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Abstract We argue a factorization formula for semi-inclusive deep-inelastic scattering with hadrons in the

current fragmentation region detected at low transverse momentum. To facilitate the factorization, we intro-

duce the transverse-momentum dependent parton distributions and fragmentation functions with gauge links

slightly off the light-cone, and with soft-gluon radiations subtracted. We verify the factorization to one-loop

order in perturbative quantum chromodynamics and argue that it is valid to all orders in perturbation theory.
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In recent years, semi-inclusive deep-inelastic
(SIDIS) lepton-nucleon scattering has emerged as an
important tool to learn various aspects of perturba-
tive and non-perturbative quantum chromodynamics
(pQCD), the internal structure of the nucleon, in par-
ticular. The European Muon Collaboration experi-
ment at CERN has provided us with valuable infor-
mation about the flavor dependence of quark frag-
mentation functions. The H1 and ZEUS collabora-
tions at the DESY HERA collider have measured the
topology of the hadron final states in great detail and
have compared them with the predictions of pertur-
bative QCD. In the area of polarized semi-inclusive
DIS, the Spin Muon Collaboration, and recently the
HERMES collaboration at DESY, have extracted the
sea quark distributions and the polarized gluon distri-
bution with controlled accuracy. More recently, the
target single-spin asymmetry measured by HERMES
in semi-inclusive DIS is a new observable sensitive,
for example, to the quark transversity distribution
through the transverse momentum dependence of the
produced hadron.

In the semi-inclusive production of DIS, both
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the longitudinal momentum fraction z and the
transverse-momentum P, of the hadron yield can
be measured. When the transverse momentum is in-
tegrated over or when it is comparable to the hard
photon-mass scale, P,; ~ @, the cross sections can
be calculated from the standard pQCD formalism
similar to inclusive DIS and Feynman parton dis-
tributions. In these cases, the theoretical tool has
been well tested against experimental data with no-
table successes. When the transverse-momentum is
much smaller than @, but is still hard, P, > Aqcp,
the cross section can be calculated again with in-
tegrated parton distributions augmented by small
The hard part
contains the large double logarithms of the type

non-perturbative QCD corrections.

a;In*P,, /Q%. To make reliable predictions, these
large logarithms must be summed. An adequate for-
malism was developed by Collins and Soper in the
case of eTe™ annihilation, and shortly thereafter ap-
plied to the Drell-Yan process by Collins, Soper and
Sterman (CSS). A first application of the CSS ap-
proach to SIDIS was made by Meng, Olness, and

Soper. Recently, a quantitative comparison between
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this theory and data from HERA collider has been
made by Nadolsky, Stump and Yuan.

In this paper, we are interested in a special kine-
matic regime in SIDIS where P, is soft, i.e. on the
order of Aqcp, and @Q? is not too large, for example,
on the order of tens or hundreds of GeV2. When Q2
is large, the soft gluon radiations become important
and can easily generate a large transverse momentum
> Aqep. Then the cross section for the hadron yield
with P, ~ Aqcp is exponentially suppressed. To
have a significant fraction of events with P, ~ Aqcp,
fixed-target experiments with lepton beam energies
on the order of tens to hundreds of GeV are preferred.
The above kinematic regime is in fact ideal for study-
ing transverse-momentum dependent (TMD) parton
distributions in the nucleon and the related quark
fragmentation functions. Recent interest in this sub-
ject has been stimulated by Collins’s observation that
semi-inclusive DIS at low-P, provides a tool to mea-
sure the quark transversity distribution. The physics
potential has been reinforced by the rediscovery of
Siver’s effect by Brodsky, Hwang, and Schimdst.

The main result of this paper is a QCD factoriza-
tion theorem for the SIDIS cross section in the above
kinematics region, accurate up to the power correc-
tions (P2, /Q%*)™ and to all orders in perturbation
theory. This factorization has been conjectured by
Collins, following the early work of Collins and Soper
on eTe™ annihilation. However, an exact statement of
the factorization theorem requires an adequate defini-
tion of the TMD parton distributions and fragmenta-
tion functions in QCD and a systematic factorization
(and subtraction) of soft, collinear, and hard gluon
contributions. In light of the recent development in
this area, here we provide a first detailed examination
of QCD radiative corrections in DIS.

The factorization theorem we propose for the lead-

ing spin-independent structure function is
F(.CCB,Zh,PhL,Qz): Z ef{J'd2kJ~d2pLd2le
q=u,d,s,...
q(‘erklhuzvaCvp) (jT (Zhaplnuzvé/zhap) X

S(ly,p®,p)H (Q* 12, p)6° (znker +pr +1 — Py,
(1)

where p is a renormalization (and collinear factoriza-
tion) scale; p is a gluon rapidity cut-off parameter; the
w1 and p dependence cancels among various factors. In
a special system of coordinates in which xp( = f / Zn,
one has (222 = (2/22 = Q?p. The physical interpreta-
tion of the factors is as follows: ¢ is TMD quark dis-
tribution function depending on, among others, the
Bjorken xp; ¢ is the TMD quark fragmentation func-
tion depending on, among others, the hadron mo-
mentum fraction zy,; H represents the contribution
of parton hard scattering and is a perturbation se-
ries in ag; and, finally, the soft factor S comes from
soft gluon radiations and is defined by a matrix el-
ement of Wilson lines in QCD vacuum. The above
result shows that the hadron transverse momentum
is generated from the combined effects of transverse-
momentum of the quarks in the nucleon, soft gluon
radiation, and the transverse-momentum of the quark
fragmentation.

There is no contribution from the TMD gluon dis-
tributions and fragmentation functions at the leading
twist. For the gluons to contribute, one must intro-
duce the soft quark lines.

The main steps to establish the above factoriza-
tion is as follows. We introduce the TMD parton dis-
tribution and fragmentation function, and calculate
them to one-loop order in perturbative QCD. The re-
sult contains both soft and collinear divergences and
obeys the Collins and Soper evolution equation in the
rapidity cut-off. We study the factorization of the
TMD distributions by subtracting away the soft con-
tributions. Then one-loop result for semi-inclusive
DIS scattering is obtained, and the factorization is
shown to be true on the diagram-by-diagram basis.
After checking the one-loop case we generalize the
one-loop result to all orders by identifying the lead-
ing regions for an arbitrary Feynman diagram using
soft and collinear power counting. We then argue that
a systematic factorization of the leading region leads
At the end, the

large logarithms in the perturbative expression are

to the general formula in Eq. (1).

summed through solving evolution equations. De-
tailed results and relevant references can be found

in Ref. [1]. We also extend our work to Drell-Yan
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processesm and to the case where gluon TMD distri- butions are involved'.
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