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1. Introduction and preliminaries

Let X be a real normed linear space with norm ‖ · ‖ and X∗ be the dual space of X . The

normalized duality mapping J : X → 2X∗

is defined by

J(x) = {x∗ ∈ X∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2},

where 〈·, ·〉 denotes the generalized duality pairing.

An operator T with the domain D(T ) and range R(T ) is said to be Lipschitzian if there

exists a constant L > 0 such that

‖Tx− Ty‖ ≤ L‖x − y‖

holds for all x, y ∈ D(T ). Without loss of generality, we may assume that L ≥ 1.

Recall that an operator T is said to be accretive if, for every x, y ∈ D(T ), there exists

j(x − y) ∈ J(x − y) such that

〈Tx − Ty, j(x− y)〉 ≥ 0. (1.1)

An operator T is said to be strongly accretive if there exists a positive constant k such that,

for every x, y ∈ D(T ),

〈Tx − Ty, j(x − y)〉 ≥ k‖x − y‖2. (1.2)
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T is said to be ϕ−strongly accretive if there exists a strictly increasing function ϕ : [0,∞) →

[0,∞) with ϕ(0) = 0 such that the inequality

〈Tx − Ty, j(x − y)〉 ≥ ϕ(‖x − y‖)‖x − y‖ (1.3)

holds for all x, y ∈ D(T ). Let N(T ) = {x ∈ X : Tx = 0}. If N(T ) 6= ∅ and Inequalities

(1.1)–(1.3) hold for any x ∈ D(T ) and y ∈ N(T ), then the corresponding operator T is called

quasi-accretive, strongly quasi-accretive, and ϕ-strongly quasi-accretive, respectively.

Let F (T ) = {x ∈ D(T ) : Tx = x}. A mapping T : D(T ) ⊂ X → X is called a ϕ-

hemicontractive mapping if (I−T ) is ϕ-strongly quasi-accretive, where I is the identity mapping

on X . It is very clear that, if T is ϕ−hemicontractive, then F (T ) 6= ∅ and there exists a strictly

increasing function ϕ : [0,∞) → [0,∞) with ϕ(0) = 0 such that the inequality

〈Tx − Ty, j(x − y)〉 ≤ ‖x − y‖2 − ϕ(‖x − y‖)‖x − y‖ (1.4)

holds for all x ∈ D(T ) and y ∈ F (T ). Such operators have been studied and used extensively by

several researchers[1−10]. There are errors always occurring in the iterative process because the

manipulation is inaccurate. It is no doubt that researching the convergent problems of iterative

methods with errors members is a significant job.

Recently, Liu[11] and Xu[12] introduced the Ishikawa iterative schemes with errors as follows,

respectively.

Let E be a nonempty subset of X , T : E → X be a mapping, the Ishikawa iterative

sequences with errors are defined as follows:

1) The iterative method introduced by Liu[11]

{

xn+1 = (1 − αn)xn + αnTyn + un,

yn = (1 − βn)xn + βnTxn + vn, ∀n ≥ 0,

where {αn}, {βn} be two real sequences in [0, 1] satisfying some conditions, {un}, {vn} be two

sequences in E with some restrictions (for example
∑∞

n=0 ‖un‖ < +∞, vn → 0(n → ∞)).

The errors members {un} and {vn} are difficult to be given beforehand, so Xu[12] introduced

a new Ishikawa iterative process with errors.

2) The iterative method introduced by Xu[12]

{

xn+1 = (1 − αn − γn)xn + αnTyn + γnun,

yn = (1 − βn − δn)xn + βnTxn + δnvn, ∀n ≥ 0,
(ISE)

where {αn}, {βn}, {δn} and {γn} are four real sequences in [0, 1] satisfying some conditions,

{un}, {vn} are two bounded sequences in E.

This is compatible with the randomness of the occurrence of errors, so it is satisfactory. But

we know the boundedness of the errors is difficult to measure directly due to the randomness. In

addition, the errors are closely related to the initial value and the iterative sequences. Inspired by

this idea, let {un−xn}, {vn−xn} be two bounded sequences in E, i.e., there exists some constant

M > 0 such that ‖un − xn‖ ≤ M, ‖vn − xn‖ ≤ M , then we obtain the following immediately.
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(1) If the iterative sequence {xn} is bounded, so are the errors {un} and {vn}. Then we

obtain the iterative sequences introduced by Xu.

(2) It follows from (ISE), we obtain

{

xn+1 = (1 − αn)xn + αnTyn + γn(un − xn),
yn = (1 − βn)xn + βnTxn + δn(vn − xn), ∀n ≥ 0.

(ISEM)

Then we obtain the iterative sequences introduced by Liu. Unlike Liu’s iterative method

with errors, the (ISEM) iterative method with errors is always well defined. The (ISEM) iterative

method with errors takes the form given by Xu, therefore there is a guarantee that the schemes

are in E.

(3) It follows from (ISEM), we obtain

{

xn+1 = (1 − α′
n)xn + α′

nTyn + γn(un − xn),
yn = (1 − β′

n)xn + β′
nTxn + δn(vn − xn), ∀n ≥ 0,

(ISEMM)

where α′
n = αn

1+‖xn‖+‖Tyn‖ , β′
n = βn

1+‖xn‖+‖Txn‖ .

The purpose of this paper is to investigate the problem of approximating the fixed points

of ϕ-hemicontractive mapping by the modified Ishikawa iterative sequences with errors different

from the iterative sequences introduced by Liu[11] and Xu[12] in normed linear spaces. The results

presented in this paper improve and extend the results of others.

Lemma 1.1
[12] Let {ρn}, {σn} be two nonnegative real sequences, if there exists some positive

integer n0, when n ≥ n0 such that

ρn+1 ≤ (1 − tn)ρn + σntn,

where tn ∈ [0, 1],
∑∞

n=0 tn = +∞, σn → 0, then limn→∞ ρn = 0.

Lemma 1.2 Let {an}, {bn} and {cn} be three nonnegative real sequences, if there exists some

positive integer n1, when n ≥ n1 such that

a2
n+1 ≤ (1 + bn)a2

n + cnan+1, (1.5)

where
∑∞

n=1 bn < +∞,
∑∞

n=1 cn < +∞, then {an} is bounded.

Proof From (1.5) and inequality a2 + b2 ≥ 2ab, we have

a2
n+1 ≤ (1 + bn)a2

n +
1 + a2

n+1

2
cn. (1.6)

Notice that cn → 0(n → ∞), there exists a positive integer n2 ≥ n1 such that 1
2 ≤ 1− cn

2 ≤ 1

as n ≥ n2. It follows from (1.6) that

a2
n+1 ≤ (1 + 2bn + cn)a2

n + cn,

when n ≥ n2, which implies that {a2
n} is bounded. This completes the proof.
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2. Main results

Theorem 2.1 Let X be a real normed linear space, E be a nonempty closed convex subset of

X , and T : E → E be a Lipschitz ϕ-hemicontractive mapping. Let {αn}, {βn}, {γn} and {δn}

be four sequences in [0, 1] satisfying the following conditions

(i) αn + γn ≤ 1, βn + δn ≤ 1;

(ii) αn → 0, βn → 0, δn → 0(n → ∞);

(iii)
∑∞

n=0 αn = ∞, γn = o(αn).

For an arbitrary x0 ∈ E, the sequence {xn} is defined by (ISEM). If there exists some

constant M > 0 such that ‖un − xn‖ ≤ M, ‖vn − xn‖ ≤ M , then {xn} converges strongly to the

unique fixed point q of T .

Proof We observe that, for all x ∈ E and y ∈ F (T ), there exists j(x − y) ∈ J(x − y) such that

〈Tx − Ty, j(x − y)〉 ≤ ‖x − y‖2 − ϕ(‖x − y‖)‖x − y‖.

It follows from the definition of T that, if F (T ) 6= ∅, then F (T ) must be a singleton. Let q

denote the unique fixed point of T .

By the definition of (ISEM), we obtain

xn+1 − q =(1 − αn)(xn − q) + αn(Tyn − Txn+1)+

αn(Txn+1 − q) + γn(un − xn).

Evaluating j(xn+1 − q) ∈ J(xn+1 − q) on this equality, we obtain

‖xn+1 − q‖2 =(1 − αn)〈xn − q, j(xn+1 − q)〉 + αn〈Tyn − Txn+1, j(xn+1 − q)〉+

αn〈Txn+1 − q, j(xn+1 − q)〉 + γn〈un − xn, j(xn+1 − q)〉

≤(1 − αn)‖xn − q‖‖xn+1 − q‖ + αnL‖yn − xn+1‖‖xn+1 − q‖+

αn[‖xn+1 − q‖2 − ϕ(‖xn+1 − q‖)‖xn+1 − q‖] + Mγn‖xn+1 − q‖. (2.1)

Now we estimate ‖xn+1 − yn‖ which follows from (ISEM)

‖xn+1 − yn‖ = ‖(1 − αn)(xn − yn) + αn(Tyn − yn) + γn(un − xn)‖

≤ ‖βn(Txn − xn) + δn(vn − xn)‖ + αn‖Tyn − yn‖ + Mγn

≤ βn(L + 1)‖xn − q‖ + αn(L + 1)‖yn − q‖ + M(γn + δn).

Since

‖yn − q‖ ≤ ‖xn − q‖ + βnL‖xn − q‖ + Mδn ≤ (L + 1)‖xn − q‖ + Mδn,

so

‖xn+1 − yn‖ ≤ [αn(L + 1)2 + βn(L + 1)]‖xn − q‖ + [1 + αn(L + 1)]Mδn + Mγn

= dn‖xn − q‖ + en,
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where dn = αn(L + 1)2 + βn(L + 1) → 0, en = [1 + αn(L + 1)]Mδn + Mγn → 0(n → ∞).

Substituting the above inequality into (2.1), we get

‖xn+1 − q‖2 ≤(1 − αn)‖xn − q‖‖xn+1 − q‖ + αnLdn‖xn − q‖‖xn+1 − q‖+

αnLen‖xn+1 − q‖ + Mγn‖xn+1 − q‖+

αn[‖xn+1 − q‖2 − ϕ(‖xn+1 − q‖)‖xn+1 − q‖].

Since γn = o(αn), we let γn = εnαn, where εn → 0 (n → ∞), thus the above inequality

becomes

‖xn+1 − q‖2 ≤(1 − αn + αnLdn)‖xn − q‖‖xn+1 − q‖+

αnLen‖xn+1 − q‖ + Mεnαn‖xn+1 − q‖+

αn[‖xn+1 − q‖2 − ϕ(‖xn+1 − q‖)‖xn+1 − q‖].

By using inequality x2 + y2 ≥ 2xy it yields

‖xn+1 − q‖2 ≤(1 − αn + αnLdn)
1

2
[‖xn − q‖2 + ‖xn+1 − q‖2]+

αn(Len + Mεn)
1

2
(1 + ‖xn+1 − q‖2)+

αn[‖xn+1 − q‖2 − ϕ(‖xn+1 − q‖)‖xn+1 − q‖].

Let ε′n = Len + Mεn, hence ε′n → 0(n → ∞). Notice that αn → 0, there exists a positive

integer n0 such that 0 < 1 − αn(1 + Ldn + ε
′

n) < 1 as n ≥ n0. By transposing and simplifying

the above inequality, we have

‖xn+1 − q‖2 ≤
1 − αn + αnLdn

1 − αn(1 + Ldn + ε′n)
‖xn − q‖2+

αn(ε
′

n − 2ϕ(‖xn+1 − q‖)‖xn+1 − q‖)

1 − αn(1 + Ldn + ε′n)
. (2.2)

Set σ = lim infn→∞
ϕ(‖xn+1−q‖)
1+‖xn+1−q‖ .

We now consider the following two possible cases.

Case 1 If σ > 0, by taking γ ∈ (0, min{1, σ}), then there exists a positive integer n1 ≥ n0 such

that ϕ(‖xn+1 − q‖) > γ‖xn+1 − q‖, αn < 1
4 , 2Ldn < γ

4 , ε′n < γ
4 from the definition of σ and that

αn → 0, dn → 0, ε′n → 0(n → ∞). Therefore from (2.2) it follows that

‖xn+1 − q‖2 ≤
1 − αn + αnLdn

1 − αn(1 + Ldn + ε′n)
‖xn − q‖2 +

αnε′n − 2αnγ‖xn+1 − q‖2

1 − αn(1 + Ldn + ε′n)
. (2.3)

Transposing and operating (2.3), we have

‖xn+1 − q‖2 ≤
1 − αn + αnLdn

1 − αn(1 + Ldn + ε′n − 2γ)
‖xn − q‖2 +

αnε′n
1 − αn(1 + Ldn + ε′n − 2γ)

, (2.4)
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and

(1 − αn + αnLdn) − (1 −
γ

2
αn)[1 − αn(1 + Ldn + ε′n − 2γ)]

= αn[2Ldn + ε′n − 2γ −
γ

2
αn(1 + Ldn + ε′n − 2γ)]

≤ αn[2Ldn + ε′n − 2γ + αnγ2]

≤ αn[
γ

4
+

γ

4
− 2γ +

1

4
γ2] < 0,

which implies that

‖xn+1 − q‖2 ≤ (1 −
γ

2
αn)‖xn − q‖2 +

αnε′n
1 − αn(1 + Ldn + ε′n − 2γ)

, (2.5)

for all n1 ≥ n0.

From Lemma 1.1 and Inequality (2.5), we have xn → q(n → ∞).

Case 2 If σ = 0, then there exists a subsequence {xnj+1} ⊂ {xn} which converges strongly to q.

For an arbitrary number ε ∈ (0, 1), we can prove that there exists some positive integer j0 such

that for any natural number k, ‖xnj+k − q‖ ≤ ε holds as j ≥ j0. Since αn → 0, dn → 0, ε′n → 0,

there exists a positive integer n2 ≥ n1 such that 0 < 1 − αn(1 + Ldn + ε′n) < 1, 2Ldn < 1
2ϕ(ε),

ε′n < 1
4ϕ(ε)ε as n ≥ n2. Now we use the induction method. Because ‖xnj+1 − q‖ → 0 as j → ∞,

hence there exists j1 with nj1 ≥ n2 such that

‖xnj+1 − q‖ ≤ ε, (2.6)

when j ≥ j1. Suppose that

‖xnj+m − q‖ ≤ ε (2.7)

holds for k = m, we assert ‖xnj+m+1 − q‖ ≤ ε. If this is not the case, then ‖xnj+m+1 − q‖ > ε.

Noting the strictly increasing property of ϕ, we have ϕ(‖xnj+m+1 − q‖) > ϕ(ε). From Inequality

(2.2) we obtain the following estimates

ε2 <‖xnj+m+1 − q‖2

≤‖xnj+m − q‖2 +
αnj+m(2Ldnj+m + ε′nj+m)

1 − αnj+m(1 + Ldnj+m + ε′nj+m)
‖xnj+m − q‖2+

αnj+mε′nj+m − 2αnj+mϕ(‖xnj+m+1 − q‖)‖xnj+m+1 − q‖

1 − αnj+m(1 + Ldnj+m + ε′nj+m)

≤‖xnj+m − q‖2 +
αnj+m[(2Ldnj+m + ε′nj+m)‖xnj+m − q‖2 + ε′nj+m − 2ϕ(ε)ε]

1 − αnj+m(1 + Ldnj+m + ε′nj+m)

≤ε2 +
αnj+m

1 − αnj+m(1 + Ldnj+m + ε′nj+m)
· [(

1

2
ϕ(ε) +

1

4
ϕ(ε)ε)ε2 +

1

4
ϕ(ε)ε − 2ϕ(ε)ε]

≤ε2,

which is a contradiction. Hence we have ‖xnj+m+1 − q‖ ≤ ε, the induction is completed. Con-

sequently, {xn} converges strongly to q.



304 Journal of Mathematical Research and Exposition Vol.27

Theorem 2.2 Let X be a real normed linear space, E be a nonempty closed convex subset of X

and T : E → E be a uniformly continuous and ϕ-hemicontractive mapping. Let {αn}, {βn}, {γn},

and {δn} be four sequences in [0, 1] satisfying the following conditions

(i) αn + γn ≤ 1, βn + δn ≤ 1;

(ii) βn → 0, δn → 0(n → ∞);

(iii)
∑∞

n=0 αn = ∞,
∑∞

n=0 α2
n < ∞,

∑∞
n=0 γn < ∞.

For an arbitrary x0 ∈ E, the sequence {xn} is defined by (ISEMM). If there exists some

constant M > 0 such that ‖un − xn‖ ≤ M, ‖vn − xn‖ ≤ M , then {xn} converges strongly to the

unique fixed point q of T .

Proof From Theorem 2.1, we assume q denote the unique fixed point of T .

By the conditions of Theorem 2.2, we obtain

‖xn+1 − yn‖ ≤ 2(αn + βn) + M(γn + δn) → 0(n → ∞). (2.8)

From (ISEMM), there exists j(xn+1 − q) ∈ J(xn+1 − q) such that

‖xn+1 − q‖2 ≤(1 − α
′

n)2‖xn − q‖2 + 2α
′

n‖Tyn − Txn+1‖‖xn+1 − q‖+

2α
′

n[‖xn+1 − q‖2 − ϕ(‖xn+1 − q‖)‖xn+1 − q‖] + 2Mγn‖xn+1 − q‖.

Notice that α′
n → 0, there exists a positive integer n0 such that 0 < 1− 2α′

n < 1 and by the

above inequality, we have

‖xn+1 − q‖2 ≤‖xn − q‖2 +
α

′2
n

1 − 2α
′

n

‖xn − q‖2 −
2α

′

n

1 − 2α
′

n

‖xn+1 − q‖×

[ϕ(‖xn+1 − q‖) − ρn] +
2Mγn

1 − 2α
′

n

‖xn+1 − q‖, (2.9)

where ρn = ‖Txn+1 − Tyn‖ → 0(n → ∞).

Set lim infn→∞
ϕ(‖xn+1−q‖)
1+‖xn+1−q‖ = σ.

We now consider the following two possible cases.

Case 1 If σ = 0, then there exists a subsequence {xnj+1} ⊂ {xn+1} which converges strongly

to q. For arbitrary number ε ∈ (0, 1), we can prove that there exists some positive integer i0

such that ‖xni+m − q‖ < ε holds as i ≥ i0, m ∈ N . Since ρn → 0,
∑∞

n=0 α2
n < ∞,

∑∞
n=0 γn < ∞,

there exists a positive integer n1 such that ρn ≤ 1
2ϕ( ε

2 ),
∑∞

n=n0
α2

n < ε
16 ,

∑∞
n=n0

γn < ε
32M

, α′
n ≤

αn < 1
4 as n ≥ n1. Now we use the induction method. Since ‖xni+1 − q‖ → 0 as i → ∞, there

exists a positive integer i with ni ≥ n1 such that

‖xni+1 − q‖ <
ε

2
. (2.10)

Suppose that

‖xni+k − q‖ < ε (2.11)

holds for k = 1, 2, . . . , m.
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Set ρ = max{r ∈ N : ‖xni+r − q‖ < ε
2 , 1 ≤ r ≤ m + 1}.

If ρ = m + 1, then we have ‖xni+m+1 − q‖ < ε
2 < ε, the induction is completed.

If 1 ≤ ρ ≤ m, we have

‖xni+r − q‖ ≥
ε

2
, p + 1 ≤ r ≤ m + 1. (2.12)

By (2.9), (2.12) and the strictly increasing property of ϕ, we have

‖xni+r+1 − q‖2 ≤‖xni+r − q‖2 +
α

′2
ni+r

1 − 2αni+r

‖xni+r − q‖2+

2Mγni+r

1 − 2α′
ni+r

‖xni+r+1 − q‖

holds for r = p, p + 1, . . . , m.

From (2.11) and the above inequality, we have

‖xni+m+1 − q‖2 ≤‖xni+p − q‖2 +

m
∑

r=p

2α
′2
ni+r‖xni+r − q‖2+

4Mγni+m‖xni+m+1 − q‖ +
m−1
∑

r=p

4Mγni+r‖xni+r+1 − q‖

≤
ε2

2
+

ε

8
‖xni+m+1 − q‖,

which implies that

‖xni+m+1 − q‖ ≤
1

2
[
ε

8
+

√

(
ε

8
)2 + 4(

ε2

2
)] ≤ ε.

The induction is completed, and consequently, {xn} converges strongly to q.

Case 2 If σ > 0, there exists a positive integer n2 ≥ n1 such that ϕ(‖xn+1 − q‖) ≥ σ(1 +

‖xn+1 − q‖) ≥ σ, ρn ≤ σ
2 , α

′

n ≤ αn ≤ 1
4 . From (2.9), when n ≥ n2, we get

‖xn+1 − q‖2 ≤ ‖xn − q‖2 + 2α
′2
n ‖xn − q‖2 − σα′

n‖xn+1 − q‖ + 4Mγn‖xn+1 − q‖. (2.13)

Letting an = ‖xn − q‖, from (2.13), we have

a2
n+1 ≤ a2

n + 2α
′2
n a2

n + 4Mγnan+1. (2.14)

So it follows from Lemma 1.2 that {an} is bounded. Let an ≤ M1, ∀n ≥ n2. By the strictly

increasing property of ϕ and (2.13), we have

a2
r+1 ≤ a2

n2
+ 2M2

1

r
∑

n=n2

α
′2
n − σϕ−1(σ)

r
∑

n=n2

α′
n + 4MM1

r
∑

n=n2

γn,

when n ≥ n2, which implies that

σϕ−1(σ)

r
∑

n=n2

α′
n ≤ a2

n2
+ 2M2

1

r
∑

n=n2

α
′2
n + 4MM1

r
∑

n=n2

γn,
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let r → ∞, we have
∑∞

n=n2
α′

n < ∞, which is a contradiction. This shows that σ > 0 is

impossible. This completes the proof.

Remark 2.3 The results presented in this paper improve and extend the corresponding results

in [8, 10] the following aspects:

(i) Theorems 2.1 and 2.2 extend the results in [8, 10] to the modified Ishikawa iterative

sequences with errors different from the iterative sequences introduced by Liu and Xu.

(ii) Theorem 2.2 drops the boundedness of D(T ) and Lipschitzian continuity of T .

(iii) The methods of Theorem 2.2 are different.
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