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Abstract: Ishikawa iterative sequences with errors different from the iterative sequences
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the results of the others.

Key words: @p-hemicontractive mapping; modified Ishikawa iterative sequences with errors;
fixed point; normed linear spaces.

MSC(2000): 47HO05; 47H10; 47TH14

CLC number: 0177.91

1. Introduction and preliminaries

Let X be a real normed linear space with norm || - || and X* be the dual space of X. The

normalized duality mapping J : X — 2% is defined by
J(z) = {z" € X*: (x,2") = |l2]|* = [|2"]?},

where (-,-) denotes the generalized duality pairing.
An operator T with the domain D(T) and range R(T) is said to be Lipschitzian if there

exists a constant L > 0 such that
[Tz —Ty[| < Ljjz — y|

holds for all 2,y € D(T'). Without loss of generality, we may assume that L > 1.
Recall that an operator T is said to be accretive if, for every z,y € D(T), there exists
j(x —y) € J(x — y) such that
(Tz =Ty, j(x—y)) = 0. (1.1)

An operator T is said to be strongly accretive if there exists a positive constant k& such that,
for every z,y € D(T),
(Tz =Ty, j(z —y)) = klla —yl*. (1.2)
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T is said to be p—strongly accretive if there exists a strictly increasing function ¢ : [0, 00) —
[0, 00) with ¢(0) = 0 such that the inequality

(T =Ty, j(x —y)) = ¢l —ylDllx -yl (1.3)

holds for all z,y € D(T). Let N(T) = {x € X : Te = 0}. If N(T) # 0 and Inequalities
(1.1)—(1.3) hold for any x € D(T) and y € N(T), then the corresponding operator T is called
quasi-accretive, strongly quasi-accretive, and ¢-strongly quasi-accretive, respectively.

Let F(T) = {x € D(T) : Tz = z}. A mapping T : D(T) C X — X is called a ¢-
hemicontractive mapping if (I —T') is ¢-strongly quasi-accretive, where [ is the identity mapping
on X. It is very clear that, if T is p—hemicontractive, then F(T') # () and there exists a strictly
increasing function ¢ : [0, 00) — [0, 00) with ©(0) = 0 such that the inequality

(Tx =Ty, j(z —y)) < |z —yl* = o(lz = yl)llz - y] (1.4)

holds for all © € D(T) and y € F(T'). Such operators have been studied and used extensively by

several researchers(1 =101,

There are errors always occurring in the iterative process because the
manipulation is inaccurate. It is no doubt that researching the convergent problems of iterative
methods with errors members is a significant job.

Recently, Liu'* and Xul*?! introduced the Ishikawa iterative schemes with errors as follows,
respectively.

Let F be a nonempty subset of X, T : E — X be a mapping, the Ishikawa iterative
sequences with errors are defined as follows:

1) The iterative method introduced by Liul*!

Tpy1 = (1 = an)tn + anTyn + Un,
Yn = (1= Bn)zn + BuTxn +vn, Yn >0,

where {a,}, {8} be two real sequences in [0, 1] satisfying some conditions, {un}, {v,} be two
sequences in E with some restrictions (for example > |luy,|| < 400, v, — 0(n — 00)).

The errors members {u, } and {v,} are difficult to be given beforehand, so Xul*?! introduced
a new Ishikawa iterative process with errors.

2) The iterative method introduced by Xul?!

{ Tnt1 = (L — ap — Yn)@n + anTyn + Yntin, (ISE)
Yn = (1 = Bn — 0n)@n + BTy + 6pvn, Yn >0,

where {a,},{6n}, {0} and {v,} are four real sequences in [0, 1] satisfying some conditions,
{un}, {vn} are two bounded sequences in E.

This is compatible with the randomness of the occurrence of errors, so it is satisfactory. But
we know the boundedness of the errors is difficult to measure directly due to the randomness. In
addition, the errors are closely related to the initial value and the iterative sequences. Inspired by
this idea, let {u, —xy, }, {v, — 2} be two bounded sequences in E, i.e., there exists some constant
M > 0 such that |Jup, — x| < M, ||vy, — 25| < M, then we obtain the following immediately.
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(1) If the iterative sequence {x,} is bounded, so are the errors {u,} and {v,}. Then we
obtain the iterative sequences introduced by Xu.
(2) It follows from (ISE), we obtain

Tn41 = (1 - an)xn + anTyn + '-Yn(un - In);
{ Yn = (1 - ﬁn)xn + BnTIn + 5n(vn - In)a vn > 0. (ISEM)

Then we obtain the iterative sequences introduced by Liu. Unlike Liu’s iterative method
with errors, the (ISEM) iterative method with errors is always well defined. The (ISEM) iterative
method with errors takes the form given by Xu, therefore there is a guarantee that the schemes

are in F.
(3) It follows from (ISEM), we obtain

Tpy1 = (1 —a)xn + ay, Tyn + Yo (un — ),
{ Yn = (1= B)an + BT 20 + 0p(vn — x0), Vn >0, (ISEMM)

r an ’_ Bn
where oy, = Ty On = T T

The purpose of this paper is to investigate the problem of approximating the fixed points
of p-hemicontractive mapping by the modified Ishikawa iterative sequences with errors different
from the iterative sequences introduced by Liu"* and Xul*?! in normed linear spaces. The results

presented in this paper improve and extend the results of others.

Lemma 1.112 Let {p,},{0,} be two nonnegative real sequences, if there exists some positive

integer ng, when n > ng such that
Pn+1 S (1 - tn)pn + Untn;

where t, € [0,1], > t,, = +00, 0, — 0, then lim, .o pn, = 0.

Lemma 1.2 Let {ay},{by} and {c,} be three nonnegative real sequences, if there exists some

positive integer ny, when n > ny such that
azi1 < (L4by)al + cpanyt, (1.5)
where Y7 by, < 400, > o0 | ¢n < +00, then {ay} is bounded.

Proof From (1.5) and inequality a® + b? > 2ab, we have

1+aj,

ai_H < (l—l—bn)ai—i- ) Cn.

Notice that ¢, — 0(n — o), there exists a positive integer ny > nq such that % <l-2 <1
as n > ng. It follows from (1.6) that

ai_H < (1+2b, + cn)afI + cp,

when n > ny, which implies that {a2} is bounded. This completes the proof.
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2. Main results

Theorem 2.1 Let X be a real normed linear space, E be a nonempty closed convex subset of
X, and T : E — E be a Lipschitz ¢-hemicontractive mapping. Let {an}, {6n}, {7} and {0,}
be four sequences in [0, 1] satisfying the following conditions

(i) an+9n <1,0,+6, <1;

(ii)) an — 0,8, — 0,6, — 0(n — ©);

(i) Y07 o an = 00,7n = o(ay,).

For an arbitrary xy € E, the sequence {x,} is defined by (ISEM). If there exists some
constant M > 0 such that ||u, — x| < M, ||vn, — z,|| < M, then {z,} converges strongly to the

unique fixed point q of T'.

Proof We observe that, for all © € E and y € F(T), there exists j(z —y) € J(z — y) such that

(Tw =Ty, j(z —y)) < |z —ylI* — e(llz = yl)llz -yl

It follows from the definition of T that, if F(T) # 0, then F(T') must be a singleton. Let ¢
denote the unique fixed point of T.
By the definition of (ISEM), we obtain

Tnt+1 — 4 :(1 - an)(xn - (J) + an(Tyn - TInJrl)"'
an(T-rnJrl - (J) + 'Yn(un - xn)
Evaluating j(n+1 — q) € J(xn4+1 — q) on this equality, we obtain
Hxn—i-l - Q||2 :(1 - O‘n)<$n - q=j(xn+l - Q)> + an<Tyn - Txn-l—laj(xn-l-l - Q)>+
an(TTnt1 — ¢, j(Tns1 — @) + Yo ltn — Tn, j(Tni1 — q))

<(t—an)l|zn = gllllzns = gl + anLlyn — zniallllnta — gl +

anlllensr = all? = elznss — al)lonss — all + Mynllznss —ql. - (21)

Now we estimate ||Z,,+1 — yn|| which follows from (ISEM)
||517n+1 - ynH = H(l - an)(fpn - yn) + an(Tyn - yn) + 'Yn(un - xn)”

< Hﬁn(Txn - xn) + 6n(vn - xn)” + anHTyn - yn” + My,
< Bn(L+ Dlzn — qll + an(L + 1)y — gll + M (yn + 6n).

Since
lyn — gl < llzn —qll + BuLllzn — qll + Mn < (L + 1)||lzn — gl| + M6y,

SO

2041 = ynll < (L + 1)+ Bu(L + Dllzn — gl + [L+ an(L + 1)]IM6, + My,
= dn”xn - q” + €n,
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where d,, = ., (L +1)2 + B, (L +1) — 0, e, = [1 + o (L + 1)]M6,, + My, — 0(n — o).
Substituting the above inequality into (2.1), we get

[2ns1 — gl <1 = an)llen — gll|ns1 — gl + anLdn||zn — qllllzn — qll+
anLen |1 — gl + My ||lzn1 — ql[+

an(lonsr = all* = e(lznsr — alDllwnss — qll-

Since v, = o(a,), we let v, = ey, where g, — 0 (n — 00), thus the above inequality

becomes

lZnt1 — QH2 <(1 = an +anLdy)||zn — qll|lTn1 — qll+
anLlen||Tni1 — ql| + Mepon||Tn1 — gl[+

anll|lznts = all* = ¢(lznts — all) 2+ — gll).
By using inequality 2 + y2 > 2zy it yields

1
lzn 1 = all® <(1 = an + anLdn)5len = al* + llzns1 — al’]+

1
an(Ley, + Man)§(1 + |lzns1 — ql*)+

anlllznts — al* = e(lzns1 = al)llznrs — gl

Let €}, = Le,, + Me,, hence €/, — 0(n — o0). Notice that «,, — 0, there exists a positive
integer ng such that 0 < 1 — «a,, (1 + Ld,, + aln) < 1 as n > ngy. By transposing and simplifying

the above inequality, we have
1— o, +a,Ld,
1—an(l+ Ldy, +¢)

(e = 20(ner = alDllzs = al) 0
1—an(1+ Ld, +¢) ' '

[ont1 = qll* < lzn = all*+

elzn+1—ql))
0 I lzn g —qll

We now consider the following two possible cases.

Set 0 = lim inf

Case 1 If o > 0, by taking v € (0, min{1,0}), then there exists a positive integer n; > ngy such
that @(||lzns1 — qll) > Yl|lzns1 — qll, an < 3, 2Ld, < 3,€l, < I from the definition of o and that

apn — 0,d, — 0,e], — 0(n — o0). Therefore from (2.2) it follows that

1—a, +a,Ld anel, = 20| Tns1 — ql?
. _ 2 < n n n .- 2 n<n n n+ 2.3
lenir —al” = s ey len ="+ T (23)
Transposing and operating (2.3), we have
1—a, +a,Ld, anel,
21— ql* < 2z — ql* + (2.4)

1—an(1+ Ld, + ¢, — 27) 1—an(1+ Ld, +¢€l, — 27)’
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and

(1 — an + anLdy,) — (1 — %an)[l —an(1+ Ldy + ¢, — 27)]

= an[2Ld, + &), — 2y — %an(l + Ld,, + ¢, — 2v)]
< an[2Ld, + €, — 27 4+ any?]
aé

1
San[z+%—27+172]<0,

which implies that

anel,

1—an(1+ Ld, +¢, —27)’

~
lzn1 = all® < (1= Gan)an —ql* + (2.5)

for all nq > ny.

From Lemma 1.1 and Inequality (2.5), we have z,, — g(n — 00).

Case 2 If 0 = 0, then there exists a subsequence {2y, 1} C {,} which converges strongly to g.
For an arbitrary number ¢ € (0,1), we can prove that there exists some positive integer jo such
that for any natural number &, ||z,,4% — ¢|| < & holds as j > jo. Since o, — 0,d,, — 0,¢;, — 0,
there exists a positive integer ny > ny such that 0 < 1 — a,(1 4+ Ld, +¢),) < 1, 2Ld,, < $¢(e),
el < 2¢(e)e as n > ny. Now we use the induction method. Because ||z, 11 —g|| — 0 as j — oo,

hence there exists j; with n;, > no such that

[#n;+1 —al <, (2.6)

when j > j1. Suppose that
[, +m —all <€ (2.7)

holds for k = m, we assert ||y, ym+1 — ¢|| < e. If this is not the case, then ||z, 1mi1 —ql| > €.
Noting the strictly increasing property of ¢, we have ¢(||n; +m+1 —ql|) > ¢(€). From Inequality

(2.2) we obtain the following estimates

e <||$nj+m+l - C1”2
Oy +m (2L 4m + €5 4m)
1-— anj+m(1 + Ldnj-‘rm + 8'/n,j+m

<llan;+m = all* + )lenj+m —ql*+

OéanrmE;zj-i—m =20 +m@([|Tn;+m+1 — @) |Tn; +m+1 — 4l
1- anj+m(1 + Ldp;+m + E;zj-i-m)

Oéanrm[(ZLdanrm + E;lj_;,_m)Hxn]‘er - qH2 + E;zj-‘,-m - 2@(6)5]
1- anj+m(1 + Ldnj+m + E;zj—i-m)

§||$nj+m - C1”2 +

O +m 1 1 5 1
H=p(e) + —p(e)e)e” + —p(e)e — 2p(e)e
Tt [P+ 3992 + 10 - 26000

which is a contradiction. Hence we have ||z, m41 — ¢|| < €, the induction is completed. Con-

sequently, {x,} converges strongly to q.



304 Journal of Mathematical Research and Exposition Vol.27

Theorem 2.2 Let X be a real normed linear space, E be a nonempty closed convex subset of X
andT : E — E be a uniformly continuous and p-hemicontractive mapping. Let {an}, {Bn}, {7},
and {0,,} be four sequences in [0, 1] satisfying the following conditions

(i) o +9n < 1,80+ 6, < 1;

(ii) Bn — 0,0, — 0(n — 00);

(if) D onlgon = 00,3 7 g ap <00, 307 4 Y < 00

For an arbitrary xo € E, the sequence {z,} is defined by (ISEMM). If there exists some
constant M > 0 such that ||u, — x| < M, ||v, — 2] < M, then {x,} converges strongly to the
unique fixed point g of T.

Proof From Theorem 2.1, we assume ¢q denote the unique fixed point of T.

By the conditions of Theorem 2.2, we obtain
[Znt+1 = ynll < 2(an + Bn) + M (0 +6n) — 0(n — 0). (2.8)
From (ISEMM), there exists j(xn+1 — q) € J(zn+1 — ¢) such that

zns1 = al* (1= a)?[|lzn — all* + 205, | Tyn = Tzpra ||l 2nss — g+
20 [lzn+1 = al* = e(lznt1 = alDllznr = alll + 2Mynll@nrs — gll.

Notice that o/, — 0, there exists a positive integer ng such that 0 < 1 —2a/, < 1 and by the

above inequality, we have

/2 ’
« 2
[#nt1 = gqll* <llzn — ql* + ﬁ”xn —q|? - ﬁ”ﬂ?nﬂ —qllx
2M~,
[p([znt1 —all) — pa] + | #n1 = gll, (2.9)

1—2a,
where pp, = [|TZp11 — Tyn|| — 0(n — o0).

ellenyi—al) _
0 A4 [2n 41 =4l ’

We now consider the following two possible cases.

Set lim inf

Case 1 If 0 = 0, then there exists a subsequence {11} C {Zny1} which converges strongly

to ¢g. For arbitrary number ¢ € (0,1), we can prove that there exists some positive integer ig

such that ||z, +m — ¢|| < € holds as i > ig,m € N. Since p, — 0,% " a2 < 00, Y 0" (¥ < 00,

n=0"—"n

there exists a positive integer ny such that p, < 30(5),> 0", 02 < 5,20, ¥n < 3337 O <

o, < % asn > n;. Now we use the induction method. Since ||z, 4+1 — g|| — 0 as i — oo, there

exists a positive integer ¢ with n; > ny such that

€
[Zni+1 —qll < 3 (2.10)
Suppose that
[#n;+x —qll <e (2.11)

holds for K =1,2,...,m.
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Set p=max{r € N: ||zp,4r —q|| < 5,1 <7 <m+1}.
If p =m + 1, then we have ||z, ym41 — ¢|| < § < &, the induction is completed.
If 1 < p < m, we have

e
Zn+r —dll 2 5, pH1<r<m+l (2.12)

By (2.9), (2.12) and the strictly increasing property of ¢, we have

2

(07
Inctrs1 = al* ltnisr = all® + 52— oncsr = al*+
n;+r
2M~,, .
N i1 — ]
1—2ay, .,

holds for r =p,p+1,...,m.
From (2.11) and the above inequality, we have

m
’
|znbmst = al® Slznsp —all® + Y200 a0 — all+

r=p
m—1
AM 4| @, 4ma1 — gl + Z AM A 4[| T 4r41 = 4|
r=p
<15 H
e S Tn;+m - )
=5 3 itm+1 — ¢
which implies that
1 ¢ € g2
et —qll < =[5 24 <e.
o mi1 —all < 515+ /(G2 4G < e

The induction is completed, and consequently, {x,} converges strongly to g.

Case 2 If o > 0, there exists a positive integer no > nq such that ¢(||zp+1 —ql|) > o(1 +
|2nt1 —qll) = 0, pn < %,a;l < ay < 1. From (2.9), when n > ny, we get

|21 = all® < llzn = all* + 207 |2 = qll* = 00 |21 — all + 4Myallnss — gl (213)
Letting a,, = ||z, — ¢||, from (2.13), we have
a2y, < a2 +2a2a% + 4AMA,an.. (2.14)

So it follows from Lemma 1.2 that {a,} is bounded. Let a, < M;,Vn > ng. By the strictly
increasing property of ¢ and (2.13), we have

ks T T
az,, < afm +2M? Z a?—op (o) Z ol +4M M, Z Vs

n=nsy n=nsy n=nsy

when n > ngy, which implies that

o~ (o) i al, < afm +2M? i Ozln2+4MM1 i Yns

n=nsy n=ns3 n=ns3
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oo

let r — oo, we have ) 7~ a; < oo, which is a contradiction. This shows that o > 0 is

impossible. This completes the proof.

Remark 2.3 The results presented in this paper improve and extend the corresponding results
in [8, 10] the following aspects:

(i) Theorems 2.1 and 2.2 extend the results in [8, 10] to the modified Ishikawa iterative
sequences with errors different from the iterative sequences introduced by Liu and Xu.

(ii) Theorem 2.2 drops the boundedness of D(T') and Lipschitzian continuity of T'.

(iii) The methods of Theorem 2.2 are different.
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