 ‖≤ 1
Β (f (Αk + d k) - f (Α3 ) ) =

1
Β [ f (Αk) + f ′(Αk; Α3 - Α) - f (Α3 ) ] + o (‖d k‖) =

o (‖Α3 - Αk‖) + o (‖d k‖) =

o (‖Α3 - Αk‖).

T herefo re,

‖Αk + d k - Α3 ‖ = o (‖Α3 - Αk‖) (5. 6)

F inally, w e have to show that dk is accep ted, i. e. , Γk≥Γ1 fo r large k. F rom the accep ting step

value in the algo rithm , w e have that, from (4. 5) ,

ûΓk - 1û =
f (Αk + d k) - f (Αk) - f ′(Αk; d k)

f ′(Αk; d k)
=

ûo (‖d k‖) û
m in{1, ∃ k}û7 (Αk; 1) û → 0,　as k →∞.

T h is imp lies that Γk ≥ Γ1 fo r large k w h ich ensures that d k is accep ted fo r sufficien tly large k.

T hus the p roof is comp lete. ù
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W e have studied the convergence p roperties of the trust region m ethod fo r the unary

convex p rogramm ing p roblem s. W e feel that the num ercal test w ill be imp lem eted in p ractice

further.
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非光滑单值优化的信赖域算法

朱德通
(上海师范大学　数学科学学院,上海　200234)

摘要: 提供了求解非光滑单值优化问题的信赖域算法Λ基于线性规划的对偶理论,将目标函数的方向导数

转化成线性规划,从而使信赖域子问题容易数值求解Λ 在合理的条件下,证明了算法的整体收敛性和局部

超线性收敛速率Λ

关键词: 信赖域;单值优化;收敛性
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