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The representation of the W-weighted Drazin
inverse (A (X B),.., and its applications

WANG Guo-rong, GU Chao

(Mathematics and Sciences College, Shanghai Normal University, Shanghai 200234, China)

Abstract; The representation of the W-weighted Drazin inverse (A ® B).,.., of the Kronecker product A ® Bof two
matrices A and B is given, The relation between the Kronecker product of the nrgjectors is established. Using the a-
bove results and the Cramer rule, the unique W-weighted Drazin inverse sciution i € R(((A S BY (W, @ W) )
of a special kind of restricted linear equations is four.d,
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1 Introduction

Let A= (q;) € C*"yB = (b;) € C?, The Kronecker product A ) B of the two matrices A and B
is the mp X mg matrix expressible in the partitioned form,
anB aypB - a,B
anB aypB v a,B

ARQ B= (L1

anB amwB - a.B

The properties of this product can be found in [1].

Lemma 1,1 Let A,B,A, ,B,,A;,B; and O are matrices of proper sizes.

MWMORYA=ARO0=0;

@A +AIRB=U R®B+A, RQRB);

NAR B, +B)=((AR B)+ (AR By ;

4) (A1A) @ (BiB;) = (A ® B))(A: @ B,) 5

BARKB!'=A"TRQ B!

6) AR Byt = At Q B"
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MDr(AR B! =r (A (B,
where r(A) denotes the rank of A. ,

The representations of the generalized inverse (A Q) B)iw » (A Q) B), and (A X B), are given in [3].
In[2], Wang Guorong showed that for the generalized inverses (A B){# and (AQ) B)¥s , there exist two

representations,

AQ BEP = AR ® BY,, .2
where T=T1® T, ,S=S5 & S; , and
(A ® B)(Tz.)s = A‘Ti).s, ® Bfr?.sz ’ (1.3

where T=T\® T, ,5=5® S;.
IfA € C™",W € C*", then X = [(AW), ] A is the unique solution to the following equations.
(AWM XW = (AW)*, XWAWX = X, AWX = XWA, (Lo
where k. = Ind (AW) , the index of AW, is the smallest nonnegative interger for which r [(AW)*] =
L (AW)*' ], The matrix X is called the W-weighted Drazin inverse of A and is written as X = A, [4].
Lemma 1,21 LetA € C*",W € C*™ with Ind (AW) == k; and Ind (WA) == &, , we have:
(a) Ayw = AL(WA),J* = [(AW), J'A .
(b) ApwW = (AW), , WA v = (WA),
(©) AuwWAW = (AV ) AW == Poriamh 1armamt ] = Peroamty apamty swhere b = &y

2 Results

First, we give the representation of (A Q) B),,. .
Theorem 2.1 LetA€e C>",Be O, W, € C*", andW, € C™? , with Ind (AW,) =&, , Ind
(BW,) =k, , and k = max(k, ,k,) . Then
(AQ Blw = Asw, @ Buw, » 2.
and
Ind(AW, & BW,) = &, 2.2)
where W =W, & W,.
Proof From the properties of the Kronecker product, we have

(AW, @ BW,)! = (AW,)! Q (BW,)', 2.3
r(AW, @ BW,)! = r(AW,)'r(BW,)’, (2.4
r(AW; & BW,)*! = r(AW,)* r(BW,)"*, (2.5)
By the assumptions, we have
r(AW DY = r(AW;)4H, 2.6)
and
(AW, )% = r(AW, )., Q.7

It is obvious that the smallest nonegative integer 1 such that r(AW, & BW,)*! = r(AW, & BW,) isk.
Hence (2, 2) is true,
From the properties of the Kronecker product and Lemmal, 1147, we have
((AQBYW, Q W)I* (Asw, ® Auw, ) (W, @ W.) =[(ARQ BY(W, ® W,)]*,
Apw, @ Auw, )W, @ W)(ARQ BYW, Q@ W2)(Auw, @ Auw,) = Auw, @ Avw, »
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AR BYW, @ Wo)(Auw, ® Auw,) = Ay, ® Auw) )W, @ W,)(A® B).

We can obtain (2. 1) immediately. O
Corollary 2,1 Let A€ C*" ,B&€ C*" , Ind (A) =k, , Ind (B) = &, , £ = max(k, ,k,) . Then
(AQ® B). = A, &Q By 2.8
and
Ind(AQ B) = &. 2.9)

Theorem2,2 Let A€ C>*",Be& ™, W, € C*", and W, € C*?, with Ind (AW}) = & ,
Ind (BW,) = &, , and & = max(k, ,k,) . Then
Precag now,@ w1 M@ Bow,@ wplt = Prrcaw)1.ntcaw 41 @ Procsw,* 1 8cawy*. (2.10)
Proof It follows from Lemmal. 2(c)
Asw, Wi AW, = (AW1),(AW1) = Prraw,>*1.n0aw )
and
Byw,W,BW, = (BW,),(BW,) = Prcaw,*1,ncawpt7.
So we have
Prrcaw,*1. rpawp*y R Pricswpt1ncaw, it )
=AW, W, AW) R (B, y, W, BW;)
= (AQ Bluw,ow, (Wi & W,)(AQ B)Y(W, Q W,)
= Prrog now,@ w1 N4 Bw,@ W,k
This completes the proof. 0
Corollary 2,2'2  Let the assumptions be the same as those in Corollary 2. 1. Then
Prare iy nat@ ) = Praty,naty @ Praty vt (2.1D
Theorem 2.3 LetA € C™" ,W € C*" with Ind (AW) =%, , Ind (WA) = %, . Then
L (AW)A ] = [ (WA)*=], (2.12)
Proof Suppose that%, > &, . By hypothesis, we deduce 2, +-1 > %, . From the properties of the index
of WA , we have

rl(WAYe ] = r[ (WA)u™], (2.13)
Since (WA)4 T = W(AW)4 A, it follows that

L (WA ] < [ (AWDA ], (2,14)
From (2. 13) and (2.14), it holds that |

L (WAYe ] < f[(AWDA ], (2.15)
Since (AW)A 1! = (AW):TH(AW)A~8 = A(WA)Y2 W(AW)4 % ,it follows that

L (AW < f[((WA)RT], (2.16)
From the fact ff (AW)4H ] = [ (AW)4 ], combined with (2. 16), we have

L (AW)A ] < f[((WAD% ], .17
By (2.15) and (2, 17), we can obtain (2, 12), ]

3 Applications

For a nonsingular matrix A , for any & , the solution of the linear equation
Az = b 3.D
is given by the classical Cramer rule, (For an elegant proof see [5]).

In[6], there is a Cramer rule for the unique Drazin inverse solution, A5 , of the restricted linear equa-
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tion
Az = b,z € R(AY), (3.2)
where A € C™" with Ind (A) = kand b € R(A*) ’
In[7], Y. Wei showed a Cramer rule for the W-weighted Drazin inverse solution, A, . , of a general re-
stricted linear equation
WAWz = b,x € R[(AW)4 ], 3.3
where A€ C™" , W € C*™, Ind (AW) = &k, , and Ind (WA) = &, withb € R[(WA)*" ],
In this section, we will consider the W-weighted Drazin inverse solution, (A &) Bluw,ew, (b X by, of
a general restricted linear equation
W, QWH)ARXBW, QWDxr=b R b,x € RWAR B)(W, @ W, ))4), (3.4)
where A €¢ C*", Be C**, W, € C*", W, € C**?, ky, = Ind (AW,) , &, = Ind (BW,), k =
Ind (W A) , ks = Ind (W, B) , k, = Ind ((AQR B)(W, @ W,)) = max(ky k) 5 k, = Ind((W, ® W;)(A
® B)) = max(ks k) , b € RL(W,A)s], andb, € R[(W,B)% ],
Lemma 3, 1" Let A € C™*, W, € C*" withk, = Ind (AW, ) , k; = Ind{ W, A) sad [ (AW, )5 ] =
r[(WA)*%] =r . Suppose thatU, € CX,"",V: & CX"1" be matrices whose columns form bases for

N[ (W,A)s ] and N[(AW,)% 1 .respectively and Uy € Cxm77,V, € CX,™ be matrices whose columns
form bases for N[{W, A)* Jand N[(AW,)%] , respectively. Then

U, UHN'U, — WU, UDTTU,W, AW,V (V, V)

Lemma 3.2  LetA,W,,U,,V; ,Us; andV, be the same as in lemma3. 1, Let4, € R[(W,A)% ], and
[ (AW, )% ] = [ (W, A)s ] = r, . Then the unique W-weighted Drazin inverse solution z = (x; y22,***»x,,) "
of (3. 3) satisfies

D = w.aAw, U, (3.5)
\'A 0
is nonsingular and its (regular) inverse is
A:l,Wl Vz (Vx Vz )
] 3.6)

le=[

Wl AW1 (] —_ b1 ) U1
det

[ Vi(j—0) 0 }
W, AW, U, ]

3.7

det

where j=1,2, ** ,m.

Theorem 3,1 LetA ,W, ,U, ,V; ,U; andV, be the same as those in lemma 3, 1, Let B& C>¢ , W,
e C™x*, U, € O;,:?"Z’ , Vi € C’,,)_‘,;" "2’ be matrices whose columns form bases for N[ (W,B)* ] and
N[(BW% ], respectively andU; € Cx,m , V, € 7 be matrices whose columns form bases for
N[(W,B)*% ] and N[(BW,)* ] ,respectively. Lets, € R[(W,A)%] , b, € RL(W,B)* ] and r[(AW,)s ] =
LW, A)% ] =r , f[(BW,;)4] =1 (W;B)* ] =r, . Then the unique W-weighted Drazin inverse solution x

= (&1 +Z2+*** +T.p )T Of (3.4) satisfies
W AW, (S |+ D= 8) U W, BW,((s—p =) — &) U,
p b
det det
V1<(L’%J+1>—»0) 0 Va((s—pL%_j)—»O) 0
W.AW, U, W.BW, U,
det det

3.8
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where s=1,2, *»* , mp.
Proof Letz = (AQ Blywowy (bt @ &) . lt is obvious that z is the solution of (3.4) from [7].
By Theorem 2.1, we arrive at
z=(AQ B)d,(WI®Wz) b Qb)) = (Ad,wI X Bd,W, Yo @ b) = Ad.w, b Ad,Wz bs. (3.9

Letz, = Ayw, by andz; = Ayw, b, swe have

=z, Q x. (3.10)
Thus, (3.4) is equivalent to the following equations(3, 10)~(3. 12);
W, AW, z, = b, ,x, € R[(AW,)% ], (3.11)
where A € O™ , W, € C*™ ,Ind (AW,) = k, and Ind (W, A) = k; withb, & R[(W,A)% ],
W,BW,z, = b, 2, € R[(BW;)%], (3.12)

where Be C™* , W, &€ C** ,Ind (BW,) =k, and Ind (W, B) = k; withb, &€ R[(W,B)* ]. By hypothesis

and Lemma 3.1, we have

v

{ W1 AW1 U1 ]
1 ==

v, ¢ J
‘A‘a,Wl V;; (\";"1 ‘VNz )
D =
L(UzUl)"‘Uz — (U, UDTU, W AWV, (V, V) ]
and
p = VBV U (3.13)
[ ) .
Bi.w, Vi(VsVy)
y = . (3.14)
(U4U3)‘1U4 - (U4U3 )—1U4WZBW2V4 (V3V4 )~1
By lemma 3. 2, we obtain immediately
W1 AW1 (] - bl) Ul
det[ ViG>0 0 ] |
-
@y = WA, T (8.15)
det .
1% 0
where j=1,2, *** , m, and
{WzBWz (t ~> bz) U3
et
_ Vit — 0) 0 ]
Xy ‘4,2 BWZ Ua ’ (3. 16)
det
v o)
Where t=1)2y s P
Letx; = (a3 2120t 5 X1 ) T and 2 == (&gy 5 Tpg»***»22,) 7 » from (3.10), we have
x = (x1n(Zn s Zoz s*** vpr) s 12 (-’Czl (27 R R 9x2p) 1"y Lim (Im X2z st ’xZP))T- 3.1D
It is easy to verify that
X, = T, i i ¥ ToemplED (3.18)

where s = 1,2,+**, mp,
From (3.15), (3.16) and (3. 18), we know that (3. 8) is true, 7
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WA Drazin &% (A Q) Bl.,. FIRTEEA

EFEFR.B &
(BRI KY¥ BOEFAB¥BR, L 200234)

#E: 1T T Kronecker L AR B KN W X Drazin i (AQ B)a.. KIERRR, FRIBEE FH Kronecker RZBM XK,
BJ5 E A E TR R Cramer BN, 188 7 —RARK T B M Drazin B z € RAWAR BYW, @ Wy ))h ).
%4@i1. Kronecker 2; Drazin % ; #§#5; #EH F; Cramer &



