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7yk:P`=)
x2

1 + x2
2 + · · · + x2

n ≤ 1IP>,I8�	 B, � B �T}vpDQ��H�+�{ZP x y #&IDQ (">	xy)�P�~T	
cosh

xy

r
=

1 − x1y1 − x2y2 − · · · − xnyn√
1 − x2

1 − x2
2 − · · · − x2

n

√
1 − y2

1 − y2
2 − · · · − y2

n
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HFX\L&�"> Hn(r), >)1= n G/�L&�
Hn(r) +I*{o%% Rn +I*{o B I-�� Rn +I*{o u Ia/E

u0 + u1x1 + u2x2 + · · · + unxn = 0.S�&�C
u2

1 + u2
2 + · · · + u2

n ≥ u2
0 (2),W��*{o u  B I-'%dLI��: Hn(r) +I*{o u �htk:�p"K��

Hn(r) +I*{o u, v 7,.XÆ�P�5
cos ûv =

−u0v0 + u1v1 + u2v2 + · · · + unvn√
−u2

0 + u2
1 + u2

2 + · · · + u2
n

√
−v2

0 + v2
1 + v2

2 + · · · + v2
n

(3)\P x F*{o u I�ZDQ xu �P�r5
sinh

xu

r
=

u0 + u1x1 + u2x2 + · · · + unxn√
−u2

0 + u2
1 + u2

2 + · · · + u2
n

√
1 − x2

1 − x2
2 − · · · − x2

n

. (4)O3M�PoIf�oX\L&I��rb	 n + 1 GZ\L& Rn+1 +
7yk:P`=)
x2

1 + x2
2 + · · · + x2

n+1 = r2IP>,I8�	 S, � S �T}vpDQ��H�+�{ZP x  y #&IDQ xy ∈ [0, πr]�P�~T	
cos

xy

r
=

x1y1 + x2y2 + · · · + xn+1yn+1

r2
(5)Z S h��pDQy
HFX\L&�"> Sn(r), >)1= n G�oL&�

Sn(r) +I*{o%%����P O I n G*{o
u1x1 + u2x2 + u2x2 + · · · + un+1xn+1 = 0 S I-� Sn(r) +I*{o u, v 7,.X ûr Æ�P�5

cos ûv =
u1v1 + u2v2 + · · · + un+1vn+1√

u2
1 + u2

2 + · · · + u2
n+1

√
v2
1 + v2

2 + · · · + v2
n+1

(6)\P x F*{o u I�ZDQ xu �P�r5
sin

xu

r
=

u1x1 + u2x2 + · · · + un+1xn+1

r
√

u2
1 + u2

2 + · · · + u2
n+1

. (7)Ea��+ Hn(r)(� Sn(r)) +IP�TZ*{oE Hn(r)(� Sn(r)) +I���4��II1t5�j+EJ` 1 � Σ(e) = {e1, e2, . . . , em} � Σ(e′) = {e′1, e′2, . . . , e′m} E n G�oL& Sn,r +I���4	P� (n− 1) GTZ*{o7y,IZpK,\�V�	�!� ei � e′i "vT?�
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g(ei, e

′
j) =





cos
eie

′

j

r
, ��ei, e

′
jV%P;

sin
eie

′

j

r
, ��ei, e

′
jvp%P�bvp%*{o;

cos êie
′
j, ��ei, e

′
jV%*{o.C m > n + 1 ����

det[g(ei, e
′
j)

m
i,j=1] = 0. (8)Ea��+X\a/ (8) E�oL& Sn,r + Σ(e) � Σ(e′) I|}X\a/�J` 2 � Σ(e) = {e1, e2, . . . , em} � Σ(e′) = {e′1, e′2, . . . , e′m} E n G/�L& Hn,r +I���4	P� (n− 1) GTZ*{o7y,IZpK,\�V�	�!� ei � e′i "vT?��EP��E (n − 1) G*{o�

g(ei, e
′
j) =





cosh
eie

′

j

r
, ��ei, e

′
jV%P;

√
−1 sinh

eie
′

j

r
, ��ei, e

′
jvp%P�bvp%*{o;

cos êie
′
j, ��ei, e

′
jV%*{o.C m > n + 1 ����

det[g(ei, e
′
j)

m
i,j=1] = 0. (9)Ea��+X\a/ (9) E/�L& Hn,r + Σ(e) � Σ(e′) I|}X\a/�

2 KaG�fPo8r5TS 2 I!p�TS 1 I!pO3�:8g�J` 2 F�e T�&gt!p m 2B� G = [g(ei, e
′
j)] I(E (n + 1) �K�R!pB� G I("℄
 (n + 1),  Σ(e) � Σ(e′) .	!�E n G/�L& Hn,r +dCI n GA��Ay�TS [6] "B� G I("℄
 (n + 1).�!pB� G I("<
 (n + 1), C m > n + 1, Po!p (1) �,W�� e1, e2, . . . , ep;

e′1, e
′
2, . . . , e

′
q E Hn,r +IP� ep+1, ep+2, . . . , em; e′q+1, e

′
q+2, . . . , e

′
m E Hn,r +I*{o��U

1 ≤ p, q ≤ m, C 1 ≤ k ≤ p; 1 ≤ l ≤ q ��"
ek = (1,

√
−1uk1, . . . ,

√
−1ukn), e′l = (1,

√
−1u′

l1, . . . ,
√
−1u′

ln)k:	∑n

i=1 u2
ki < 1;

∑n

i=1 u′2
ki < 1; C p + 1 ≤ k ≤ m; q + 1 ≤ l ≤ m ��� ek �!I*{oE	 uk0 + uk1x1 + · · · + uknxn = 0, e′l �!I*{oE	

u′
l0 + u′

l1x1 + · · · + u′
lnxn = 0,k:	

n∑

i=1

u2
ki > u2

k0;

n∑

i=1

u′2
ki > u′2

k0.
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det(G) = det[g(ei, e

′
j)]

= det




1 −
n∑

k=1

uiku′
jk

√
1 −

n∑
k=1

u2
ik

√
1 −

n∑
k=1

u′2
jk

︸ ︷︷ ︸
1≤i≤p,1≤j≤q

√
−1[u′

j0 +
n∑

k=1

uiku′
jk]

√
1 −

n∑
k=1

u2
ik

√
−u′

j0 +
n∑

k=1

u′2
jk

︸ ︷︷ ︸
1≤i≤p,q+1≤j≤m

√
−1[ui0 +

n∑
k=1

uiku′
jk]

√
−u2

i0 +
n∑

k=1

u2
ik

√
1 −

n∑
k=1

u′2
jk

︸ ︷︷ ︸
p+1≤i≤m,1≤j≤q

−ui0u
′
j0 +

n∑
k=1

uiku′
jk

√
−ui0 +

n∑
k=1

u2
ik

√
−u′

j0 +
n∑

k=1

u′2
jk

︸ ︷︷ ︸
p+1≤i≤m,q+1≤j≤m




. (10)

�SHF
det[g(ei, e

′
j)] =

p∏

k=1

√√√√1 −
n∑

k=1

u2
ik

q∏

k=1

√√√√1 −
n∑

k=1

u′2
jk

m∏

k=p+1

√√√√−ui0 +

n∑

k=1

u2
ik

m∏

k=q+1

√√√√−u′
j0 +

n∑

k=1

u′2
jk · det




1 −
n∑

k=1

uiku′
jk

︸ ︷︷ ︸
1≤i≤p,1≤j≤q

u′
j0 +

n∑

k=1

uiku′
jk

︸ ︷︷ ︸
1≤i≤p,q+1≤j≤m

ui0 +

n∑

k=1

uiku′
jk

︸ ︷︷ ︸
p+1≤i≤m,1≤j≤q

− ui0u
′
j0 +

n∑

k=1

uiku′
jk

︸ ︷︷ ︸
p+1≤i≤m,q+1≤j≤m




. (11)


%
G = [g(ei, e

′
j)] =




1 −
n∑

k=1

uiku′
jk

︸ ︷︷ ︸
1≤i≤p,1≤j≤q

u′
j0 +

n∑

k=1

uiku′
jk

︸ ︷︷ ︸
1≤i≤p,q+1≤j≤m

ui0 +
n∑

k=1

uiku′
jk

︸ ︷︷ ︸
p+1≤i≤m,1≤j≤q

− ui0u
′
j0 +

n∑

k=1

uiku′
jk

︸ ︷︷ ︸
p+1≤i≤m,q+1≤j≤m




=




1
√
−1u11

√
−1u12 . . .

√
−1u1n

...
...

...
. . .

...
1

√
−1up1

√
−1up2 . . .

√
−1upn√

−1up+1,0 up+1,1 up+1,2 . . . up+1,n

...
...

...
. . .

...√
−1um0 um1 um2 . . . umn
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1 . . . 1
√
−1u′

q+1,0 . . .
√
−1u′

m0√
−1u′

11 . . .
√
−1u′

q1

√
−1u′

q+1,1 . . .
√
−1u′

m1
...

. . .
...

...
. . .

...√
−1u′

1q . . .
√
−1u′

qq

√
−1u′

q+1,q . . .
√
−1u′

mq√
−1u′

1,q+1 . . .
√
−1u′

q,q+1

√
−1u′

q+1,q+1 . . .
√
−1u′

m,q+1
...

. . .
...

...
. . .

...√
−1u′

1n . . .
√
−1u′

qn

√
−1u′

q+1,n . . .
√
−1u′

mn




(12)

� (12) ��z"GC m > n + 1 ��� det[g(ei, e
′
j)] = 0, 7yB� G I("<
 (n + 1).9�K" (9) �,W� 2

3 zI}��
Zp���I|}X\a/ (8) � (9) %rd��=+z
nGdxL& Sn,r �
Hn,r +X\a/ [2−5] y�IU [7] 1t5�IB|��:9�t|`I�����3+�,V�|}X\a/ (1) � (2) D5ZpAIv^��I��zN�Ea��R�Tv^"�	� Ω(A) = (A0, A1, . . . , An)� Ω(A′) = (A′

0, A
′
1, . . . , A

′
n)% nG/� (��o)L&Hn,r(�

Sn,r) +IZpdCI n GA� Ω(A) ISP Ai F Ω(A′) I(o Ωj(A
′) I�ZDQE

hij ,Ω(A′)ISP A′
i F� Ω(A)I(o Ωj(A)I�ZDQE h′

ij �U i, j = 0, 1, . . . , n,hi % Ω(A)I(o Ωi(A) �7Z�In� h′
i % Ω(A′) I(o Ωi(A

′) �7Z�In�" H1 = (sinh
hij

r
)(�

S1 = (sin
hij

r
)),H2 = (sinh

h′

ij

r
)(� S2 = (sin

h′

ij

r
)) f �!y sinh

hij

r
(� sin

hij

r
), sinh

h′

ij

r
(�

sin
h′

ij

r
) ��4I (n + 1) 2a��"Z.B�





H = diag(sinh h0

r
, sinh h1

r
, . . . , sinh hn

r
)

S = diag(sin h0

r
, sin h1

r
, sin h2

r
, . . . , sin hn

r
)

H ′ = diag(sinh
h′

0

r
, sinh

h′

1

r
, . . . , sinh

h′

n

r
)

S′ = diag(sin
h′

0

r
, sin

h′

1

r
, sin

h′

2

r
, . . . , sin

h′

n

r
)bD�"(o Ωi(A)  Ωj(A

′)) 7,I℄o.E θij , P Ai  A′
j PIDQE ρij ; " Θ =

(cos θij), Λ1 = (cosh
ρij

r
) (� Λ2 = (cos

ρij

r
)), 0(n+1)×(n+1) �! n + 1 2aB���3I1t5�%J` 3 p��+"����

H ′ = H1H
−1H2 (13)�

S′ = S1S
−1S2. (14)� (13) � (14) �Z�
e`��S�Hp 1 p��+"����

det(H1) det(H2) = det(H) det(H ′) =

n∏

k=0

(sinh
hk

r
sinh

h′
k

r
) (15)�

det(S1) det(S2) = det(S) det(S′) =

n∏

k=0

(sin
hk

r
sin

h′
k

r
) (16)
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Θ = (cos θij) = HΛ−1

1 H ′ = (H1Λ
−1
1 H2)

τ (17)�
Θ = (cos θij) = SΛ−1

2 S′ = (S1Λ
−1
2 S2)

τ . (18)T���|}X\a/d)(4r5TS 3 � 4 I!p�J` 3 F�e � Σ(e) = {A0, . . . , An; A′
0, . . . , A

′
n} !� Σ(e′) = {Ω0(A), . . . , Ωn(A);

Ω0(A
′), . . . , Ωn(A′)} , ��|}X\a/ (9), Ky"G Σ(e) � Σ(e′) IX\B�

G = g(ei, e
′
j) =

(
H H1

H2 H ′

)
(19)I("<
 (n+1),H, H ′, H1, H2 GE n+12a��Ln�T	e`�Ie`�� 05���z"G	H Kt�T�Z (4)�+IB�>3K��	,�N 0, 1, . . . , ne;,I (n+1)×(2n+2)B��.� −H−1H2 �$F�N n+1, n+2, . . . , 2n+1 e;,I (n+1)× (2n+2)B��HF

G′ =

(
H H1

0(n+1)×(n+1) H ′ − H1H
−1H2

)
(20)�
3K��"i�B�I(�7y G′ I("<
 (n + 1), 	�EB� G′ I (n + 1) 28�

H Kt�7y�
H ′ − H1H

−1H2 = 0(n+1)×(n+1) (21)�S (21) ��H (13) ��O3Ky!p (14) ��:8g�TS 3 !��J` 4 F�e � Σ(e) = {A0, . . . , An; Ω0(A
′), . . . , Ωn(A′)}, Σ(e′) = {A′

0, . . . , A
′
n; Ω0(A),

. . . , Ωn(A)}, ��|}X\a/ (9), Ky"G Σ(e) � Σ(e′) IX\B�
G = g(ei, e

′
j) =

(
Λ1 H

H ′ Θ

)
(22)I("<
 (n+1),�IU [9]"G	Λ1 Kt�Z (22)�+IB�>3K��	,�N 1, 2, . . . , n+

1 e;,I (n + 1) × (2n + 2) B��.� −Λ−1
1 H ′ �$F�N n + 2, n + 3, . . . , 2n + 2 e;,I (n + 1) × (2n + 2) B��HF

G′ = g(ei, e
′
j) =

(
Λ1 H

0(n+1)×(n+1) Θ − HΛ−1
1 H ′

)
. (23)�
3K��"i�B�I(�7y G′ I("<
 (n + 1), 	�EB� G′ I (n + 1) 28�

Λ1 Kt�7y�
Θ − HΛ−1

1 H ′ = 0(n+1)×(n+1). (24)�S (24) ��H (17) ��vK���� Σ(e) = {A0, . . . , An; Ω0(A), . . . , Ωn(A)}, Σ(e′) = {A′
0, . . . , A

′
n; Ω0(A

′), . . . , Ωn(A′)}, ?S��|}X\a/ (9) KH (17) �
vK���O3Ia_uKy!p (18) �� 2$���dxL&I|}X\a/ (8) � (9) Æ�|`I���V
zg��:"�j+�
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Generalized Metric Equations in Non-Euclidean Space and Their

Applications

YANG Ding-hua
(Chengdu Institute of Computer Applications, Academia Sinica, Sichuan 610041, China )

Abstract: In this paper, the metric equations of bifundamental figurate in non-Euclidean space obtained
by Yang Shiguo are improved. The gereralized metric equations are given, which is more convenient for us
to study the metric relations of two fundamental figurates. As its applications, some geometric relations
of two simplexes in non-Euclidean space are given.

Key words: non-Euclidean space; simplex; fundamental figurate; generalized metric equation.


